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CHAPTER 1 


NUMBER. VARIABLE. FUNCTION 


1.1 REAL NUMBERS. REAL NUMBERS AS POINTS 
ON A NUMBER SCALE 


Number is one of the basic concepts of mathematics. It originated 
in ancient times and has undergone expansion and generalization 
over the centuries. 

Whole numbers and fractions, both positive and negative, together 
with the number zero are called rational numbers. Every rational 
number may be represented in the form of a ratio, a of two 
integers p and q; for example, 

5 5 
7, 125=5 


In particular, the integer p may be regarded as a ratio of two 
integers 2; for example, 


Rational numbers may be represented in the form of periodic 
terminating or nonterminating fractions. Numbers represented by 
nonterminating, but nonperiodic, decimal fractions are called 
irrational numbers; such are the numbers V 2, V 3, 5—V 2, etc. 

The collection of all rational and irrational numbers makes up 
the set of real numbers. The real numbers are ordered in magnitude; 
that is to say, for each pair of real numbers x and y there is one, 
and only one, of the following relations: 


Xx<Yy, x=Y, x>y 


Real numbers may be depicted as points on a number scale. 
A number scale is an infinite straight line on which are chosen: 
(1) a certain point O called the origin, (2) a positive direction 
indicated by an arrow, and (3) a suitable unit of length. We shall 
usually make the number scale horizontal and take the positive 
direction to be from left to right. 

If the number x, is positive, it is depicted as a point M, at 
a distance OM, =x, to the right of the origin O; if the number x, 
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is negative, it is represented by a point M, to the left of O at a 
distance OM, = —x, (Fig. 1). The point O represents the number 
zero. It is obvious that every real number is represented by a 
definite point on the number scale. Two diflerent real numbers are 
represented by different points on the number scale. 
The following assertion is also true: each point on the number 
scale represents only one real number (rational or irrational). 
To summarize, all real numbers and all points on the number 
scale are in one-to-one correspondence: to each number there cor- 
responds only one point, and conver- 


M; 0 ; Mi z sely, to each point there corresponds 
2-1 {243 only one number. This frequently 
; enables us to regard “the number x” 

Pigs and “the point .” as, in a certain sen- 


se, equivalent expressions. We shall 
make wide use of this circumstance in our course. 

We state without proof the following important property of the 
set of real numbers: both rational and irrational numbers may be 
found between any two arbitrary real numbers. In geometrical terms, 
this proposition reads thus: both rational and irrational points may 
be found between any two arbitrary points on the number scale. 

In conclusion we give the following theorem, which, in a certain 
sense, represents a bridge between theory and practice. 

Theorem. Every irrational number a may be expressed, to any 
degree of accuracy, with the aid of rational numbers. 

Indeed, let the irrational number «a > 0 and let it be required 


; / I I 
to evaluate «@ with an accuracy of = ( for example, To’ Too’ and 


so forth ). 


No matter what @ is, it lies between two integral numbers NV 
and N+1. We divide the interval between NV and N--1 into n 
parts; then « will lie somewhere between the rational numbers 
N+— and Nyett Since their difference is equal to 4 each 
of them expresses a to the given degree of accuracy, the former 
being too small and the latter, too large. 





Example. The irrational number V 2 is expressed by the rational numbers: 
1.4 and 1.5 to one decimal place, 
1.41 and 1.42 to two decimal places, 
1.414 and 1.415 to three decimal places, etc. 


1.2 THE ABSOLUTE VALUE OF A REAL NUMBER 


Let us introduce a concept which we shall need later on: the 
absolute value of a real number. 
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Definition. The absolute value (or modulus), of a real number x 
(written |x|) is a nonnegative real number that satisfies the con- 
ditions 

|xJ=x ifx>0 
|x[=—x ifx<0 

Examples. |2|/=2, |—5|=5, |0|=0. 

From the definition it follows that the relationship x <|x| holds 
for any x. 

Let us examine some of the properties of absolute values. 

1. The absolute value of an algebraic sum of several real numbers 
is no greater than the sum of the absolute values of the terms 


Ixt+y|<[x|+ly| 
Proof. Let x+y>0, then 
Ix+yl|=x+y<|x|+|y| (since x<|x|{ and y<|]y)) 
Let x-+y< 0, then 
Ix+y|=—(«+y)=(—*)+(—y) <|x[ +19] 


This completes the’ proof. 
The foregoing proof is readily extended to any number of terms. 


Examples. 
}—2+3| < |—-2]+]3]=2+3=5 or 1 <5, 
| —3—5| =| —3|-+]—5|=3+5=8 or 8=8. 
2. The absolute value of a difference is no less than the difference 
of the absolute values of the minuend and subtrahend: 


lIx—y|[>lx|—lyl, |x] >lyl 


Proof. Let x—y=z, then x=y-+z and from what has been 
proved 
Ix] =|y+2z[<l]y{+lz]|=ly|+l<—g| 


Ix|—|y|<|x—y| 
thus completing the proof. 
3. The absolute value of a product is equal to the product of the 
absolute values of the factors: 
lxyz|=[x] ly] 2| 
4. The absolute value of a quotient is equal to the quotient of the 
absolute values of the dividend and the divisor: 
x 
y 
The latter two properties follow directly from the definition of 
absolute value. 


whence 
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1.3 VARIABLES AND CONSTANTS 


The numerical values of such physical quantities as time, length, 
area, volume, mass, velocity, pressure, temperature, etc. are deter- 
mined by measurement. Mathematics deals with quantities divested 
of any specific content. From now on, when speaking of quantities, 
we shall have in view their numerical values. In various phenomena, 
the numerical values of certain quantities vary, while the numerical 
values of others remain fixed. For instance, in the uniform motion 
of a point, time and distance change, while the velocity remains 
constant. 

A variable is a quantity that takes on various numerical values. 
A constant is a quantity whose numerical values remain fixed. We 
shall use the letters x, y, z, u, ..., etc. to designate variables, 
and the letters a, b, c, ..., etc. to designate constants. 

Note. In mathematics, a constant is frequently regarded as a 
special case of variable whose numerical values are the same. 

It should be noted that when considering specific physical pheno- 
mena it may happen that one and the same quantity in one pheno- 
menon is a constant while in another it is a variable. For example, 
the velocity of uniform motion is a constant, while the velocity of 
uniformly accelerated motion is a variable. Quantities that have 
the same value under all circumstances are called absolute constants. 
For example, the ratio of the circumference of a circle to its dia- 
meter is an absolute constant: m=3.14159.... 

As we shall see throughout this course, the concept of a variable 
quantity is the basic concept of differential and integral calculus. 
In “Dialectics of Nature”, Friedrich Engels wrote: “The turning 
point in mathematics was Descartes’ variable magnitude. With 
that came motion and hence dialectics in mathematics, and at once, 
too, of necessity the differential and integral calculus.” 


1.4 THE RANGE OF A VARIABLE 


A variable takes on a series of numerical values. The collection 
of these values may differ depending on the character of the prob- 
lem. For example, the temperature of water heated under ordinary 
conditions will vary from room temperature (15-18°C) to the boiling 
point, 100°C. The variable quantity x=cos@ can take on all 
values from —1 to +1. 

The values of a variable are geometrically depicted as points on 
a number scale. For instance, the values of the variable x =cosa 
for all possible values of « are depicted as the set of points of the 
interval from —1 to 1, including the points —1 and 1 (Fig. 2). 

Definition. The set of all numerical values of a variable quantity 
is called the range of the variable. 
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We shall now define the following ranges of a variable that will 
be frequently used later on. 

An interval is the set of all numbers x, lying between the given 
points a and b (the end points) and is called closed or open accor- 
dingly as it does or does not include 
its end points. 

An open interval is the collection of 
all numbers x lying between and excluding 
the given numbers a and b (a< 8); it 
is denoted (a, 6) or by means of the 
inequalities a<x<b. 

A closed interval is the set of all num- 
bers x lying between and including the 
two given numbers a and b; it is Fig. 2 
denoted [a, 6] or, by means of inequali- 
ties, axcx<cb. 

If one of the numbers a or b (say, a) belongs to the interval, 
while the other does not, we have a partly closed (half-closed) 
interval, which may be given by the inequalities ax<x <b and is 
denoted [a, 6). If the number 6 belongs to the set and a does not, 
we have the half-closed interval (a, 6], which may be given by 
the inequalities ac x<cb. 

If the variable x assumes all possible values greater than a, such 
an interval is denoted (a, + 00) and is represented by the conditio- 
nal inequalities a< x <-+ oo. In the same way we regard the infinite 
intervals and half-closed infinite intervals represented by the con- 
ditional inequalities 





axx<to, —wo<cx<c, —wo Cc xc, —w<x<+00 


Example. The range of the variable x=cos@ for all possible values of a 
is the interval [—1, 1] and is defined by the inequalities -—lax< 1. 


The foregoing definitions may be formulated for a “point” in place 

of a “number”. 
The neighbourhood of a given point x, is an arbitrary interval 
(a 6) containing this point within it; that is, the interval (a, b) 
whose end points satisfy the con- 





0 nt ate dition a<x, <b. One often’ con- 
oe "> siders the neighbourhood (a, 6) 

eas of the point x, for which x, is the 

Fig. 3 midpoint. Then x, is called the 

centre of the neighbourhood and the 

quantity os, the radius of the neighbourhood. Fig. 3 shows the 


neighbourhood (x,—e, x,+e) of the point x, with radius e. 
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1.5 ORDERED VARIABLES. 
INCREASING AND DECREASING VARIABLES. BOUNDED VARIABLES 


We shall say that the variable v is an ordered variable quantity 
if its range is known and if about each of any two of its values 
it may be said which value is the preceding one and which is the 
following one. Here, the notions “preceding” and “following” are 
not connected with time but serve as a way to “order” the values 
of the variable, i. e., to establish the order of the respective values 
of the variable. 

A particular case of an ordered variable is a variable whose 
values form a number sequence X,, Xe, Xz, ..+, Xp» --- . Here, for 
k’' <k, the value x, is the preceding value, and the value x, is 
the following value, irrespective of which one is the greater. 

Definition 1. A variable is called increasing if each subsequent 
value of it is greater than the preceding value. A variable is called 
decreasing if each subsequent value is less than the preceding value. 

Increasing variable quantities and decreasing variable quantities 
are called monotonically varying variables or simply monotonic 
quantities. 

Example. When the number cf sides of a regular polygon inscribed in a circle is 
doubled, the area s of the polygon is an increasing variable. The area of a regular 
polygon circumscribed about a circle, when the number of sides is doubled, is 
a decreasing variable. If may be noted that not every variable quantity is 
necessarily increasing or decreasing. Thus, if a is an increasing variable over 
the interval [0, 2m], the variable x-=sin a is not a monotonic quantity. It first 
ear from 0 to 1, then decreases from 1 to —1, and then increases from 
—! to 0. 

Definition 2. The variable x is called bounded if there exists a 
constant M->O0 such that all subsequent values of the variable, 
after a certain one, satisfy the condition 


—M<x<M or |x|<M 


In other words, a variable is called bounded if it is possible to 
indicate an interval [—M, M] such that all subsequent values of 
the variable, after a certain one, will belong to this interval. 
However, one should not think that the variable will necessarily 
assume all values on the interval [—M, M]. For example, the 
variable that assumes all possible rational values on the interval 
[—2, 2] is bounded, and nevertheless it does not assume all values 
on [—2, 2], namely, it does not take on the irrational values. 


1.6 FUNCTION 


In the study of natural phenomena and the solution of technical 
and mathematical problems, one finds it necessary to consider the 
variation of one quantity as dependent on the variation of another. 
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For instance, in studies of motion, the path traversed is regarded 
as a variable which varies with time. Here, the path traversed is 
a function of the time. - 

Let us consider another example. We know that the area of a 
circle, in terms of the radius, is Q=2R?. If the radius R takes 
on a variety of numerical values, the area Q will also assume 
various numerical values. Thus, the variation of one variable brings 
about a variation in the other. Here, the area of a circle Q is a 
function of the radius R. Let us formulate a definition of the con- 
cept “function”. 

Definition 1. If to each value of a variable x (within a certain 
range) there corresponds one definite value of another variable y, 
then y isa function of x or, in functional notation, y =f (x), y=@(x), 
and so forth. 

The variable x is called the independent variable or argument. 
The relation between the variables x and y is called a functional 
relation. The letter f in the functional notation y =f (x) indicates 
that some kind of operations must be performed on the value of 
x in order to obtain the value of y. In place of the notation 
y=f (x), w= Q(x), etc. one occasionally finds y=y(x), u=u(x), 
etc. the letters y, u designating both the dependent variable and 
the symbol of the operations to be performed on x. 

The notation y=C, where C is a constant, denotes a function 
whose value for any value of x is the same and is equal to C. 

Definition 2. The set of values of x for which the values of the 
function y are determined by the rule f(x) is called the domain 
of definition of the function. 

Example 1. The function y=-sin x is defined for all values of x. Therefore, 
its domain of definition is the infinite interval —o <x <+o. 


Note 1. If we have a function relation of two variable quan- 
tities x and y=/(x) and it x and y=f (x) are regarded as ordered 
variables, then of the two values of the function y* =f (x*) and 
y** =f (x**) corresponding to two values of the argument x* and 
x**, the subsequent value of the function will be that one which 
corresponds to the subsequent value of the argument. The following 
definition is therefore natural. 

Definition 3. Hf the function y=f(x) is such that to a greater 
value of the argument x there corresponds a greater value of the 
function, then the function y= f(x) is called increasing. A decreas- 
ing function is similarly defined. 


Example 2. The function Q=m2R? for 0 < R < o is an increasing function 
because to a greater value of R there corresponds a greater value of Q. 


Note 2. The definition of a function is sometimes broadened so 
that to each value of x, within a certain range, there corresponds 
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not one but several values of y or even an infinitude of values 
of y. In this case we have a multiple-valued function in contrast 
to the one defined above, which is called a single-valued function. 
Henceforward, when speaking of a function, we shall have in view 
only single-valued functions. If it becomes necessary to deal with 
multiple-valued functions we shall specify this fact. 


1.7 WAYS OF REPRESENTING FUNCTIONS 
I. Tabular representation of a function 
Here, the values of the argument x,, x, ..., x, and the cor- 


responding values of the function y,, y,, ..., y, are written out 
in a definite order. 





Examples are tables of trigonometric functions, tables of 
logarithms, and so on. 

An experimental study of phenomena can result in tables that 
express a functional relation between the measured quantities. For 
example, temperature measurements of the air at a meteorological 
station on a definite day yield a table like the following. 

The temperature T (in degrees) is dependent on the time ¢ 
(in hours). 





This table defines 7 as a function of ¢. 


II. Graphical representation of a function 


If in a rectangular coordinate system on a plane we have a set 
of points M(x, y) and no two points lie on a straight line parallel 
to the y-axis, this set of points defines a certain single-valued 
function y=f(x); the abscissas of the points are the values of 
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the argument, the corresponding ordina- y g=f (a) 
tes are the values of the function (Fig. 4). 
The collection of points in the xy- « 
plane whose abscissas are the values of 
the independent variable and whose 
ordinates are the corresponding values Fs 
of the function is called a graph of the ; 
given function. Beet 





III. Analytical representation of a function 


Let us first explain what “analytical expression” means. By ana- 
lytical expression we will understand a series of symbols denoting 
certain mathematical operations that are performed in a definite 
sequence on numbers and letters which designate constant or 
variable quantities. 

By totality of known mathematical operations we mean not only 
the mathematical operations familiar from the course of secondary 
school (addition, subtraction, extraction of roots, etc.) but also 
those which will be defined as we proceed in this course. 

The following are examples of analytical expressions: 

log x—sin x =o 
a2, Ser V5 + 3x 

If the functional relation y=/f(x) is such that f denotes an 
analytical expression, we say that the function y of x is repre- 
sented or defined analytically. 

Examples of functions defined analytically are: (1) y=x*—2, 
(2) yet (3) y=V 1—**, (4) y=sin x, (5) Q=nR?, and so forth. 

Here, the functions are defined analytically by means of a 
single formula (a formula is understood to be an equality of two 
analytical expressions). In such cases one may speak of the natural 
domain of definition of the function. 

The set of values of x for which the analytical expression on 
the right-hand side has a definite value is the natural domain 
of definition of a function represented analytically. Thus, the natu- 
ral domain of definition of the function y=x*—2 is the infinite 
interval —co << x< +00, because the function is defined for all 
values of x. The function y= ett is defined for all values of x, 
with the exception of x=1, because for this value of x the deno- 
minator vanishes. For the function y=V 1—x?, the natural domain 
of definition is the closed interval —1 <x<l, and so on. 

Note. It is sometimes necessary to consider only a part of the 
natural domain of a function, and not the whole domain. For 
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y instance, the dependence of the area Q 
of a circle upon the radius R is defined 
by the function Q=xR?. The domain of 
this function, when ‘considering the given 
geometrical problem, is the infinite interval 


5 0<R<+oo. But the natural domain of 
% this function is the infinite interval 
—o <R<+oo. 
If the function y= f(x) is represented ana- 
lytically, it may be shown graphically on a 
coordinate xy-plane. Thus, the graph of the 
0 I function y=x? is a parabola as shown in 
Fig. 5 Fig. 5. 


1.8 BASIC ELEMENTARY FUNCTIONS. 
ELEMENTARY FUNCTIONS 


The basic elementury functions are the following analytically 
represented functions. 

I. Power function: y=x*, where a is a real number.* 

II. General exponential function: y=a*, where a is a positive 
number not equal to unity. 

III. Logarithmic function: y=\log,x, where the logarithmic base 
a is a positive number not equal to unity.** 

IV. Trigonometric functions: y=sinx, y=cosx, y=tanx, 
y=cotx, y=secx, y=cscx. 

V. Inverse trigonometric functions: 


y=arcsinx, y=arccosx, y=arctanx, 
y=arccotx, y=arcsecx, y=arccscx. 


Let us consider the domains of definition and the graphs of the 
basic elementary functions. 

Power function y= .*. 

1. a is a positive integer. The function is defined in the infi- 
nite interval — oo <x <4 oo. In this case, the graphs of the func- 
tion for certain values of a have the form shown in Figs. 6 and 7. 

2. @ is a negative integer. In this case, the function is defined 
for all values of x with the exception of x=0. The graphs of the 
eae for certain values of a have the form shown in Figs. 8 
and 9. 

Figs. 10, 11, and 12 show graphs of a power function with 
fractional rational values of a. 


*If @ is irrational, this function is evaluated by taking logarithms and 
antilogarithms: log y=a log x. It is assumed here that x > 0. 
; See this book, the symbol log stands for the logarithm to the 
ase 10. 
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General exponential function, y=a*, a>0O and a1. This 
function is defined for all values of x. Its graph is shown in Fig. 13. 
Logarithmic function, y= log, x, a>0 and a1. This function 


is defined for x > 0. Its graph is shown in Fig. 14. 


Trigonometric functions. In the formulas y=sinx, etc. the 
independent variable x is expressed in radians. All the enumerated 
trigonometric functions are periodic. We give a general definition 


of a periodic function. 
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Definition 1. The function y =f (x) is called periodic if there exists 
a constant C, which, when added to (or subtracted from) the 
argument x, does not change the value of the function: 


WTA oss 


y=log,z 





Fig. 13 Fig. 14 





Fig. 15 


f(x+C)=f (x). The least such number is called the period of the 
function; it will henceforward be designated as 21. 

From the definition it follows directly that y=sin.x is a periodic 
function with period 2m: sinx=sin(x+ 2m). The period of cosx 


y 





Fig. 16 


is likewise 2x. The functions y=tanx and y=cotx have a period 
equal to a. 

The functions y=sinx, y=cosx are defined for all values of x; 
the functions y=tanx and y=sec x are defined everywhere except 


at the points x=(2k+1)> (k=0, +1, +2, ...); the functions 
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y==cotx and y=cscx are defined for all values of x except at 
the points x=kn (k=0, +1, +2, ...). Graphs of trigonometric 
functions are shown in Figs. 15 to 19. 





Fig. 17 


The inverse trigonometric functions will be discussed in more 
detail later on. 

Let us now introduce the concept of a function of a function. 
If y is a function of uw, and uw (in turn) is dependent on the var- 
iable x, then y is also depen- 
dent on x. Let y=F(u) and 
u=q (x). We get y as a fun- 
ction of x: 


y=F [9 (x)] 


This function is called a 
function of a function or a 
composite function. 

Example 1. Let y=sin u, u=x?, 
The function y= sin (x?) is a com- 
posite function of x. 


Note. The domain of defi- 
nition of the function y= Fig. 19 

=F [gp (] is either the entire 
domain of the function, w=q(x), or that part of it in which 
those values of uw are defined that do not lie outside the domain 
of the function F (u). 


Example 2.. The domain of definition of the function y= WV !— x? (y= Vu, 
u—+1—x?) is the closed interval [—1, 1], because when |x|>1 uw <0 and, 
consequently, the function Yu is not defined (although the function u=1—x2 
is defined for all values of x). The graph of this function is the upper half of 
a cele with centre at the origin of the coordinate system and with radius 
unity. 


YSOCL - Y2O8SCR 
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The operation “function of a function” may be performed any 
number of times. For instance, the function y=In [sin (x*+ 1)] is 
obtained as a result of the following operations (defining the fol- 
lowing functions); 


v=x?+1, u=sinv, y=Inu 


Let us now define an elementary function. 


Definition 2. An elementary function is a function which may 
be represented by a single formula of the type y=f (x), where 
the expression on the right-hand side is 
y made up of basic elementary functions and 
constants by means of a finite number of 
operations of addition, subtraction, multi- 
plication, division and taking the function 

of a function. 


ol 7 2 z From this definition it follows that ele- 
; mentary functions are functions represen- 
Fig. 20 ted analytically. 


Examples of elementary functions: 


3/7 
ee log x4 j/x+2tanx 
=|x|= Vx, y= + 2 eee Sees 
y=|x|= V x’, y=V1 4sin?x, y= 10% x10 


Example of nonelementary function: 

The function y=1-2-3. ... -n[y=f(n)] is not elementary because the 
number of operations that must be performed to obtain y increases with n, 
that is to say, it is not bounded. 


Note. The function given in Fig. 20 is elementary even though 
it is represented by means of two formulas: 


f(x)=x if O<x<l 
f(x)=2x—1 if laex<2 


This function can also be defined by a single formula: 
3 1 1 3 1 1 oo 
foy=F(x—z) + glx—1 |=3 (x3) +4VG=1F 
for O<x<2. (See also Examples 139-144 in the exercises of 
Chapter 5.) 
1.9. ALGEBRAIC FUNCTIONS 
Algebraic functions include elementary functions of the following 
kind: 
I. The rational integral function, or polynomial 
y=ayx*+ax"-t+...+4, 
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where a,, a,, ..., a, are constants called coefficients and n is a 
nonnegative integer called the degree of the polynomial. It is 
obvious that this function is defined for all values of x, that is, 
it is defined in an infinite inter- y 

val, a>0 Ih aco 


Examples. !. y=ax-+5 is a linear fun- 
ction. When 6=0, the linear function 
(/ ax expresses y as being directly pro- 


portional to x. For a=0, y=8, the fun- Tr x 
clion is a constant. 
2. y=ax®+bx-+c is a quadratic fun- 
ctlon. The graph of a quadratic function (2) () 
is a parabola (Fig. 21). These functions Fig. 21 


ure considered in detail in analytic geo- 
metry. 

Il. Fractional rational function. This function is defined as 
the ratio of two polynomials: 


Ax? +at-tt... +a, 
Y= Fx Lbyx®—t tb 


For example, the following is a fractional rational function: 
y= 


It expresses inverse variation. Its graph is shown in Fig. 22. It is 
obvious that a fractional rational function is defined for all values 
of x with the exception of 
those for which the deno- 
minator becomes zero. 

Il. Irrational function. 
If in the formula y =f (x), 
operations of addition, 
subtraction, multiplication, 
division and raising to a 
power with rational nonin- 
tegral exponents are perfor- 
med on the right-hand side, 
the function y=f(x) is 
irrational. Examples of ir- 





Fig. 22 


rational functions are: y= te , 9=Vx, etc. 
x ‘ 


Note 1. The three types of algebraic functions mentioned above 
do not exhaust all algebraic functions. An algebraic function is 
any function y=f(x) which satisfies an equation of the form 

P(x) y" 4 Py (x) yg" 4+... + Py (x) =0 (1) 
where P, (x), P,(x), ..., P,(x) are certain polynomials in x. 
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It may be proved that each of these three types of function 
satisfies a certain equation of type (1), but not every function 
that satisfies an equation like (1) is a function of one of the three 
types given above. 

Note 2. A function which is not algebraic is called transcendental. 

Eeanss of transcendental functions are y=cosx, y=10* and 
the like. 


1.10. POLAR COORDINATE SYSTEM 


The position of a point in a plane may be determined by means 
of a so-called polar coordinate system. 

We choose a point O in a plane and call it the pole; the half- 
line issuing from this point is called the polar axis. The position 

M of the point M in the plane may be specified 
by two numbers: the number p, which expres- 
ses the distance of M from the pole, and the 
number g, which is the angle formed by the 
pro line segment OM and the polar axis. The positive 
a 7 direction of the angle @ is reckoned counterclock- 
Fig. 23 wise. The numbers p and @ are called the po- 

lar coordinates of the point M (Fig. 23). 

We will always take the radius vector p to be nonnegative. 
If the polar angle @ is taken within the limits O<@< 2x, then 
to each point of the plane (with the exception of the pole) there 
corresponds a definite number pair p and q. For the pole, p=0 


and q@ is arbitrary. 
9 p-a 
: on 
I=pcos 


Fig. 24 Fig. 25 






yepsing 


Let us now see how the polar and rectangular Cartesian coordi- 
nates are related. Let the origin of the rectangular coordinate 
system coincide with the pole, and the positive direction of the 
x-axis, with the polar axis. From Fig. 24 it follows directly that 


x=pcosg, y=psing 

and, conversely, that 
—=Vety —+ 
p=Vx+¥%, tang == 
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Note. To find g, it is necessary to take into account the quad- 
rant in which the point is located and then take the correspond- 
ing value of p. The equation p =F (») in polar coordinates defines 
a certain line. 

Example 1. The equation p=a, where a=ccnst, defines in polar coordinates 


a circle with centre in the pole and with radius a. The equation of this circle 
(Fig. 25) in a rectangular coordinate system situated as shown in Fig. 24 is 


ViPpytaa or tp ytaat 


Example 2. p=ag, where a=const. 
Let us tabulate the values of p for certain values of @ 


ae 
4 


| ~0.78a 


The corresponding curve is shown in Fig. 26. It is called the spiral of Archi- 
medes. 
Example 3. p = 2a cos 9. 

This is the equation of a circle of radius a, the centre of which is at the 
point po=a, p=0 (Fig. 27). Let us write the equation of this circle in rect- 
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p| 0 
p| 0 #3.14a| =4.7la| %6.28a| ©9.42a| 12.562 


#1.57a| ~2.36a 









DY 
Fig. 26 Fig. 27 
angular coordinates. Substitutin =) x 8. CoS pat ee late thelpi- 
ven equation, we get 
eo y= I2q ——*___ 
aa re 


or 
x?-+ y?—2ax=0 


Exercises on Chapter 1 


1. Given the function f(x) =x?+6x—4. Verify that f(1)=3, f(3)=23. 

2. f (x)= x?-+1. Evaluate: (a) f (4). Ans. 17. (b) f(W2). Ans. 3. (c) f(a+1). 
Ans. a®-+2a+2. (d) f(a)+1. Ans. a®+2. (e) f(a). Ans. at-+1. (f) [Ff (@)]*. 
Ans. a‘ 2a?-++1. (g) f (2a). Ans. 4a?+-1. 
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—! ; ; ! 1 1 
a> Write the expressions o(+) and Pe) Ans. o(+)= 








=3-5x’ (x) x—l- 

4. p(x)= Vx®+4. Write the expressions wp (2x) and wp (0). Ans. (2x) = 
=2VYxX+1, p(0)=2. 

5. f (0) = tan 0. ie the equation 120) = 








a+b \ 
6. 9 (x) = log. . Verify the equation » (a)+ 9 (6)=9 (a3): 


7. f (x) = log x; pa: Write the expressions: 
(a) f [p (2)]. Ans. 3 log 2. (b) f[@ (a)]. Ans. 3 log a. 
(c) @ If (a). Ans. [log a]®. 

8. Find the natural domain of definition of the function y=2x?-+-1!, 
Ans. —2% <x<-+o. 

9. Find the natural domains of definition of the functions: (a) V1—x?. 


Ans. —l<x<+1. (b) eae i a ae —3<x*<7. (c) anes 
a V t= 
—Il<x<l. (f) y=logx. Ans. x > 0. (g) y=a* (a> 0). Ans. —0 <x< +o. 
Construct the graphs of the functions: 
10. y=—3x-+5. 1. yay 12,0 y=3—2x?, 138. y= x?+2x—1. 


l 
—x° 








x. Ans, 








14. y= —s . 15. y=sin 2x. 16. y==cos 3x. 17. y= x?—4x-+- 6. 18. y=F 


19. y=sin in( #42) 20. y=cos («-}). 21. y=tanyx. 22. y=cot 5 x. 


3 
23. y=3*. 9.24. y= 2-77.25" y= logs —. 26. y=8+1. 27. y=4—x8, 
I ah a=: che 
28. Yaa: 29. y=x'. 30. y=x5. 31. y=x?. 32. y=x 2. 33. y=x?. 


34. y=|x|. 35. y=log,|x|. 36. y=logs(1—x). 37. y=3sin (22+). 


38. y=4cos +5). 39. The function f(x) is defined on the interval [—1, 1] 


as follows: 
f(x)=1-+% for —l<xv<0, 


f (x)= 1—2x for Ox <1 
40. The function f (x) is defined on the interval [0, 2] as follows: 
f(x)=x for O<x<cl, 
f(x)=x for laexe?. 
Construct curves given by the polar equations: 
41. p sce (hyperbolic spiral). 42. p = a‘ (logarithmic spiral). 43. p =a Y cos 2p 
(lemniscate), 44. p=a(l—cos g) (cardioid). 45. p=asin 3g. 


CHAPTER 2 


LIMIT. CONTINUITY OF A FUNCTION 


2.1 THE LIMIT OF A VARIABLE. 
AN INFINITELY LARGE VARIABLE 


In this section we shall consider ordered variables that vary in 
a special way defined as follows: “the variable approaches a limit”. 
Throughout the remainder of the course, the concept of the limit 
of a variable will play a fundamental role, for it is intimately 
bound up with the basic concepts of mathematical analysis, such 
as derivative, integral, etc. 

Definition 1. A constant number a is said to be the limi? of a 
variable x, if for every preassigned arbitrarily small positive num- 
ber e it is possible to indicate a value of the variable x such 
that all subsequent values of the variable will satisfy the inequality 


|x—al<e 


If the number a is the limit of the variable x, one says that x 
approaches the limit a; in symbols we have 


x—a or limx=a 
In geometric terms, limit may be defined as follows. 


The constant number a is the limit of the variable x if for any 
preassigned arbitrarily small neighbour- 


hood with centre in the point a and 2 
with radius e there is a value of x 0 dt ee ae 
such that all points corresponding to lx-a| 
subsequent values of the variable will Fig. 28 


be within this neighbourhood (Fig. 28). 
Let us consider several cases of variables approaching limits. 


Example 1. The variable x takes on the successive values 
! | 1 
4=I+hLa=l+>, %y=l+z> oA ovis t=It7 one 


We shall prove that this variable has unity as its limit. We have 


fennel (oes) -tlet 
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For any e, all subsequent values of the variable beginning with n, where 
= <8, ora> a will satisfy the inequality |x,—1|<e, and the proof is 


complete. It will be noted here that the variable quantity decreases as it 
approaches the limit. 


Example 2. The variable x takes on the successive values 
1 1 1 1 1 
y=l-—>Z V=l+a %g=1— > %=I+53> eee tn=1+(—l)" oF Save 
This variable has a limit of unity. Indeed, 


1 
|¥n—1|=|(1+ (1g JI 





Qn 
For any ¢, beginning with n, which satisfies the relation os <e, from which 
it follows that 
1 I log 

re cece — __—— 

22> ae nlog 2 > log : or n> log?’ 
all subsequent values of x will satisfy the relation |x,—1]|<e. It will be no- 
ted here that the values of the variable are greater than or less than the limit, 
and the variable approaches its limit by “oscillating about it”. 

Note 1. As was pointed out in Sec. 1.3, a constant quantity c 
is frequently regarded as a variable whose values are all the same: 
X=. 

Obviously, the limit of a constant is equal to the constant 
itself, since we always have the inequality |«—c|=|c—c|=0<e 
for any €. 

Note 2. From the definition of a limit it follows that a vari- 
able cannot have two limits. Indeed, if limx=a and limx = 
=b(a<b), then x must satisfy, at one and the same time, two 
inequalities: 

|x—a|<e and |x—bd|<e 
for an arbitrarily small e; but this is impossible if e< iat 


(Fig. 29). 


iz 
{z-al 2a, a oe ee 
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Note 3. One should not think that every variable has a limit. 
Let the variable x take on the following successive values (Fig. 30): 


. 1 | 1 . 1 1 1 : 1 
yas ya Mat ee Ng eh Se eS oe eee papa 
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For & sufficiently large, the value x,, and all subsequent values 
with even labels will differ from unity by as small a number 
as we please, while the next value xj,,, and all subsequent 
values of x with odd labels will differ from zero by as small 
a number as we please. Consequently, the variable x does not 
approach a limit. 

In the definition of a limit it is stated that if the variable 
approaches the limit a, then a is a constant. But the word “appro- 
aches” is used also to describe another type of variation of a 
variable, as will be seen from the following definition. 

Definition 2. A variable x approaches infinity if for every 
preassigned positive number M it is possible to indicate a value 
of x such that, beginning with this value, all subsequent values 
of the variable satisfy the inequality |x| > M. 

If the variable x approaches infinity, it is called an infinitely 
large variable and we write x — oo. 


Example 3. The variable x takes on the values 


xXy=—l, X2=2, x3=—3, ..., X,=(—l)P an, ... 


This is an infinitely large variable quantity, since for an arbitrary M > 0 all 
values of the variable, beginning with a certain one, are greater than M in 
absolute value. 


The variable x “approaches plus infinity”, «—-+ 00, if for an 
arbitrary M>0 all subsequent values of the variable, beginning 
with a certain one, satisfy the inequality M< x. 

An example of a variable quantity approaching plus infinity is 
the variable x that takes on the values x,=1, x,=2, ..., x, = 
a are 

A variable approaches minus infinity, x +—oo, if for an arbi- 
trary M>0 all subsequent values of the variable, beginning with 
a certain one, satisfy the inequality x<—M. 

For example, a variable x that assumes the values x,= —1, 
X,=—2, ..., X,=—mn, ..., approaches minus infinity. 


2.2 THE LIMIT OF A FUNCTION 


In this section we shall consider certain cases of the variation 
of a function when the argument x approaches a certain limit a 
or infinity. 

Definition 1. Let the function y=f(x) be defined in a certain 
neighbourhood of a point a or at certain points of this neigh- 
bourhood. The function y= f(x) approaches the limit b (y—-b) as x 
approaches a (x-—~+a), if for every positive number e, no matter 
how small, it is possible to indicate a positive number 6 such 
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that for all x, different from a@ and satisfying the inequality* 


|x—al<6 

we have the inequality 
IF(x)—b|<e 

If b is the limit of the function f(x) as xa, we write 
JimC) 


or f(x) 6 as x—a. 
If f(x) —-b as x—a, this is illustrated on the graph of the 
function y-=f(x) as follows (Fig. 31). Since from the inequality 
y y=f(z) |*—a|<5 there follows the ine- 


ie quality |f(x)—b|<e, this means 
7 VLE EECEEL_ VW, that for all points x that are not 
b 74 more distant from the point a than 
b-é VI LLMLML “ 6, the points M of the graph of 
the function y= f(x) lie within a 
see Note 1. We may also define the 
oh ee ap, limit of the function f (x) as x—a 

Fig. 31 as follows. 
Let a variable x assume values 


band of width 2e bounded by the 
lines y==b—e and y=b-+e 
such (that is, ordered in such fashion) that if 
|x*—a| >|x**—a| 









then x** is the subsequent value and x* is the preceding value; 
but if 


|x*—a|=|x**—a| and x* < x** 


then x** is the subsequent value and x* is the preceding value. 

In other words, of two points on a number scale, the subsequent 
one is that which is closer to the point a; at equal distances, the 
subsequent one is that which is to the right of the point a. 

Let a variable quantity x ordered in this fashion approach the 
limit a@ [x—+a or limx =a]. 

Let us further consider the variable y= f(x). We shall here and 
henceforward consider that of the two values of a function, the 


*Here we mean the values of x that satisfy the inequality |x—a| <6 
and belong to the domain of definition of the function. We will encounter 
similar circumstances in the future. For instance, when considering the beha- 
viour of a function as x—+o, it may happen that the function is defined 
only for positive integral values of x. And so in this case x —> o, assuming 
ouly positive integral values. We shall not specify this when it comes up 
ater on. 
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subsequent one is that which corresponds to the subsequent value 
of the argument. 

If, as x—+a, a variable y thus defiped approaches a certain 
limit 6, we shall write 


lim f (x)= 


and we shall say that the function y=f (x) approaches the limit 
bas x—a. 
It is easy to prove that both definitions of the limit of a 
function are equivalent. 
Note 2. If f(x) approaches the limit 6, as x approaches a certain 
number a so that x takes on only values less than a we write 
lim f(x)=6, and call 5, the limit on y 
x7a-0 y-f (x) 
the left at the point a of the function. 
If x takes on only values greater than 
a, we write lim f= b, and call b, 


the limit on ‘the’ wight at the point a of 
the function (Fig. 32). 

It can be proved that if the limit 
on the right and the limit on the left 
exist and are equal, that is, b,=6b,=6, 
then 6 will be the limit in the sense of Fig. 32 
the foregoing definition of a limit at the 
point a. And conversely, if there exists a limit b of a function at 
the point a, then there exist limits of the function at the point a 
both on the right and on the left and they are equal. 


Example 1. Let us prove that am (3x-++1)=7. Indeed, let an arbitrary 





e > O be given; for the inequality [3x4 1)—7| <e to be fulfilled it is neces- 
sary to have the following inequalities fulfilled: 


& 
|8x—6| <e, Iy—21< 4, —H<e-2< gg 


Thus, given any e, for all values of x satisfying the inequality |x—2| < + = 


= §, the value of the function 3x-+-1 will differ from 7 by less than e. ‘and 
this means that 7 is the limit of the function as x — 2. 


Note 3. For a function to have a limit as xa, it is not ne- 
cessary that the function be defined at the point x=a. When 
finding the limit we consider the values of the function in the 
neighbourhood of the point a that are different from a; this is 
clearly illustrated in the following case. 


2. a 
Example 2. We shall prove that lim ed — : the function 
x>2 x—2 x—2 








is not defined for x=2. 
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It is necessary to prove that for an arbitrary e there will be a 6 such that 
the following inequality will be fulfilled: 


xa—4 
x—2 








4| <e (1) 


if ]|«—2|< 6. But when x #2 inequality (1) is equivalent to the inequality 
| Pe — 4 ye + 2)—41 <e 
x—2 
or 


|x—2| <e (2) 


Thus, for an arbitrary e, inequality (1) will be fulfilled if inequality (2) 
is fulfilled (here, 6=e), which means that the given function has the number 4 
as its limit as x —> 2. 


Let us now consider certain cases of variation of a function 
as X— oo. 

Definition 2. The function f(x) approaches the limit b as x—+oo 
if for each arbitrarily small positive number e it is possible to 
indicate a positive number N such that for all values of x that 
ay the inequality |x| > the inequality |f(x)—b|<e will 
e fulfilled. 


Example 3. We will prove that 


or 


hi to prove that, for an arbitrary e, the following inequality is 
ulfille 


|(+Z)—-1]<e @) 


provided |x| >A, where N is determined by the choice of e. Inequality (3) 
is equivalent to the following inequality: =| <e, which wil be fulfilled if 


1 
Ix] >S=N 
which means that lim ( 1+5)= tin: 2h ig, 39). 
X7@ x X+n %# 


If we know the meanings of the symbols x —> +00 and x —+-— 00, 
the meanings of the following expressions are obvious: 
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Fig. 33 


Ls 


“f(x) approaches b as x—+-+ 00” and 
“f(x) approaches 6 as x—+—0oo” or, in symbols, 
lim f (x)=), 
X+>+0 
lim f\x)=6 
xXx>-@ 


2.3. A FUNCTION THAT APPROACHES INFINITY. 
BOUNDED FUNCTIONS 


We have considered cases when a function f(x) approaches a 
certain limit 6 as x—+a or as x—+0oo. 

Let us now take the case where the function y=f (x) approaches 
infinity when the argument varies in some way. 

Definition 1. The function f(x) approaches infinity as x —a, 
e., it is an infinitely large quantity as x—+a if for each 
positive number M, no matter how large, it is possible to find 
a 6>0 such that for all values of x different from a and: satisfying 
the condition |x—a|< 6, we have the inequality |f(x)| > M. 

If f(x) approaches infinity as x—+a, we write 


lim f (x) =o 


or f(x) +00 as x—a. 

If f(x) approaches infinity as x—+a and, in the process, assumes 
only positive or only negative values, the appropriate notation is 
lim f(x) =+ co or lim f(x) =— oo. 
x+a x-a 


Example 1. We shall prove that lim doin te. Indeed, for any M >0 
xo = 


we have 


1 
aoa >™ 
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provided j ; 
l1—x)? < —, l—x}]< ——=85 
(ma < ape Wal oe 


assumes only positive values (Fig. 34). 





P 1 
The function (ix 


Example 2. We shall prove that Dot. (-4)=«. Indeed, for any 


x 
M >O we have 
|-+| >M 
x 
provided 


[x|=lx-0| < =8 


\ 
Here (-=)>0 for «<0 and (-$)<o for x >0 (Fig. 35). 
g 


x 





Fig. 34 Fig. 35 


If the function f(x) approaches infinity as x—+0o, we write 
x>@ 


and we may have the particular cases 
lim f(x)=0o, lim f(x)=oo, lim f(x) =— oo 
x>-@ X>7+@ 


X>+@ 


For example, 
lim x?=-+- 00, lim x3=—oo and the like. 


xr>@ x7 ~-@ 


Note 1. The function y=f(x) may not approach a finite limit 
or infinity as x—»a or aS x—+oo. 
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Example 3. The function y=sin.x defined on the infinite interval — oo < 
<x <-+ +o, does not approach either a finite limit or infinity as x —-+ 0 
(Fig. 36). 


y YrSine 


2M -i I 2n = 


Fig. 36 


Example 4. The function p20 defined for all values of x, except 


x=0, does not approach either a finite limit or infinity as x—+0. The graph 
of this function is shown in Fig. 37. 





Fig. 37 


Definition 2. A function y=f(x) is called bounded in a given 
range of the argument x if there exists a positive number M such 
that for all values of x in the range under consideration the 
inequality |f(x)|<<M is fulfilled. If there is no such number M, 
the function f(x) is called unbounded in the given range. 


Example 5. The function y=sin x, defined in the infinite interval — 0 < 
<x<-+0, is bounded, since for all values of x 


jsinx|<1=M 


Definition 3. The function f(x) is called bounded as x—+a if 
there exists a neighbourhood, with centre at the point a, in which 
the given function is bounded. 

Definition 4. The function y=f (x) is called bounded as x—+0o 
if there exists a number N>O such that for all values of x 
satisfying the inequality |x| >, the function f(x) is bounded. 

The boundedness of a function approaching a limit is decided 
by the following theorem. 

Theorem 1. /f limf(x)=6, where b is a finite number, the 


function f (x) is bounded as x—da. 
Proof. From the equation lim f(x)=6 it follows that for any 


e > 0 there will be a 6 such “that in the neighbourhood a—65< 
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<x<a+6 the inequality 
If (x)—bl<e 
or 


[F(x)|<|ol+e 


is fulfilled, which means that the function f(x) is bounded as 
x—a,. 
Note 2. From the definition of a bounded function f(x) it fol- 

lows that if 

lim f(x)=0o or lim f (x)= 00 

x-a x>7@ 
that is, if f(x) is an infinitely large function, it is unbounded. 
The converse is not true: an unbounded function may not be 
infinitely large. 





Fig. 38 


For example, the function y=xsinx as x—+oo is unbounded 
because, for any M>0, values of x can be found such that 
|xsinx|>M. But the function y=xsinx is not infinitely large 
because it becomes zero when x=0, nm, 2m, ... . The graph of the 
function y=xsinx is shown in Fig. 38. 


Theorem 2. /f limf(x)=b=40, then the function I=F5 is a 
x-@ te 


bounded function as x—~+a. 

Proof. From the statement of the theorem it follows that for an 
arbitrary e >0 in a certain neighbourhood of the point x =a we 
will have |f(x)—6|<e, or ||f(x)|—|d||<e, or —e<|f(x)|— 
—|bl<e, or |b|—e<|f(x)|<]b|+e. 

From the latter inequality it follows that 

l 1 1 
[oie > TFT 7 [eite 
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For example, taking r=al?h we get 


ge 
seT > Tren > TB] 


which means that the function 7a is bounded. 
2.4 INFINITESIMALS AND THEIR BASIC PROPERTIES 


In this section we shall consider functions approaching zero as 
the argument varies in a certain manner. 

Definition. The function a=a(x) is called infinitesimal as x —a 
or aS x—+oo if Jim a(x)=0 or Jim @ (a) 0: 


From the definition of a limit it follows that if, for example, 
fim a(x)=0, this means that for any preassigned arbitrarily small 


positive e there will be a 6>0 such that for all x satisfying 
the condition |x—a|< 6, the condition | (x)|< e will be satisfied. 


E€ 
6106 z 
Fig. 39 Fig. 40 





Example 1. The function @=(x—1)? is an infinitesimal as «—»+1 because 
lim a= lim (x—1)?=0 (Fig. 39). 
xo xl \ 

Example 2. The function = is an infinitesimal as x —> o ie, 40) 
(see Example 3, Sec. 2.2). 

Let us establish a relationship that will be important later on. 

Theorem 1. /f the function y=f(x) is in the form of a sum of 
a constant b and an infinitesimal a: 


y=b+a (1) 


limy=6b (as x—+a or x—+0o) 


then 


Conversely, if limy=6, we may write y=b+a, where a is an 
infinitesimal. 

Proof. From (1) it follows that |y—6|=|q@|. But for an arbit- 
rary e€, all values of a, from a certain value onwards, satisfy the 
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relationship |a|< e; consequently, the inequality |y—6|<e will 
be fulfilled for all values of y from a certain value onwards. And 
this means that limy=b. 

Conversely: if limy=6, then, given an arbitrary e, for all 
values of y from a certain value onwards, we will have |y—b|<e. 
But if we denote y—b=a, then it follows that for all values 
of a, from a certain one onwards, we 
will have |a|<e; and this means 
that a is an infinitesimal. 


Example 3. We have the function (Fig. 41) 


1 
ase 
Then 
lim y=1 
x>~@ 


and, conversely, since 
lim y=1 
x>@ 





the variable y may be represented in the form of a sum of the limit 1 and an 
infinitesimal a, which in this case ist ; that is, 


y=l+a 


Theorem 2. /f «=a (x) approaches zero as x—+a (or as x —+ co) 
and does not become zero, then y= = approaches infinity. 

Proof. For any M>0, no matter how large, the inequality 
a> will be fulfilled provided the inequality lal< is ful- 


filled. The latter inequality will be fulfilled for all values of a, 
from a certain one onwards, since a(x)—+0. 

Theorem 3. The algebraic sum of two, three or, in general, a 
definite number of infinitesimals is an infinitesimal function. 

Proof. We shall prove the theorem for two terms, since the 
proof is similar for any number of terms. 

Let u(x) =a(x)+ B(x), where lima (x)=0, lim B(x) =0. We 

x a x>a 


shall prove that for any e>0, no matter how small, there will 
be a 5 >0 such that when the inequality |x—a|< 6 is satisfied, 
the inequality |u|<e will be fulfilled. Since a(x) is an infinites- 
imal, a 6, will be found such that in a neighbourhood with centre at 
the point a and radius 6, we will have 


Ja(x|<> 
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Since B(x) is an infinitesimal, there will be a 6, such that in a 
neighbourhood with centre at the point a and radius 6, we will 


have IBi|<>. 
Let us take 6 equal to the smaller of the two quantities 6, and 6,; 
then the inequalities || <= and |p| <> will be fulfilled in 


a neighbourhood of the point a of radius 5. Hence, in this neigh- 
bourhood we will have 


Juj|=|a(x)+B(x)|< Ja (x)|-+1B(x)| <> +5=e 
and so |u| <e, as required. 
The proof is similar for the case when 
lima(x)=0, lim B(x.= 
x>@D x>@ 
Note. Later on we will have to consider sums of infinitesimals 
such that the number of terms increases with a decrease in each 
term. In this case, the theorem may not hold. To take an example, 


consider u=tyty Lobe where x takes on only positive 


integral values ee i. 2, 3, ,n, ...). It is obvious that as x —+ co 
each term is an infinitesimal, but the sum u=1 is not an 
infinitesimal. 

Theorem 4. The product of the function of an infinitesimal a =a (x) 
by a bounded function z=z(x), as xa (or x—> oo) is an infini- 
tesimal quantity (function). 

Proof. Let us prove the theorem for the case xa. For a cer- 
tain M>0 there will be a neighbourhood of the point x=a in 
which the inequality !z|< M will be satisfied. For any e>0 


there will be a neighbourhood in which the inequality |a| <= 
will be fulfilled. The following inequality will be fulfilled in the 
least of these two neighbourhoods: 

Jaz|< TA M=e 


which means that az is an infinitesimal. The proof is similar for 

the case x» oo. Two corollaries follow from this theorem. 
Corollary 1. /f lima=0, limB =O, then limaB =0 because 6 (x) 

is a bounded quantity. This holds for any finite number of factors. 
Corollary 2. /f lima=0 and c=const, then limca =0. 


Theorem 5. The quotient a obtained by dividing the infinitesi- 


mal a(x) by a function whose limit differs from zero is an infini- 
tesimal, 
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Proof. Let lima (x) =0, lim z(x) =b=0. By Theorem 2, Sec. 2.3, 
it follows that wi is a bounded quantity. For this reason, the 
fraction 20) a Ws is a product of an infinitesimal by a boun- 
ded quantity, that is, an infinitesimal. 


2.5 BASIC THEOREMS ON LIMITS 


In this section, as in the preceding one, we shall consider sets 
of functions that depend on the same argument x, where x—-a 
or x—> oo, 

We shall carry out the proof for one of these cases, since the 
other is proved analogously. Sometimes we will not even write 
*x— a or x—+ oo, but will take one or the other of them for granted. 

Theorem 1. The limit of an algebraic sum of two, three or, in 
general, any definite number of variables is equal to the algebraic 
sum of the limits of these variables: 


lim (u,+u,+...+u,)=limu,+limu,+...+limu, 
Proof. We shall carry out the proof for two terms since it is 


the same for any number of terms. Let limu,=a,, limu, =a,. 
Then on the basis of Theorem 1, Sec. 2.4, we can write 


Uy=A, +O, U, =A, +A, 
where a, and a, are infinitesimals. Consequently, 
u,+U, =(a,+a,)+ (a, -+ a) 
Since (a,+-a,) is a constant and (a,+<a,) is an infinitesimal, 
again by Theorem 1, Sec. 2.4, we conclude that 
lim (u, + 4,) =a, +a, =limu,+limu, 
Example 1. 


lim xe + 2x 
t>@ x 


2 ; 2 2 
= lim += )= lim 14+ lim 14+ lim == +0= 
xo (: | are x>7 ox : x+7+ax peers 


o 


Theorem 2. The limit of a product of two, three or, in general, 
any definite number of variables is equal to the product of the limits 
of these variables: 


limu,-u,-...-U,=lima,-limu,-...-limu, 
Proof. To save space we carry out the proof for two factors. 
Let limu,=a,, limu,=a,. Therefore, 
Uj=A,-+A,, U,=A, +A, 
U Ug = (Ay + Oy) (Gy “+ Og) = yA, + Ay + 4,0, + HO, 
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The product a,a, is a constant. By the theorems of Sec. 2.4, the 
quantity a,a,+a,0%,+a,a, is an infinitesimal. Hence, limu,u, = 
= a,a,=limu,-limu,. . 
Corollary. A constant factor may be taken outside the limit sign. 
Indeed, if limu, =a,, c is a constant and, consequently, limc=c, 
then lim (cu,)=limc-limu,=c-limu,, as required. 
Example 2, 
lim 5x3=5 lim °=5-8 = 40 
x+>2 x72 
Theorem 3. The limit of a quotient of two variables is equal to 
the quotient of the limits of these variables if the limit of the de- 
nominator is not zero: 





Proof. Let limu=a, limvu=b=-40. Then u=a+a, v=b-+f, 
where @ and 6 are infinitesimals. 
We write the identities 











u_at+a_a ata a\_a ,,ab—fa 
el => et en rs ee eT 
or 
ua, ab—pa 
yb OLA) 
F a. F : ab—fa 
The fraction 7 isa constant number, while the fraction BOB) 


is an infinitesimal variable by virtue of Theorems 4 and 5 (Sec. 
2.4), since ab—fa is an infinitesimal, while the denominator 





Scie . a iimu 
b(6+ 8) has the limit 6740. Thus, lim>=+F= Tmo 
Example 3. 
li 3 li 
him 228 pee eee SB 
pe a a lim (42-2) 4 lim <2" 4-1-2 2 
x-> x-> 


Here, we made use of the already proved theorem for the limit of a fraction 
because the limit of the denominator differs from zero as x +1. If the limit of 
the denominator is zero, the theorem for the limit of a fraction is not appli- 
cable, and special considerations have to be invoked. 

Example 4. Find lim a4 

x+2x—2 

Here the denominator and numerator approach zero as x 2, and, consequ- 

ently, Theorem 3 is inapplicable. Perform the following identical transformation: - 


x2—4  (x—2) (x42) 
eo ee 
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The transformation holds for all values of x different from 2. Andso, having 
in view the definition of a limit, we can write 


O— 40 (x—2)(x+2)__, _ 
nog X—2 aes x—2 Sr 








Example 5. Find lim J . As x +1 the denominator approaches zero but 


the numerator does not. (it approaches unity). Thus, the limit of the reciprocal 
is zero: 


lim *—! ma ane ae ee 
xo. x  limx Tapes 
x>1 


Whence, by Theorem 2 of the preceding section, we have 


lim —~—= 0 
xoix—l 
Theorem 4. If the inequalities u<cz<0 are fulfilled between the 
corresponding values of three functions u=u(x), 2=2(x) andu= 
= U(x), where u(x) and u(x) approach one and the same limit b as 
x—+a (or as x—+0o), then z=2z(x) approaches the same limit as 
x — a (or as x—+0o). 
Proof. For definiteness we shall consider variations of the func- 
ctions as x—+a. From the inequalities u<z<v follow the ine- 
qualities 





u—b<2—b<u—b 
it is given that 

limu=b, limv=b 

x-a x-a 
Consequently, for e>0 there will be a certain neighbourhood, 
with centre at the point a, in which the inequality }u—b|<e 
will be fulfilled; likewise, there will be a certain neighbourhood 
with centre at the point a in which the inequality }vu—b|<e 
will be fulfilled. The following inequalities will be fulfilled in the 
smaller of these neighbourhoods: 


—e<u—b<e and —e<v—b<e 


and thus the inequalities 


—e<2z2—db<e 
will be fulfilled; that is, 
lim z=b 
x-~a@a 


Theorem 5. If as x—+a (or as x—+ oo) the function y takes on 
nonnegative values y>>0 and, at the same time, approaches the 
limit b, then b is a nonnegative number b>0. 
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Proof. Assume that b<0, then |y—b|>|6|; that is, the diffe- 
rence modulus |y—b| is greater than the positive number |6| and, 
hence, does not approach zero as x—»+a. But then y does not 
approach b as x—~+a; this contradicts the statement of the theorem. 
Thus, the assumption that b< 0 leads to a contradiction. Conse- 
quently, b>0. 

In similar fashion we can prove that if y<O then limy<0. 

Theorem 6. /f the inequality v>>u holds between corresponding 
values of two functions u=u(x) and v=v(x) 
which approach limits as x —+a (or as x + oo), 
then limv > limu. 

Proof. It is given that v—u>0. Hence, A 
by Theorem 5, lim(v—u)>0 or limu— 
~—limu SO, and so limuy>lima. 

Example 6. Prove that Him sin x=0. 

From Fig. 42 it_follows that if OA=1, x>0, ; i+ 
then AC=sinx, AB=x, sinx < x. Obviously, when 


x < 0 we will have | sin x| < |x|. By Theorems 5 and Fig. 42 
6, it follows, from these inequalities, that lim sin x = 


x-~0 
=0. 


Example 7. Prove that lim sin eK, 
xd 2 


sin = 
2 


Example 8. Prove that lim cosx=1; note that 
x7w0 


Indeed, 








< | sin x|. Consequently, lim sin + =0. 
x70 


cos x= 1—2 sin? 


therefore, 


lim cos x= lim (1-2sint)—1 —2 lim sin? =1—0=1., 
x70 x70 2 x+0 2 


In, some investigations concerning the limits of variables, one 
has to solve two independent problems: 

(1) to prove that the limit of the variable exists and to establish 
the boundaries within which the limit under consideration exists; 

(2) to calculate the limit to the necessary degree of accuracy. 

The first problem is sometimes solved by means of the following 
theorem which will be important later on. 

Theorem 7. /f a variable v isan increasing variable, that is, each 
subsequent value is greater than the preceding one, and if it is 
bounded, that is, u< M, then this variable has the limit limu=a, 
where ax. M. 

A similar assertion may be made with respect to a decreasing 
bounded variable quantity. 
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We do not give the proof of this theorem here since it is based 
on the theory of real numbers, which we do not consider in this 
text. * 

In the following two sections we shall derive the limits of two 
functions that find wide application in mathematics. 


2.6 THE LIMIT OF THE FUNCTION sine AS x —+0 


The function sas is not defined for x=0O since the numerator 


and denominator of the fraction become zero. Let us find the 
limit of this function as x—+0. We consider 
a circle of radius | (Fig. 43); denote the cent- 


c. tal angle MOB byx(0<x< 5): From Fig. 
43 it follows that 


area of A MOA < area of sector 
MOA < area of ACOA. (1) 


g fA The area of A MOA=+0A.MB= 

Fig. 43 oe pe 
=z 'l-sinx =zsinx, 
The area of sector MOA =+0A-AM=+.1-x= 4x. 


The area of ACOA=+40A-AC =+-1-tanx =~ tanx. 
After cancelling — inequalities (1) can be rewritten as 
sinx <x < tanx 
Divide all terms by sinx: 


l< 


x 1 
sin x < cos x 





or 
sin x 


1> — > cosx 


We derived this inequality on the assumption thatx>0; noting 
that snr) ee and cos(—x)=cosx, we conclude that it holds 
for x <0 as well. But limcosx=1, lim1=1. 


x70 x>0 


* The proof of this theorem is given in G. M. Fikhtengolts’ Principles of 
Mathematical Analysis, Vol. 1, Fizmatgiz, 1960 (in Russian). 


2.7 The Number e 47 


3 sin x 
Hence, the variable 





lies between two quantities that have 


the same limit (unity). Thus by Theorem 4 of the preceding 
section, 























2. lim 2 kX _ tim , Sin kx =klim 22 (Rx) ey a ey 
x70 x0 k x—>0 (R. ) 
(kx 0) 
1 2 sin? — si + F 
3. li COS * _tim =lim sin =1-0=0. 
x0 x x0 x+0 2 
sin a , lim sin ax 
. sinax |. @ a x+0 GX a a 
7 —_——-=] —e— = = = 
3 i sin Bx aoe sinBx 8B 4, SinBx B 1B 
px x+0 


(a=const, f=const). 


2.7. THE NUMBER e 


Let us consider the variable 


1 \# 
(lt) 
where n is an increasing variable that takes on the values 1, 
ya arg 
Theorem 1. The variable (1 +2)", as n—oo, has a limit bet- 
ween the numbers 2 and 3. 
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Proof. By Newton’s bincmial formula we have 
1 \n nl, n(n—}) 1\? , n(n—1)(a—2)/ 1 \8 
(4p) <1 ttt (a) +s (a) 
= 3 Se At) A eo (=) (1) 


1-2-...6 n 


Carrying out the obvious algebraic manipulations in (1), we get 
(4d atet a a()—2)4rba(1—4) (1-8) 
tog (1-7) (1-F).-- 0 -) (2) 


From the latter equality it follows that the variable (1 +)" 


is an increasing variable as n increases. 
Indeed, when passing from the value n to the value n+ 1, each 
term in the latter sum increases, 


1 1 1 1 
r3(1->) <r3('—-a) and so forth, 





and another term is added. (All terms of the expansion are posi- 
tive.) 

We shall show that the variable (| 1 +. "is bounded. Noting 
that b= <i, (1—t (1-2) <1, etc., we obtain from 
expression (2) the inequality 


1\7 1 1 1 
(1 +5) <li iat iea ts tiem 


Further noting that 


1 1 1 1 1 1 
OR ee Py To: on S paat 





we can write the inequality 


1 \" 
(14+f)<ltltgtgte teh 
a 
The grouped terms on the right-hand side of this iriequality form 


a geometric progression with common ratio I=5 and the first 
term a=1, and so 
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Consequently, for all n we get 
1\2 
(1 +=) <3 


From (2) it follows that 
(1 +=)">2 
Thus, we get the inequality 
2<(1+5)"<3 (3) 
This proves that the variable (1 +z)" is bounded. 


Thus, the variable 14+— "is ain increasing and bounded va- 
riable; therefore, by Theorem 7, Sec. 2.5, it has a limit. This 
limit is denoted by the letter e. 

Definition. The limit of the variable (1 +2)" as n—> oo is the 
number e: 

- 1 \s* 
ee ee), 


By Theorem 6, Sec. 2.5, it follows from inequality (3) that the 
number e satisfies the inequality 2<:e<3. The theorem is thus 
proved. 

The number e is an irrational number. Later on, a method will 
be shown that permits calculating e to any degree of accuracy. 
Its value to ten decimal places is 


e = 2.7182818284... 


Theorem 2. The function ( 1 +2) approaches the limit e as x 
approaches infinity, lim ( 1 +z) =4 
x7@ 


Proof. It has been shown that of 44 "+e as n—oo, if n 


takes on positive integral values. Now let x approach infinity 
while taking on both fractional and negative values. 
(1) Let x—++ 00. Each of its values lies between two positive 
integers, 
nxx<n+l 


* It may be shown that 147 )"—+e as n—>+o even if n is not an 
increasing variable quantity. 


4—2081 
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The following inequalities will be fulfilled: 
toad 1 


eres 
tsi re 
(+7) > >(144)'> >(l+aar) 


If x—+oo, it is obvious that n—-oo. Let us find the limits of 
the variables between which the variable (1 +3) lies: 


lim (142) = lim (1+2)"(1+) 








N>+o n++o 
: l 
= Ng) eg) ete 
1 n+1 
‘ + 
lim (+a53) = lim ( r=) 
na+o n Noto 1+ 
n+1 
1 n+1 
wlim (1+245) 28% 
See fase cay ee 
wim, (45) 
Hence, by Theorem 4, Sec. 2.5, 
- 1 \* 
alin (14g) =¢ . 
(2) Let x —+— 00. We introduce a new variable ¢=— (x+ 1) or 


x=—(t+1). When t—++ 00, then x—+— oo. We can write 
De ieee ghee te Jae ie 
Peta ey) Eee) 
= lim (y= lim (1+$)" 


t+r+o t++@ 
—_— 1 1 —_— 
= lim (1+> ; (+> \=e. l=e 
The theorem is proved. The graph of the function y=(14+ 5) 
is shown in Fig. 45. 
If in(4) we put + =a, then as x —+ oo we havea—+0 (but a0) 
and we get 


‘le 
a 


on (1+ a) 
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Examples: 
is lint eee alae ee a 
im _ =i — —s 
() im (1+) dim (147) ( 7) 
vig (ele ee Ca eer 
= lim (Iq) lim, (Itg) sete 


oto (142) "= (42) (HE) (4d) 


1 \* 1 \* 1 \* 
= lim (145) + lim (142) - lim (1+) = e-e-e=e, 
x>O x xan \ x x>o x 

2y 


0 in (142) = ha (HE) 
(4) im, (ey tin (qey fa (4-4, 


x7 @ x—l x7 x ! 

r 4 (x~1)44 4 \y+4 
= lim (1 =) = ili (1 ) 

im, ( +71 nee ty 


y 
= lim (1+=) - lim (142) setae 
y yoo) y 


yore 


Note. The exponential function e* plays a very important role 
in mathematics, mechanics (oscillation theory), electrical and radio 


y 


y-(ed) 





Fig. 45 Fig. 46 


engineering, radiochemistry, etc. The graphs of the functions 
y=e* and y=e-* are shown in Fig. 46. 


2.8 NATURAL LOGARITHMS 


In Sec. 1.8 we defined the logarithmic function y=log, x. 
The number a is called the base of the logarithms. If a=10, 
then y is the base-10 (common) logarithm of the number x and 
is dénoted y=logx. In school courses of mathematics we have 
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tables of common logarithms, which are called Briggs’ logarithms 
after the English mathematician Briggs (1561-1630). 

Logarithms to the base e=2.71828... are called natural or 
Napierian logarithms after one of the first inventors of logarithmic 
tables, the Scotch mathematician Napier (1550-1617).* Therefore, 
if ” =x, then y is called the natural logarithm of the number x. 
In writing we have y=Inx (after the initial letters of logarithmus 
naturalis) in place of y=log,x. Graphs of the function y=Inx 
and y=log.x are plotted in Fig. 47. 


yztnr 





Fig. 47 


Let us now establish a relationship between common and 
natural logarithms of one and the same number x. Let y-=logx 
or x=10¥. We take logarithms of the left and right sides of the 
latter equality to the base e and get Inx=ylnl0. We find 
Y=jr79 IN *, OF substituting the value of y, we have logx=;45In x. 

Thus, if we know the natural logarithm of a number x, the 
common logarithm of this number is found by multiplying by the 


factor M = py © 0.434294, which factor is independent of x. The 


number M is the modulus of common logarithms with respect to 
natural logarithms: 
log x = M In x 


If in this identity we put x=e, we obtain an expression of the 
number M in terms of common logarithms: 


loge = M (Ine= 1) 


Natural logarithms are expressed in terms of common logarithms 
as follows: 


1 
Inx = a log x 
where ; 
a ~ 2.302585 


* The first logarithmic tables were constructed by the Swiss mathematician 
Biirgi (1552-1632) to a base close to the number e. 
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2.9 CONTINUITY OF FUNCTIONS 


Let a function y=f(x) be defined for some value x, and in 
some neighbourhood with centre at x,. Let y,=f (x). 

If x receives some positive or negative (it is immaterial which) 
increment Ax and assumes the value x=x,-+ Ax, then the func- 
tion y too will receive an increment Ay. 
The new increased value of the function 
will be y,+Ay=f(x,+Ax) (Fig. 48). 
The increment of the function Ay will 
be expressed by the formula 


Ay = f[ (x, + Ax)—f (xo) 


Definition 1. A function y=f (x) is 
called continuous for the value x= x, (or 
at the point x,) if it is defined in some 
neighbourhood of the point x, (obvious- 
ly, at the point x, as well) and if 


lim Ay=0 
Ax>0 





or, which is the same thing, 
im : (f (x) + Ax)—f (%)] =0 (2) 


The continuity condition (2) may also be written as follows: 
lim f (%) + Ax) = f (%) 
Ax>0 


or 
lim f(x) =F(%) (3) 
but 
X= lim x 
XX 


Hence, (3) may be written thus: 
lim f(x)=f (lim x) (4) 
xX> ky X>X, 


In other words, in order to find the limit of a continuous function 
as x—+x,, it is sufficient, in the expression of the function, to 
put the value x, in place of the argument x. 

In descriptive geometrical terms, the continuity of a function 
at a given pn signifies that the difference of the ordinates on 
the graph of the function y=f(x) at the points x,+Ax and x 
will, in absolute value, be arbitrarily small, provided | Ax| is 
sufficiently small. 
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Example 1. We shall prove that the function y= x? is continuous at an 
arbitrary pelt Xo. Indeed, 


Yo= Xd, Yot Ay = (xXo-+Ax)®, Ay = (x9 + Ax)?@—x5 = 2x,Ax+ Ax?, 
lim. Ay= om 9 (7% Ax + Ax?) = oh tan Ax-+ lim Ax- lim Ax=0 
Ax +0 Ax>0 Ax +0 


for any way that Ax may approach zero ae 49a and 496). 
J, Ax>0, Ay>0 ¥, Ax<0, Ay<o 





Fig. 49 


Example 2. We shall prove that the function y=sin x is continuous at an 
arbitrary point x». Indeed, 


Yo=SiN Xp, YotAy=sin (x9 + Ax), 
, . Ax Ax 
Ay =sin (x )-++ Ax) —sin %o=2sin > * COS { Xp 5 


It has been shown that Poets AE 26 (Example 7, Sec. 2.5). The function 
x > bl 


cos («+ $) is bounded. Therefore, jim Ay=0. 


In similar fashion, by considering each basic elementary function, 
it is possible to prove that each basic elementary function is con- 
tinuous at every point at which it is defined. 

We will now prove the following theorem. 

Theorem 1. /f the functions f,(x) and f,(x) are continuous at 
a point x,, then the sum p(x)=f,(x)+f,(x) is also a function 
continuous at the point x,. 

Proof. Since /,(x) and f,(x) are continuous, on the basis of (3) 
we can write 


lim f,(%) =f, (x) and lim f, (x) = f, (x9) 
By Theorem 1 on limits, we can write 
jim p(x)= Due [fs (x) + fa (x)] 
= lim’ A@)+ | um. Fa (*) = fr (%0) + Fa (Xo) =P (%0) 


Thus, the sum $0 heh is a continuous function. 
The proof is complete. 
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Note, as a corollary, that the theorem holds true for any finite 
number of terms. 

Using the properties of limits, we cafi also prove the following 
theorems: 

(a) The product of two continuous functions is a continuous 
function. 

(b) The quotient of two continuous functions is a continuous func- 
tion if the denominator does not vanish at the point under consi- 
deration. 

(c) Jf u=@(x) is continuous at x=x, and f(u) is continuous at 
the point u,=@(x,), then the composite function f [p(x)] is con- 
tinuous at the point x,. 

Using these theorems, we can prove the following theorem. 

Theorem 2. Every elementary function is continuous at every 
point at which it is defined.* 

Example 3. The function y=x? is continuous at every point x ) and 
therefore 


lim = x3 
X>Xo 
lim 2=3?=9 
x= 


Example 4. The function y=sin x is continuous at every point and therefore 


lim sin x=sin n_V2 
x 4 2 
xo 


4 
Example 5. The function y=e* is continuous at every point and therefore 
lim e* =e4. 
x-a 
1 
Example 6. cy ee a nt 4 ind te= an fase]. Since 
cay 
ie (1 +x)* =e and the function Inz is continuous for z >0 and, consequ- 


Sally: for z=e, 
a as 
lim In eaiye | =In am | =Ine=1 
x70 x70 


Definition 2. If a function y=f(x) is continuous at each point 
of a certain interval (a, 6), where a< 6, then it is said that the 
function is continuous in this interval. 

If the function is also defined for x=a and lim F(x) = F(a), 

x7 a+ 


it is said that f(x) at the point x=a is continuous on the right. 


* This problem is discussed in detail in G. M. Fikhtengolts’ Fundamentals 
of Mathematical Analysis, Vol. |, Fizmatgiz, Moscow, 1968 (in Russian). 
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If lim f (4) = 7 (6), it is said that the function f(x) at the point 
—>b— 


x 
x=b is continuous on the left. 

If the function f(x) is continuous at each point of the interval 
(a, 6) and is continuous at the end points of the interval, on the 
right and left, respectively, then we say that the function f (x) 
is continuous over the closed interval fa, 6). 

Example 7. The function y=.x*® is continuous in any closed interval [a, 6]. 
This follows from Example I. 

If at some point x= x, at least one of the conditions of conti- 
nuity is not fulfilled for the function y=f (x), that is, if for x= x, 
the function is not defined or there does not exist a limit lim f (x) 


or lim f(x) f(x») in the arbitrary approach of x — x,, although 
X7>Xy 


the expressions on the right and left exist, then at «=~, the 
function y=f (x) is discontinuous. In this case, the point x= x, 
is called the point of discontinuity of the function. 


Example 8. The function y=— is discontinuous at x=0. Indeed, the func- 
tion is not defined at x=0. 


lim cee ee lim EL erreae 
x204+0% x+0-0% 
It is easy to show that this function is con timubys for any value x < 0. 


Example 9. The function y=2* is discontinuous at x=0. Indeed, 
1 1 


lim 2% =o, lim 2* =O. The function is not defined at x=0 (Fig. 50). 
x70+0 x70-0 





¥*f (2) 
Fig. 50 Fig. 51 





Example 10. Consider the function faj=—. For x < 0, as for 


|x| [+] 


x>0, Snares Hence, 


1x] 


A x 
lim x)= lim =-l, 
amt ) x+0-0 [x] 


x 
lim x)= lim ——=1 
oe ) x70+0 [%| 


2.10 Certain Properties of Continuous Functions $7 


the function is not defined at x=0. We have thus established the fact that 
the function ha=TT is discontinuous at x=0 (Fig. 51). 


Example 11. The earlier examined function (Example 4, Sec. 2.3) y=sin (1/x) 
is discontinuous at x=0. 


Definition 3. If the function f(x) is such that there exist finite 
limits lim pf =F +0) and Jim f (x)=f (x)—0), but either 


lim SOF, lim f(x) or the value of the function f (x) at x=x, 
is not defined, “then x=X, is called a point of discontinuity of the 
first kind. (For example, for the function considered in Example 10, 
the point x=0 is a point of discontinuity of the first kind.) 


2.10 CERTAIN PROPERTIES OF CONTINUOUS FUNCTIONS 


In this section we shall consider a number of properties of 
functions that are continuous on an interval. These properties 
will be stated in the form of theorems given without proof. * 

Theorem 1. If a function y=f (x) is continuous on some inter- 
val [a, b] (a<x<b), there will be, on this interval, at least one 
point x=x, such that the value of the function at that point will 


satisfy the relation 
f(x.) 2 F(x) 


where x is any other point of the interval, and there will be at least 
one point x, such that the value of the function at that point will 
satisfy the relation 

f (%_) <F (*) 


We shall call the value of the function f{x,) the greatest value 
of the function y=f(x) on the interval [a, vk and the value of 
the function f(x,) the smallest (least) value of the function on the 
interval [a, 5}. 

This theorem is briefly stated as follows: 

A function continuous on the interval axx<b attains on this 
interval (at least once) a greatest value M and a smallest value m. 

The meaning of this theorem is clearly illustrated in Fig. 52. 

Note. The assertion that there exists a greatest value of the 
function may prove incorrect if one considers the values of the 
function in the interval a<.x<b. For instance, if we consider 
the function y=x in the interval O<x< 1, there will be no 
greatest and no least values among them. Indeed, there is no least 


* These theorems are proved in G. M. Fikhtengolts’ Principles of Mathema- 
tical Analysis, Vol. 1, Fizmatgiz, 1968 (in Russian), 
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value or greatest value of x in the interval. (There is no extreme 
left point, since no matter what point x* we take there will be 


a point to the left of it, for instance, the point > 7; likewise, 


there is no extreme right point; 
consequently, there is no _ least 
and no greatest value of the fun- 
ction y=x. 

Theorem 2. Let the funct.on 
y=f (x) be continuous on the inter- 
val [a, 6] and at the end points of 
; this interval let it take on values of 

Fig. 52 different signs; then between the 
points a and b there will be at 
least one point x=c, at which the function becomes zero: 


foe=0,a<c<b 
This theorem has a simple geometrical meaning. The graph of a 
continuous function y=f(x) joining the points M, [a, f(a)] and 
M, [b, f (6)], where f(a) <0 and f(b) >0 
or F(a) > 0 and f (6) < 0, cuts the x-axis 
in at least one point (Fig. 53). 








M, [a.f(a)] 
Fig. 53 Fig. 54 
Example. Given the function y=x°—2; -i=— 2=6. It is conti- 


nucus in the interval [1, 2]. Hence, in this” leva hes 4s a point where 
y=+x°—2 becomes zero. Indeed, y=0 when x=P/2 (Fig. 54). 


Theorem 3. Let a function y=f (x) be defined and continuous in 
the interval [a, 6]. If at the end points of this interval the function 
takes on unequal values f (a)=A, f(b) =B, then no matter what the 
number w between numbers A ale B, there will be a point x=c 
between a and 6 such that f (c)= 
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The meaning of this theorem is clearly illustrated in Fig. 55. 
In the given case, any straight line y=wp cuts the graph of the 
function y =f (x). ° 

Note. It will be noted that Theorem 2 is a particular case of 
this theorem, for if A and B have different signs, then for p one 
can take 0, and then »=O0 will lie between the numbers A and B. 





Fig. 55 Fig. 56 


Corollary of Theorem 3. /f a function y=f (x) is continuous in some 
interval and takes on a greatest value anda least value, then in this 
interval it takes on, at least once, any value lying between the gre- 
atest and least values. 

Indeed, let f(x,)=M, f(x,)=m. Consider the interval [x,, x]. 
By Theorem 3, in this interval the function y=f (x) takes on any 
value » lying between M and m. But the interval [x,, x,] lies 
inside the interval under consideration in which the function f (x) 
is defined (Fig. 56). 


2.11 COMPARING INFINITESIMALS 
Let several infinitesimal quantities 
a, B, y, .-. 


be at the same time functions of one and the same argument x 
and let them approach zero as x approaches some limit a or in- 
finity. We shall describe the approach of these variables to zero 
when we consider their ratios.* 

We shall, in future, make use of the following definitions, 


Definition 1. If the ratio B has a finite nonzero limit, that 
is, if lim®—A-+0, and therefore, lim2—40, the infinites- 
imals B and @ are called infinitesimals of the same order. 


* We assume that the infinitesimal in the denominator does not vanish in 
some neighbourhood of the point a, 
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Example 1. Let a=x, B=sin2x, where x +0. The infinitesimals a and B 
are of the same order because 
B 


lim —= lim 
x20 % x40 


sin 2x =? 





Example 2. When x +0, the infinitesimals x, sin 3x, tan 2x, 7In(1+.) are 
infinitesimals of the same order. The proof is similar to that given in Example 1. 


B 


Definition 2. If the ratio of two infinitesimals a approaches 


zero, that is, if lim&—0 (and lim£=oo), then the infinitesi- 
cA 
mal B is called an infinitesimal of higher order than a, and the 
infinitesimal @ is called an infinitesimal of lower order than B. 
Example 3. Let a=x, B=x", n >1, x +0. The infinitesimal B is an infi- 
nitesimal of higher order than the infinitesimal a since 


Monette - = a 
lim —= lim x"°-1=0 
x70 x70 


Here, the infinitesimal a is an infinitesimal of lower order than B. 


Definition 3. An infinitesimal B is called an infinitesimal of the 
kth order relative to an infinitesimal a, if B and a* are infinitesimals 


of the same order, that is, if lim, =A 40. 


Example 4. If a=x, B=, then as x +0 the infinitesimal B is an infinite- 
simal of the third order relative to the infinitesimal a, since 


B tim * 
Mea oe 
Definition 4. If the ratio of two infinitesimals £ approaches 


unity, that is, if lim£ =1, the infinitesimals B and @ are called 
equivalent infinitesimals and we write a~ f. 


Example 5. Let a=x and B=sinx, where x +0. The infinitesimals a and 
B are equivalent, since 





x+0 * 


Example 6. Let a=x, B=In(1-+-x), where x +0. The infinitesimals « and 
B are equivalent, since 


lim 


In(i+*) _, 
x+0 x 


(see Example 6, Sec. 2.9). 


Theorem 1. Jf a and B are equivalent infinitesimals, their differ- 
ence a—B is an infinitesimal of higher order than a and than B. 
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Proof. Indeed, 
lim 28 = lim ( 


B\ _ io 8 = 
1—£) =1-lim = 1—1=0 
Theorem 2. If the difference of two infinitesimals a—fB is an 
infinitesimal of higher order than « and than B, then a and B are 
equivalent infinitesimals. 
Proof. Let lim2—*—0, then lim ( —£)—o, or 1—lim & =0, 
ee eee ~ + a—B im ( %__1\_— 
or I=lim&, ie, a~B. If lim2>F—=0, then lim (5 1)=0, 
lim zal that is, a ~f. 


Example 7. Let a=x, B=x-+<°, where x —-0. 
The infinitesimals a and B are equivalent, since their difference B—a=x® 
is an infinitesimal of higher order than @ and than B. Indeed, 


lim 9% — im = tim 8 =0 
x70 x+0 © x70 


nee 3 a 
li se lim ——, = lim —__~=0 
rae B e40 xx bet 1++3 


x+l 


Example 8. For x —> o the infinitesimals a= 2 and p=+ are equivalent 





infinitesimals, since their difference a—pattt_ta4 is an infinitesimal 
of higher order than a and than B. The limit of the ratio of @ and 6 is unity: 
x+1 
a xe x+1_,, ( ! ) 
lim == lim = lim —— = lim (| 1+—]=1 
roa Bo xs@ a kaa * XO TF 
x 





Note. If the ratio of two infinitesimals B has no limit and does 


not approach infinity, then B and a are not comparable in the 
above sense. 


Example 9. Let a=x, p=xsint, where x —>0. The intinitesimals a and 


B cannot be compared because their ratio Bosint as x—»0 does not ap- 
proach either a finite limit or infinity (see Example 4, Sec. 2.3). 


Exercises on Chapter 2 


Find the indicated limits: 


2 
1. tin ES Ans. 4. 2. lim [2sinx—cosx-+cotx]. Ans. 2. 
al * +1 m™ 


aot 


2 
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_ x2 1,4 __ 482841 
3. lim . Ans. 0. 4. lim (2-> 3): Ans. 2. 5. lim ———-—. 
x72 2+<x x>@ Eg 2 X>7@ 3x3 —5 
Ans. a 6. lim daca Ans. 1. 7. lim a ae Ans. DD. 
3 X>@ n+@ 2 
21.921 32 2 
Gs lig eo Ane 
ew n' 3 


Hint. Write the formula (&+1)*—#?=3h243k+41 for =0, 1, 2, ..., 2. 
181, 
8—13=3. 1243-141, 
—28 =3.243.241, 


(n-+1)—n3 =3n24-3n-+1_ 
Adding the left and right sides, we get 
(n+ 19=3 (2224...) 431424... 42) 40+), 
(nt IP=3(le oy... tayp32@T) ayy, 

















ve (n-++1) @n+1) 
2492 oni tens!) 
124984... tnt ; 
eet x— 3x? — 2x— 4x8 — 2x24 x 
9. im Ans. oO. 10: Une a . Ans. 0. 11. eto SAFE 
1 xe— B— —5x-+6 
Ans. zr: 2 en. —. Ans. 4. ote ao —. Ans. 3. 14. lim, Ftp 
l x?+3x—10 Pty y? + 3y8+ 2y 2 
Ans. =. 15. lim Fa By o3* Ans. 1, Bee ay Ans a 
8 + 4u?4 4u _ (x +h)s—x8 
7. lin — ——; Ans. 0. 18. lim ————. Ans. 3, 
ae ery Cm] a) a fs ae Beg 
oe ta i Ai SN 90. i Es Ane iti 
. ase are Pare 2 a it ar . n(n is a positive 
V1+x—1 1 V 2xF1—3 ou 
int . 22. A gy ee lm —————_——. .. Ans 
intseer) ~0 & de’ x24 Va—2-V 2 
VFR —p q VY x1 2 
23. lim ———————_.. Ans. — 24, lin ———-. Ans. =~ 
20 Vttg—qg pP xo1 Vx—l 3° 
are 
<= a 
25. lim me ae. 2 Ans. Va . 26. lim Eee, Ans, 4 
x7a ma x+0 2° 
y—3 ye 
27. lim yrs . Ans. 1, 28, lim Vert Ans. 1 as x ++, —I as 
x>r4+@ Y/ S1] zoo *¥+1 


x—— ow. 29. lim (Vx?-T—Vx—1). Ans. 0. 30. lim x(Vx*1—x). 
47D x7@ 
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Ans. J as X—>+0, —o as x—+>+—o. 31. lim ae, Ans. 1. 
2 x+o tanx 
sin 4 sin? > 1 
32. lim ““—. Ans. 4. 33. lim —, Ans. —. 34. lim ——*—. 
x+0 x+0 * 9 x>+0 l1—cos x 
Ans. VY 2. 35. lim xcotx. Ans. 1. 36. lim ves OS, Ans. V3. 
*¥>0 v» = sin({ »p—2 
3 3 
- nz 2 . Qarcsinx 2 
37, a (1—z) tan—- . Ans. =a 38. re a anh Ans. 3° 
39. lim SG ee Ans. 2cosa. 40. lim plied ae Ans ae 
x70 x x20 x 2 
( 2\* r 1\* 1 x \* 
41. lim (1+—). Ans. &. 42. lim (1-+) . Ans. —. 48. lim (5) : 
a 23 >) x>@ x e X7>@ I+<x 
1 \"+5 
Ans. —. 44. lim (142) Ans. e. 45. iim n {n [In (n+ 1)—In nj}. Ans. 1. 
n-@y 
46. Iim (1-+ cos x)* 5%. Ans. ¢. 47. tn 20) Ans. a. 48. lin (St) 
ga x70 L> DO 2x1 
2 


Ans.e. 49. lim (1-+-3tan?x)°""> Ans. &. 60. lim (cos =)” Ans. 1. 
x= 





mao 
51. lim In(+e?) | Ans. 1 as a—++0, 0 asa—>—oo. 52. lim eee. 
a>+o a x+o sin Bx 
a _ ax¥—!l 
Ans. ee 53. lim (a> 1). Ans. +00 as x—++00, 0 as x—+— 0. 
x7>@ 
1 
— opr 
54. lim eee tl, Ans. Ina. 55. ie, Ans. a—B. 
nro x~0 x - 
e7% — eBx 


56. lim ———_—_—___. Ans. 1. 
‘x0 Sinax—sin Bx" 


Determine the points of discontinuity of the functions: 


x—1 I 


87. Y= FEE) 4) . Ans. Discontinuities ss —1, 0, 2. 58. y=tan—. 
cote eee a ee ee 2 
Ans. Discontinuities at x=0 and x=+ re £35 rate * Gata" 


89. Find the pons of discontinuity of the function y=142* and construct 
the graph of this function. Ans. Discontinuity at x=0(y—+-+ © as x —+0-+40, 
y— | as x —>+0—0). 

60. From among the following infinitesimals (as x —>0): x2, V x(lL—x), sin 3x, 
2x cos x // tan? x, xe?*, select infinitesimals of the same order as x, and also of 
higher and lower order than x. Ans. Infinitesimals of the same order as x are 
sin 3x and xe®*; infinitesimals of higher order than x, x? and 2x cos x V/ tan? x, 
infinitesimals of lower order than x, V x(1—x). 
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61. Choose from among the same infinitesimals (as x —>0) such that are 
equivalent to the infinitesimal x: 2 sin x, + tan 2x, x—3x?, V 2x2+- x8, In(1+4), 
x2+3xt. Ans. + tan 2x, x—3x?, In (1+). 

62. Check to see that as x—> 1, the infinitesimals 1—x and 1—j/ x are of 


the same order. Are they equivalent? Ans. lim so 
*¥>'1-Y x 


nitesimals are of the same order, but they are not equivalent. 


=3; hence, these infi- 





CHAPTER 3 


DERIVATIVE AND DIFFERENTIAL 


3.1 VELOCITY OF MOTION 


Let us consider the rectilinear motion of some solid, say a stone, 
thrown vertically upwards, or the motion of a piston in the cylin- 
der of an engine, etc. Idealizing the situation and disregarding 
dimensions and shapes, we shall always represent such a body in 
the form of a moving point M. The distance s of 
the moving point reckoned from some initial position 
M, will depend on the time ¢; in other words, s will 
be a function of time ¢: M, 


s=f(t) (1) 


At some instant of time* ¢, let the moving point 5 
M be at a distance s from the initial position M,, 
and at some later instant ¢+ A? let the point be at 
M,, a distance s+ As from the initial position (Fig.57). __ 
Thus, during the interval of time At the distance s Fig. 57 
changed by the quantity As. In such cases, one says 
that during the time At the quantity s received an increment As. 


Let us consider the ratio Eo it gives us the average velocity 





At 
of motion of the point during the time Af: 
A 
Yo = ay (2) 


The average velocity cannot in all cases give an exact picture 
of the rate of translation of the point M at time ¢. If, for example, 
the body moved very fast at the beginning of the interval At and 
very slow at the end, the average velocity obviously cannot reflect 
these peculiarities in the motion of the point and give us a correct 
idea of the true velocity of motion at time ¢. In order to express 
more precisely this true velocity in terms of the average velocity, 
one has to take a smaller interval of time At. The most complete 
description of the rate of motion of the point at time ¢ is given 


* Here and henceforward we shall denote the specific value of a variable 
and the variable itself by the same letter. 


5 2081 
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by the limit which the average velocity approaches as At—0. 
This limit is called the rate of motion at a given instant: 


v= lim 4 (3) 


Thus, the rate (velocity) of motion at a given instant is the 
limit of the ratio of incrernent in path As to increment in time 
At, as the time increment approaches zero. 

Let us write equation (3) in full. Since 


As = f (t+ At)—f(t), 
f (é+At)—f(t) , 
at ieee (3') 


it follows that 


v= lim 
At+0 

This is the velocity of nonuniform motion. It is thus obvious 
that the notion of velocity of nonuniform motion is intimately 
related to the concept of a limit. It is only with the aid of the 
limit concept that we can determine the velocity of nonuniform 
motion. 

From formula (3’) it follows that v is independent of the incre- 
ment in time At, but depends on the value of ¢ and the type of 
function f(t). 

Example. Find the velocity of uniformly accelerated motion at an arbitrary 


time ¢ and at f=2 sec if the relation of the path traversed to the time is 
expressed by the formula 


spot 


Solution. At time ¢ we have s= path at time ¢-+At we get 


stAs=+ g(t $AtP=s g(t 42 At + At?) 
We find As: 
As= 4 g (t242t At+Att)— 4 git = gt At +yeae 


_ As, 
We form the ratio va 


1 
t At+—g Af 
As & 2 1 
ao Me 
By definition we have 


As | 
= li —= tim t+—gAt )=gt 
Oe kt At (2 +38 ) . 


Thus, the velocity at an arbltraly time ¢ is v=gt. 
At ¢=2 we have (v)}-3=g-2 =9.8-2=19.6 m/sec. 
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3.2 THE DEFINITION OF A DERIVATIVE 
Let there be a function 


y=f(x) (1) 


defined in a certain interval. The function y=f (x) has a definite 
value for each value of the argument x in this interval. 

Let the argument x receive a certain increment Ax (it is imma- 
terial whether it is positive or negative). Then the function y will 
receive a certain increment Ay. Thus, for the value of the argu- 
ment x we will have y=/f(x), for the value of the argument 
x+Ax we will have y+ Ay=f(x-+ Ax). 

Let us find the increment of the function Ay: 


Ay=f («+ Ax)—f (x) (2) 
Forming the ratio of the increment of the function to the incre- 
ment of the argument, we get 


Ay _f(x+Ax)—f (x) 
ae ees (3) 


We then find the limit of this ratio as Ax—-0. If this limit 
exists, it is called the derivative of the given function f(x) and is 
denoted f’ (x). Thus, by definition, 
f’ b=) lim 7: 
or 
w= m ferent (4) 


Consequently, the ety a a given function y=f (x) with 
respect to the argument x is the limit of the ratio of the incre- 
ment in the function Ay to the increment in the argument Ax, 
when the latter approaches zero in arbitrary fashion. 

It will be noted that in the general case, the derivative f’ (x) 
has a definite value for each value of x, which means that the 
derivative is also a function of x. 

The designation f’ (x) is not the only one used for a derivative. 
Alternative symbols are 


, d 
Y', Yn 
The specific value of the derivative for x=a is denoted f’ (a) or 


Y' |e= 
The operation of finding the derivative of a function (xo) i is 


called differentiation of the function. 
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Example 1. Given the function y=.?, find its derivative y’: 

(1) at an arbitrary point x, 

(2) at x=3. 

Solution. (1) For the value of the argument x, we have y=x?. When the 
value of the argument is x+-Ax, we have y+ Ay=(x-+ Ax)?. 

Find the increment of the function: 


Ay = (x + Ax)? — x? = 2xAx + (Ax)? 


Forming the ratio ay we have 


Ax 
Ay _2xAx+ (Ax)? 


Ax Ax pater 


Passing to the limit, we get the derivative of the given function: 


: Ay , 
‘= lim —= lim (2x+Ax)=2x 
Behe ae (2x -+ Ax) 


Hence, the derivative of the function y=x* at an arbitrary point is y’ = 2kx.. 
(2) When x=3 we have 


y'|pas=2-3=6 
Example 2. y=; find y’. 
Solution. Reasoning as before, we get 


=F gt AU= TER 
pya— tb seme 
x+Ax x” x(x+Ax) x(x-+ Ax)’ 
Ay _ 1 
Ax x(x-+F Ax)’ 


y= tim Se— im | 2a |= 
Ar+04*  ax+o x (x-+ Ax) x 


Note. In the preceding section it was established that if the 
dependence upon time ¢ of the distance s of a moving point is 
expressed by the formula 

s=f (t) 


the velocity v at time ¢ is expressed by the formula 


__ As . F(t LAt)—f (t) 
v= lim ~= lim Ce 
at>o0 At atso At 
Hence 
v=s=f"(t 


or, the velocity is equal to the derivative? of the distance with 
respect to the time. 


* When we say “the derivative with respect to x” or “the derivative with 
respect to ¢” we mean that in computing the derivative we consider the va- 
riable x (or the time ¢, etc.) the argument (independent variable). 
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3.3 GEOMETRIC MEANING OF THE DERIVATIVE 


We approached the notion of a derivative by regarding the 
velocity of a moving body (point), that°is to say, by proceeding 
from mechanical concepts. We shall now give a no less important 
geometric interpretation of the derivative. To do this we must 
first define a tangent line to a curve at a given point. 

We take a curve with a fixed point M, on it. Taking a point 
M, on the curve we draw the secant M,M, (Fig. 58). If the point 
M, approaches the point M, without limit, the secant M,M, will 
occupy various positions M,M;, M,Mj, and so on. 





Fig. 58 


If, in the unbounded approach of the point M, (along the curve) 
to the point M, from either side, the secant tends to occupy the 
position of a definite straight line M,7, this line is called the 
tangent to the curve at the point M, (the concept “tends to 
occupy” will be explained later on). 

Let us consider the function f(x) and the corresponding curve 


y= (x) 


in a rectangular coordinate system (Fig. 59). At a certain value 
of x the function has the value y = f (x). Corresponding to these values 
of x and yon the curve we have the point .M, (x, y). Let us increase 
the argument x by Ax. Corresponding to the new value of the 
argument, x-+Ax, we have an increased value of the function, 
y+ Ay=f(x+Ax). The corresponding point on the curve will be 
M, (x+ Ax, y+ Ay). Draw the secant M,M, and denote by g the 
angle formed by the secant and the positive x-axis. Form the 


ratio ae From Fig. 59 it follows immediately that 


Aya tane (1) 
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Now if Ax approaches zero, the point M, will move along the 
curve always approaching M,. The secant M,M, will turn about 
M, and the angle @ will change with Ax. If as Ax—-0 the angle » 
approaches a certain limit a, the straight 
line passing through M, and forming an 
angle a with the positive x-axis will be 
the sought-for tangent line. It is easy to 
find its slope: 


: - Ay , 
tana= lim tang= lim =f (x 
Ax +0 : Ax +0 A I ( ) 


Hence, 





f’ (x) =tana (2) 


Fig. 60 which means that the value of the deri- 

vative f’ (x), for a given value of the ar- 

gument x, is equal to the tangent of the angle formed with the 

positive x-axis by the line tangent to the graph of the function 
f (x) at the corresponding point M, (x, y). 


Example. Find the tangents of the angles of inclination of the tangent line 
=> 7 )> Ma(—I, 1) Fig. 60). 
Solution. On the basis of Example !, Sec. 3.2, we have y’ = 2x; hence, 


to the curve y= x? at the points M, 


ee ,=l, moe =—2 
x= Xx=-1 


3.4 DIFFERENTIABILITY OF FUNCTIONS 
Definition. If the function 


y= (x) (1) 
has a derivative at the point x= x,, that is, if there exists 
A sa f(%o-+ Ax) —F (Xo) 
ee @) 


we say that for the given value x =x, the function is differentiable 
or (which is the same thing) has a derivative. 
If a function is differentiable at every point of some interval 
(a, b] or (a, 6), we say that it is differentiable over the interval. 
Theorem. If a function y=f(x) is differentiable at some point 
x=x,, it is continuous at that point. 
Indeed, if 
fim aT () 
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then 
A ’ 
=f (Xp) +? e 


where y is a quantity that approaches zero as Ax +0. But then 
Ay =f’ (x) Ax + yAx 


whence it follows that Ay-»+0 as Ax-—0; and this means that 
the function f(x) is continuous at the point x, (see Sec. 2.9). 

In other words, a function cannot have a derivative at points 
of discontinuity. The converse is not true; from the fact that at 
some point x=.x, the function y=f(x) is continuous, it does not 
yet follow that it is differentiable at that point: the function 
f(x) may not have a derivative at the point x,. To convince our- 
selves of this, let us examine several cases. 


Example 1. A function f(x) is defined on an interval [0, 2] as follows (see 
Fig. 61): 
f(x)=x when 0O<x<l, 
f(x) =2x—1 when 1 <x<2 


At x=1 the function has no derivative, although it is continuous at this point. 
Indeed, when Ax > 0 we have 


fU+4x)—F CO) _ lim [2 (1 + Ax)—1]—[2-1—1] im 2Ax 
Ax 


lim 
Ax-+0 Ax Ax+0 Ax 


Ax+0 


when Ax < 0 we get 
im LO+49—f)_ yg +AM—1_ yi Ax 
Ax+0 Ax Ax+0 Ax 4x70 Ax 


Thus, this limit depends on the sign of Ax, and this means that the function 
has no derivative* at the point x=1. Geometrically, this is in accord with 
the fact that at the point «=! the given “curve” does not have a definite tan- 
gent line. 

Now the continuity of the function at the point x=1 follows from the fact 
that 


Ay = Ax when Ax < 0, 
Ay = 2Ax when Ax > 0 


and, therefore, in both cases Ay—0 as Ax 0. 


* The definition of a derivative requires that the ratio at should (as Ax—0) 


approach one and the same limit regardless of the way in which Ax approaches 
zero. 
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Example 2. A function y=i/ x. the graph of which is shown in Fig. 62, 
is defined and continuous for all values of the independent variable. 

Let us try to find out whether this function has a derivative at x=0; to 
do this, we find the values of the function at x=0O and at x=0-+ Ax: atx=0 


we have y=0. at x=0-+ Ax we have y--Ay=y/ Ax. 


y 

y= VE 
OA Ax z 
Fig. 62 





Therefore, 


Ay = Vv Ax 


Find the limit of the ratio of the increment of the function to the incre- 
ment of the argument: 
Ay Vax 


lm —= lm ——= 


lim got See ies 
Ax+0 AX ayo Ax Ax+0}/ Axe 


Thus, the ratio of the increment of the function to the increment of the argu- 
ment at the point x0 approaches infinity as Ax -» 0 (hence there is no limit). 
Consequently, this function is not differentiable at the point x=0. The tangent 
to’ the curve at this point forms, with the x-axis, an angle > » Which means 


that it coincides with the y-axis. 


3.5 THE DERIVATIVE OF THE FUNCTION y=", 2 A POSITIVE INTEGER 


To find the derivative of a given function y=f(x), it is neces- 
sary to carry out the following operations (on the basis of the 
general definition of a derivative): 

(1) increase the argument x by Ax, calculate the increased 
value of the function: 


y+ Ay =f (x+ Ax) 


(2) find the corresponding increment in the function: 
Ay = f (x + Ax)—f (x) 
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(3) form the ratio of the increment in the function to the in- 
crement in the argument: 
Ay _ F(x+Ax)—f (2) 
Ax Ax 
(4) find the limit of ae ratio as Ax -+0: 
= = f (x Ax) — f(x) 
y = lim Ax eae Ax 


Here and in the following sections, we shall apply this general 
method for evaluating the derivatives of certain elementary func- 
tions. 

Theorem. The derivative of the function y=x", where n isa 
positive integer, is equal to nx"-1; that is, 


if y=x", then y’ =nx"-) (1) 
Proof. We have the function 
y=x" 
(1) If x receives an increment Ax, then 
y+ Ay=(x+ Ax)” 
(2) Applying Newton’s binomial theorem, we get 
Ay= ee nee 
= xe $B pnt ay 4 BGO) yaar... (Ax —2" 
or 
Ay =nxt-t Axt BOD ena (ayet ... + (Ax) 


(3) We find the ratio 


at = =nxr-1 4 Sn ae a PPA... + (Ax)? 


. (4) Then we find the limit of this ratio: 


y = lim = ou 
Ax7+0 Ax 


= lim [met 1p RGD gant Ax+...+(Ax)*7 | = nx?) 
ax +0 
consequently, y’ =nx"~-1, and the theorem is proved. 
Example 1. y= x5, y’ =5x5-1=5x!. 


Example 2. y=x, y’=I1x!-1, y’=1. The latter result has a simple geo- 
metric interpretation: the tangent to the straight line y= x for any value of 


74 Ch. 3. Derivative and Differential 


x coincides with this line and, consequently, forms with the positive x-axis an 
angle, whose tangent is 1. 
Note that formula (I) also holds true when n is fractional or 
negative. (This will be proved in Sec. 3.12). 
Example 3. y= Vx. 
Let us represent the function in the form of a power: 
1 
: y=x? 
Then by formula (I), taking into consideration what we have just said, we get 


I 
, 1 yr! 








y= 7* 
or 
y= 
2Vx 
Example 4. y= ae : 
xVx 
Represent y in the form of a power function: 
3 
y=x ? 
Then 
FE Da es a 
2 2 2x2 Vx 


3.6 DERIVATIVES OF THE FUNCTIONS 
y=sinx, ymcosx 


Theorem 1. The derivative of sinx is cosx, or 
if y=sinx, then y’ =cosx. (IT) 
Proof. Increase the argument x by Ax; then 
(1) y+ Ay=sin(x+ Ax); 
(2) Ay =sin(x-+ Ax)—sinx=2sin cece cos cpeets 








2 
. Ax Ax 
=2sin 5 -cos (x +5); 
. Ax Ax . Ax 
: ny _ 280 Geos (243) sin => es gal 
(3) Xe Ax Ax De ie 


4 - Ay : 
4 = lim —= lim 
( ) y Ax 0 Ax 4x0 
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But since 





we get 
y’ = lim cos (« +3) = cos x 
Ax->0 : 


This latter equation is obtained on the grounds that cosx is a 


continuous function. 
Theorem 2. The derivative of cosx is —sinx, or 


if y=cosx, theny’ =—sinx. (III) 


Proof. Increase the argument x by Ax, then 
y+ Ay=cos (x + Ax) 
Ay = cos (x -++ Ax) —cos x = —2 sin +t axa A rtaets 


=—2sin 4% sin («+$) 





2 
ain 22 
Ay _ 2. Ax 
= asin («+ 3 ) 
2 
sin ae 
‘ _ Ay 4; Pine Ax‘ sn Ax 
= lim ~= lim — sin (x =) = — lim sin (« >) 
y Ax->0 Ax Ax >0 = a 2 Ax—>0 3 2 


Taking into account the fact that sinx is a continuous function, 


we finally get 
y’ =—sinx 


3.7 DERIVATIVES OF: 
A CONSTANT, THE PRODUCT OF A CONSTANT BY A FUNCTION, 
A SUM, A PRODUCT, AND A QUOTIENT 


Theorem 1. The derivative of a constant is equal to zero; that is, 
if y=C, where C=const, then y’ =0. (IV) 


Proof. y=C is a function of x such that the values of it are 


equal to C for all x. 
Hence, for any value of x, 


y=f(x)=C 
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We increase the argument x by Ax (Ax=40). Since the function y 
retains the value C for all values of the argument, we have 
y+ Ay=f (x+Ax)=C 
Therefore, the increment of the function is 
Ay =f (x + Ax)—f (x) =0 


the ratio of the increment of the function to the increment of the 
argument 


nO 
and, consequently, 
y’ = lim aes 
Ax7>0 Ax 
that is, 
y' =0 


The latter result has a simple geometric interpretation. The 
graph of the function y=C is a straight line parallel to the x-axis. 
Obviously, the tangent to the graph at any one of its points 
coincides with this straight line and, therefore, forms with the 


x-axis an angle whose tangent y’ is zero. 
Theorem 2. A constant factor may be taken outside the deriva- 


tive sign, i.é., 
if y=Cu(x) (C=const), then y’ =Cu’ (x). (V) 


Proof. Reasoning as in the proof of the preceding theorem, we 
have 
y= Cu (x) 
y+ Ay =Cu (x+ Ax) 
Ay = Cu (x -+ Ax) —Cu (x)=C [u (x + Ax) —u (x)] 


Ay —cC4 (x-+ Ar) —u (x) 
Ax Ax 


; 2 Ay : u(x-+Ax)—u(x) , ; 
= lim ==C lim ——————-_,, ie., y’ =Cu’ (x 
y Ax +0 AX Ax +0 Ax y i) 


1 
Example 1. y=3——. 
‘, 
wa na( ty na tte bt 
y=3( =) =3\x }=3(-3)x =— ye 


or 
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rv 


Theorem 3. The derivative of the sum of a finite number of diffe- 
rentiable functions is equal to the corresponding sum of the deriva- 
tives of these functions. * 

For the case of three terms, for example, we have 


y=u(x)+o(x)+m(x), yo =u’ (x)+0' (x) +o’ (x) (VI) 


Proof. For the values of the argument x 
y=usy+o+w 


(for the sake of brevity we drop the argument x in denoting the 
function). 
For the value of the argument x-+ Ax we have 


y+ Ay = (u+ Au) + (0 -+ Av) + (w+ Aw) 


where Ay, Au, Av, and Aw are increments of the functions y, u 
v and w, which correspond to the increment Ax in the argument 
x. Hence, 
Ay = Au + Av + Aw, it = et as 
Aw 


y= lim | x= lim Set lim 5 2 in Be 


or 


y! =u’ (x) +0" (x) +a" (x) 





1 
-xample 2. y=3x!—~——. 
P y i/« 


1 , 
junta ls 3 ) =3-4:9—( -z)e" 
and so 
= 19841 zz 


We 
Theorem 4. The derivative of a product of two differentiable 
functions is equal to the product of the derivative of the first fun- 


ction by the second function plus the product of the first function 
by the derivative of the second function; that is, 


if y=uov, then y’ =u'v+uv’. (VII) 
* The expression y=u u (x y—vu(x) is equivalent to y=u(x)-+(—1) v(x) and 
= [4 (x) +(—1) 0 (x)! =u! (x) +[—9 (x) =a" (x)—0" (x). 
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Proof. Reasoning as in the proof of the preceding theorem, we 
get 
y=uv 
y+ Ay = (u+ Au) (v + Av) 
Ay = (u+ Au) (v+ Av) —uv = Auv + uAv-+ Au Av 


Ay Au Av Av 
Be ae? +4 ay TAU gy 
Ay - An c Av : Au 
‘c= lim == lim 70+ lim u—-+ lim Au— 
y Ax +0 4* ax +0 4% anes ey Ax 
- Au . Av 5 : Ao 
=( lim a) uw lim —+ lim Au lim = 
(lim + aay te Ax+0 Ax 


(since w and v are independent of Ax). 
Let us consider the last term on the right-hand side: 
lim Au lim 22% 
Ax —>0 Ax +0 4% 


Since u(x) is a differentiable function, it is continuous. Conse- 
quently, lim Au=O. Also, 
Ax 0 AS 
lim =—~=v’ 
hess Ax ice 

Thus, the term under consideration is zero and we finally get 

y =u'v+u0’ 
The theorem just proved readily gives us the rule for differentiating 
the product of any number of functions. 

Thus, if we have a product of three functions 

y = uw 
then, by representing the right-hand side as the product of u and 
(vw), we get y’ =u’ (vw) + u(vw)’ =u’ow+u (v'w-+ vw’) =u'vw+ 
+ uv'w-+ usw’. 

In this way we can obtain a similar formula for the derivative 
of the product of any (finite) number of functions. Namely, if 
y=uu, ... U,, then 

Yl SH UjUy 6. Ug Uy TU, «6. Ugly tb... + Ujuy «2. Ug, 

Example 3. If y=x*sin x, then 

y' = (x*)’ sin x-++ x? (sin x)’ = 2x sin x-+x? cos x 

Example 4. If y= Vx sin xcos x, then 

' =(Vx)’ sin x cos x+ Wx (sin x)’ cosx+ Vx sin x (cos x)’ 
7 resin ecosx + Vx cosxcos x+ Vx sin x (—sin x) 


1 
2Vx 





: - sin 2x 
sin x cos x + V x (cos? x—sin? x) =———=+ Y x cos 2x 


4Vx 





3.7 Derivatives of Some Expressions 79 


Theorem 5. The derivative of a fraction (that is, the quotient 
obtained by the division of two functions) is equal to a fraction 
whose denominator is the square of the denominator of the given 
fraction, and the numerator is the difference between the product of 
the denominator by the derivative of the numerator, and the pro- 
duct of the numerator by the derivative of the denominator; i.e., 
“a: (VIII) 


if y=—, then y= 


Proof. If Ay, Au, and Av are increments of the functions y, u, 
and v, corresponding to the increment Ax of the argument x, then 





Ay= vfAv uv v(v+Av) 
vAu—uAv Au Av 
Ay _ Ax _& ax 
Ax v(u-+Av) vu (v- Av) 
Au Av Au Av 
y= lim 44 = tim ax’ “ax _* geo Ae“ gem Be 
Ax>04*®  ayso ¥(U+Av) g, dim: (oP Ay) 


Whence, noting that Av—+0 as Ax—+0,* we get 


,  u'v—uv' 





ia a 
x2 
Example 5. If y= mek! then 
, _ (x3)! cos x— 23 (cos x)’ 3x? cos +3 sin x 
wm cos? x cos? x 


Note. If we have a function of the form 
__ u(x) 


te 


where the denominator C is a constant, then in differentiating 
this function we do not need to use formula (VIII); it is better 
to make use of formula (V): 


‘ 1 nee Gere eee 
Of course, the same result is obtained if formula (VIII) is applied. 


*lim Soe since u(x) is a differentiable and, consequently, continuous 
Ax—> 
function. 
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Example 6. If y=, then 





,_(cos x)’ sinx 
mer a a 


3.8 THE DERIVATIVE OF A LOGARITHMIC FUNCTION 
Theorem. The derivative of the function log, x is ~ log,e, that is, 
if y=log,x, then y' =+ log, e (IX) 


Proof. If Ay is an increment in the function y=log,x that 
corresponds to the increment Ax in the argument x, then 


y+ Ay = log , (x + Ax) 
Ay = log , (x + Ax) —log, x= log, *+** = log, (1 +=) 
Ay 1 Ax 
At = log, (1+ x ) 


Multiply and divide by x the expression on the right-hand side of 
the latter equation: 





x 
fat Slog, (1+) =~ log, (1+ 2)" 


x 


We denote the quantity os by a@. Obviously, a—-0O for the 


given x, and as Ax—-0. Consequently, 
Ay 1 + 
54 = = log, (1-+a)* 


But, as we know from Sec. 2.7, 


But if the expression under the sign of the logarithm approaches 
the number e, then the logarithm of this expression approaches 
log,e (in virtue of the continuity of the logarithmic function). 
We therefore finally get 
Ay 


, a ° 1 
lim == jim = log, (1 + «) 


as 
gy = a 
Ax +0 Ax 


=1 loge 


we can rewrite the formula as follows: 


jee SAS 
Y= ina 


1 
Ina’ 


Noting that log,e= 
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The following is an important particular case of this formula: 
if a=e, then Ina=Ine=]; that is, 


if y=Inx, then yat. (X) 


3.9 THE DERIVATIVE OF A COMPOSITE FUNCTION 


Given a composite function y=/f(x), that is, such that it may 

be represented in the following form: 
y=F(u), u=@(x) 

or y=F[p(x)] (see Sec. 1.8). In the expression y=F(u), u is 
called the intermediate argument. 

Let us establish a rule for differentiating composite functions. 

Theorem. /f a function u=@q (x) has, at some point x, a deriva- 
tive u,=q’' (x), and the function y=F (u) has, at the corresponding 
value of u, the derivative y,=F'(u), then the composite function 
y=F [p(x)] at the given point x also has a derivative, which is 
equal to 


9: = Fy (u) Q’ (x) 
where for u we must substitute the expression u=q(x). Briefly, 
Yx= Yulls 
In other words, the derivative of a composite function is equal to 
the product of the derivative of the given function with respect to 
the intermediate argument u by the derivative of the intermediate 


argument with respect to x. 
Proof. For a definite value of x we will have 


u=Q(x), y=F(u) 
For the increased value of the argument x-+ Ax, 
ut+Au=@(x+Ax), y+ Ay=F (u+ Au) 


Thus, to the increment Ax there corresponds an increment Au, 
to which corresponds an increment Ay, whereby Au—0 and 
Ay—0 as Ax—-+0. It is given that 


: Ay , 
lim == 
Au-+ 0 Au Yu 


From this relation (taking advantage of the definition of a limit) 
we get (for Au=40) 


Ay ss 
Ag = Yue (1) 


6 2081 
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where a—+0 as Au—+0. We rewrite (1) as 
Ay =y,Au+a Au 


(2) 


Equation (2) also holds true when Auw=O for an arbitrary a, 
since it turns into an identity, 0=0. For Au=0O we shall assume 


a@=0. Divide all terms of (2) by Ax: 


It is given that 


Passing to the limit as Ax—-0 in (3), we get 


9x = Yul, 


(3) 


(4) 


Example 1. Given a function y=sin(x*). Find yy. Represent the given 


function as a function of a function as follows: 
y=sinu, u=x? 
We find 
Yu=Cosu, up=2e 
Hence, by formula (4), 
Yx=Yull x= COS U-2e 
Replacing u by its expression, we finally get 
Y= 2x cos (x?) 


Example 2. Given the function y=(In x)’. Find Ye 
Represent this function as follows: 


y=u8, u=Inx 
We find 


, . 1 
Yu =3u?, 7 
Hence, 


, I I 
9x= 3u? oe (In x)? 


If a function y=f (x) is such that it may be represented in the 


form 


y=F(u), u=@(v), v= (x) 


the derivative y;, is found by a successive application of the fore- 


going theorem. 
Applying the proved rule, we have 


, a o 
Gx = Yullx 
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Applying the same theorem to find uj, we have 
Uy = Udy 
Substituting the expression of u, into. the preceding equation, 
we get 
Yx = Yullods (5) 
or 


x= Fi (4) Po (Y) Px (*) 


Example 3. Given tie function y=sin [(In x)8]. Find Yy- Represent the func- 
tion as follows: 
y=sinu, u=v3, v=Inx 
We then find 


v o 2 , 1 
Yu=COSU, Uy=3v?, => 


In this way, by formula (5), we get 


, , , o 1 
Yx = Yu lly Vx = 3 (COS u) ale 


or, finally, 
yx=cos [(In x)3]-3 (In x)? - 


It is to be noted that the function considered is defined only for x > 0. 


3.10 DERIVATIVES OF THE FUNCTIONS y:= tan x, 
y=cotx, y=In|x| 


Theorem 1. The derivative of the function tanx is—,-,i.e., 


cos? x’ 


if y=tanx, then y’ = (XI) 


cos? x ° 
Proof. Since 

_ sinx 

~~ cos x 


by the rule for differentiating a fraction [see formula (VIII), 
Sec. at we get 


__ (sin x)’ cos x—sin x (cos x)’ COS ¥ COS x—- sin x (— sin x) 


cos? x cos? x 
__ cos? x-+ sin? x os ay 
cos? x cos?x 
Theorem 2. The derivative of the function cotx is gary be 
P , 1 
if y=cotx, then y =o gate (XII) 
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OS Xx 





Proof. Since y=~< sing We have 
, (cos x)’ sin x—cos x (sin x) —sin x sin x—cos x cos x 
y= sin? x sin? x 
sin? x-+cos?x__ | 
_ sin? x “sin? x 


Example 1. If y=tan V x, then 
aes oi I 
~~ cos?V x (Vx)'= 2V x cos®*V x 
Example 2. If y=Incot x, then 


=a ae ete sin?x / cosxsinx = sin 2x 





Theorem 3. The derivative of the function \n|x| (Fig. 63) is 4 ies 


if y=In|x|, 
1 (XIII) 
then y =—. 





Fig. 63 


Proof. (a) If «>0, then |x|= x, In|x[=Inx, and therefore 
y-1 
(b) Let x< 0. Then |x{=— x. But 

In| x|=In(— x) 
(It will be noted that if «<0, then —x>0.) Let us represent 
the function y=In(— x) as a composite function by putting 


y=Inu, u=—x 
Then 


, roe 1 1 1 
9x = Yue =(— j= l= > 


And so for negative values of x we also have the equation 


-_ | 
ye=> 


Hence, formula (XIII) has been proved for any value of x0. 
(For x =O the function In|x| is not defined.) 
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3.11 AN IMPLICIT FUNCTION AND ITS DIFFERENTIATION 


Let the values of two variables x,and y be related by some 
equation, which we can symbolize as follows: 


F(x, y)=0 (1) 
If the function y=f(x), defined on some interval (a, 6), is 
such that equation (1) becomes an identity in x when the expres- 


sion f(x) is substituted into it in place of y, the function y= f (x) 
is an implicit function defined by equation (1). 





Fig. 64 Fig. 65 


For example, the equation 


x24 y*—a*=0 (2) 
defines implicitly the following elementary functions (Figs. 64 
and 65): 

y-Va—e 3) 

y=—Ve—# (4 


Indeed, substitution into equation (2) yields the identity 

x? + (a?— x*?)—a?=0 
Expressions (3) and (4) were obtained by solving equation (2) 
for y. But not every implicitly defined function may be represented 
explicitly, that is, in the form y=/(x),* where f(x) is an ele- 
mentary function. 

For instance, functions defined by the equations 
y’—y—x=0 
or 
jy siny=0 

are not expressible in terms of elementary functions; that is, these 
equations cannot be solved for y. 


* If a function is defined by an equation of the form y=f (x), one says 
that the function is defined explicitly or is explicit. 
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Note 1. Observe that the terms “explicit function” and “implicit 
function” do not characterize the nature of the function but merely 
the way it is defined. Every explicit function y=f(x) may also 
be represented as an implicit function y—f (x) =0. 

We shall now give the rule for finding the derivative of an 
implicit function without transforming it into an explicit one, 
that is, without representing it in the form y=f (x). 

Assume the function is defined by the equation 


x+y2?—a?=0 
Here, if y is a function of x defined by this equation, then the 
equation is an identity. 
Differentiating both sides of this identity with respect to x, and 


regarding y as a function of x, we get (via the rule for differen- 
tiating a composite function) 


2x + 2yy’ =0 
whence 


4 


sr 
- y 


Observe that if we were to differentiate the corresponding exp- 
licit function 


y=Vane 
we would obtain 


which is the same result. 
Let us consider another case of an implicit function y of x: 


y—y—v=0 
Differentiate with respect to x: 


6y'y’ —y' —2x=0 
whence 


r_ 2% 
y ~~ 65 —1 


Note 2. From the foregoing examples it follows that to find the 
value of the derivative of an implicit function for a given value 
of the argument x, one also has to know the value of the func- 
tion y for the given value of x. 
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3.12 DERIVATIVES OF A POWER FUNCTION FOR AN ARBITRARY 
REAL EXPONENT, OF A GENERAL EXPONENTIAL FUNCTION, 
AND OF A COMPOSITE EXPONENTIAL FUNCTION 


Theorem 1. The derivative of the function x”, where n is any 
real number, is equal to nx"-1; that is, 


if y=x", then y’ =nx"-!, (I’) 
Proof. Let x > 0. Taking logarithms of this function, we get 
Iny=nInx 


Differentiate, with respect to x, both sides of the equation obtained, 
taking y to be a function of «x: 


yl 1 
pore psy 
Substituting into this equation the value y= x", we finally get 
yo =nx" 


It is easy to show that this formula holds true also for x< 0 
provided x” is meaningful. * 

Theorem 2. The derivative of the function a*, where a>O, is 
a*\Ina; that is, 


if y=a*, then y’ =a* Ina. (XIV) 
Proof. Taking logarithms of the equation y=a*, we get 
Iny=xlIna 


Differentiate the equation obtained regarding y as a function of x: 
Ty =Ina, y =ylna 


or 

y =a*l\na 
If the base is a=e, then Ine=1 and we have the formula 

y=e*, y =e (XIV’) 
Example 1. Given the function 
y=e* 

Represent it as a composite function by introducing the intermediate argu- 
ment u: 

y=e4#, u=x? 
then 


’ 


; 
Yu =e#, uy = 2x 


* This formula was proved in Sec. 3.5, for the case when a is a positive 
integer. Formula (1) has now been proved for the general case (for any constant 
number 7). 
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and, therefore, 
Yx = e# 2x = eX? 2x 


A composite exponential function is a function in which both 
the base and the exponent are functions of x, for instance, (sin x)*’, 
xtanx yx, (Inx)*; generally, any function of the form 


y= [u (x)]?™ = y" 
is a composite exponential function. * 
Theorem 3. 
Tf y=u?, then y’ =vu?-1u'+u0' Inu. (XV) 
Proof. Taking logarithms of the function y, we have 
Iny=vInu 


Differentiating the resultant equation with respect to x, we get 
1 , Poe, ] , , l 
ZU =e +o Inu 
whence 
, cu’ , 
y =y(vS+o Inu) 


Substituting into this equation the expression y=u’, we obtain 
y’ =0u?-1u' + uv’ Inu 


Thus, the derivative of a composite exponential function consists 
of two terms: the first term is obtained by assuming, when diffe- 
rentiating, that uw is a function of x and v is a constant (that is 
to say, if we regard u® as a power function); the second term is 
obtained on the assumption that v is a function of x, and u=const 
(i. e., if we regard u? as an exponential function). 


Example 2. If y=x*, then y’=xx*-1(x')+4 x* (x')Inx or 
“= x* 4 x* Inx=x* (1+1n x) 


Example 3. If y=(sin xy", then 
y' = x? (sin xy 1 (sin x)’ +(sin xy (x?)' In sin x 
= x2 (sin x)’-! cos x+(sin x)” 2x Insin x 
The procedure applied in this section for finding derivatives 
(first finding the derivative of the logarithm of the given function) 


is widely used in difierentiating functions. Very often the use of 
this method greatly simplifies calculations. 


* In the Soviet mathematical literature this function is also called an expo- 
nential-power function or a power-exponential function. 
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Example 4. Find the derivative of the function 


_ (+1)? Vx—-] 
Fae 
Solution. Taking logarithms we get 


Iny=2In (t1)4+4in (x —1)—3 In (x-+4)—x 


Differentiate both sides of this equation: 
WR Pe ge Ue ex 
7 eT 2 x+4 ; 
Multiplying by y and substituting, in place of y, the expression 
(x4-1)? 1 
» we get 


ep ayrer 
,_(x+1)? Ve-T f_2 4 8 
y= (x+4)% ex Fesaerss x+4 | 


Note. The expression ¥ —(Iny)’, which is the derivative, with 


respect to x, of the natural logarithm of the given function y=y/(x), 
is called the logarithmic derivative. 


3.13 AN INVERSE FUNCTION AND ITS DIFFERENTIATION 
Take an increasing or decreasing function (Fig. 66) 


y=f (x) (1) 
defined in some interval (a, b) (a <b) (see Sec. 1.6). Let f(a) =c, 
f(6)=d. For definiteness we shall henceforward consider an 
increasing function. 

Let us consider two different values x, and x, in the interval 
(a, 6). From the definition of an increasing function it follows that 
if xX, <x, and =F (%), Yn =f (%), 
then y,< y,. Hence, to two diffe- 
rent values x, and x, there corre- 
spond two different values of the 
function, y, and y,. The converse 
is also true: if y,< y,, y,=f(x,), 
and y,=f(x,), then from the defi- 
nition of an increasing function it 
follows that x, <x,. Thus, a one- 
to-one correspondence is establish- 
ed between the values of x and 
the corresponding values of y. 

Regarding these values of y as values of the argument and the 
values of x as values of the function, we get x as a function of y: 


x=9 (y) (2) 





Fig. 66 
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This function is called the inverse function of y=f (x). It is obvi- 
ous too that the function y=f(x) is the inverse of x=g(y). With 
similar reasoning it is possible to prove that a decreasing function 
also has an inverse. 

Note 1. We state, without proof, that if an increasing (or de- 
creasing) function y= (x) is continuous on an interval [a, b], where 
f(a)=c, f(b)=d, then the inverse function is defined and is con- 
tinuous on the interval [c, d]. 


Example 1. Given the function y= x°. This function is increasing on the 
infinite interval — 0 < x <-+ 0; it has an inverse function xy (Fig. 67). 


y y-r? 


ely 





Fig. 67 Fig. 68 


It will be noted that the inverse function x=@(y) is found by 
solving the equation y=f (x) for x. 


Example 2. Given the function y=e*. This function is increasing on the 
infinite interval —o <x<-+oo. It has an inverse x=Iny. The domain of 
definition of the inverse function is 0<y<-+ oc (Fig. 68). 


Note 2. If the function y=f(x) is neither increasing nor decreas- 
ing on a certain interval, it can have several inverse functions. * 


Example 3. The function y=x? is defined on an_ infinite interval 
—o<x<-+o. It is neither increasing nor decreasing and does not have 
an inverse function. If we consider the interval O< x <-+ 0, then the function 


here is increasing and x= Vy is its inverse. But in the interval —ao <x%<0 
the function is decreasing and its inverse is x=-— Vy (Fig. 69). 


Note 3. If the functions y=f(x) and x=q(y) are inverses of 
each other, their graphs are represented by a single curve. But if 


* Let it be noted once again that when speaking of y as a function of x we 
have in mind that y is a single-valued function of x. 
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we again denote the argument of the inverse function by x, and 
the function by y, and then construct them in a single coordinate 
system, we will get two different graphs. 
It will readily be seen that the graphs will Y 
be symmetric about the bisector of the first 
quadrantal angle. yort 
Example 4. Fig. 68 gives the graphs of the function 
y=e* (or x=Iny) and its inverse y=Inx, which 
ure considered in Example 2. 


Let us now prove a theorem that permits 0 * 
finding the derivative of a function y= f (x) 
if we know the derivative of the inverse Fig. 69 
function. 
Theorem. /f for the function 
y=f (x) (1) 
there exists an inverse function 
x= (y) (2) 


which at the point under consideration y has a nonzero derivative 
gp’ (y), then at the corresponding point x the function y=f (x) has 
a derivative f’ (x) equal to rw that is, the following formula 
is true: 


i O=s5 (XVI) 


Thus, the derivative of one of two inverse functions is equal to 
unity divided by the derivative of the second function for corre- 
sponding values of x and y.* 

Proof. Take the increment Ay. Then, by (2), we have 


Ax=9 (y+ Ay)— 9 (y) 


Since p(y) is a monotonic function, it follows that Axs40. We 
write the identity 


(3) 


* When we write f’ (x) or Yx we regard x as the independent variable when 
evaluating the derivative, but when we write g’(y) or xy we assume that y is 
the independent variabie when evaluating the derivative. ft should be noted that 
after differentiating with respect to y, as indicated on the right side of formula 
(XV1), f(*%) must be substituted for y. 
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Since the function @(y) is continuous, then Ax—-0 as Ay—-0. 
Passing to the limit as Ay—+0O in both members of (3), we get 
eee ee 
x= xy g’ (y) 
In other words, we obtain formula XVI. 
Note. If one takes advantage of the theorem on differentiating 
a composite function, then formula XVI may be obtained in the 
following manner. 
¥=F (2) Differentiate both members of (2) with 
° respect to x, taking y to be a function 
of x. This yields 1=@’ (y) y;, whence 
, 1 
Fy) 
The result obtained is clearly illustrated 
geometrically. Consider the graph of the 
function y=f(x) (Fig. 70). This curve 
will also be the graph of the function 
; x=@(y), where x is now regarded as the 
Fig. 70 function and y as the independent variab- 
le. Take some point M (x, y) on this curve. 
Draw a tangent to the curve at this point. Denote by a and f the 
angles formed by the given tangent and the positive x- and y-axes. 
On the basis of the results of Sec. 3.3 concerning the geometrical 
meaning of a derivative we have 


/’ (x) =tane \ 
gp’ (y) = tan J 
From Fig. 70 it follows directly that ifa<4, then B= }—a. 





(4) 


But if a> ts, then, as is readily seen, p= a. Hence, in 
any ee tanB=cota, whence tanatanB=tanacota=1, or 
tana =: Substituting the expressions for tana and tanB from 
formula (4), we get 


i, I 
x)=, 
PP q’ (y) 
3.14 INVERSE TRIGONOMETRIC FUNCTIONS 
AND THEIR DIFFERENTIATION 


(1) The function y =arcsin x. 
Let us consider the function 


x=siny (1) 
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and construct its graph by directing the y-axis vertically upwards 
(Fig. 71). This function is defined in the infinite interval —owo< 


<y<-+ oo. Over the interval—><y < = the function x=siny 


is increasing and its values fill the in- 
terval —1<x<1. For this reason, the 
function x=siny has an inverse which 
is denoted by 


y = arcsin x* 





NI «ce 


y=arcsing 
This function is defined on the interval 
—1<x*x<l, and its values fill the in- 
terval —F<y<F. In Fig. 71, the 


graph of y=arcsinx is shown by the 


heavy line. 
Theorem 1. The derivative of the fun- 


ction arcsinx is equal to Vi sob es Fig. 71 








—x2 


ify=arcsinx, theny’ “7 (XVII) 
—* 





Proof. On the basis of (1) we have 


, 


Xy = Cosy 


By the rule for differentiating an inverse function, 


ee 
In = "COs y 





xy 
but 
cosy =V I—sin?y=V 1— x? 
therefore, 


ha se 
The sign in front of the radical is plus because the function 
y :arcsinx takes on values in the interval —F<y<F. and, 
consequently, cosy >0. 


Example 1. y=arcsin e*, 


y= es Ry eee 2 
Vi-@ye ° Vi—e 


* It may be noted that the familiar equation y=Arcsin x of trigonometry is 
another way of writing (1). Here (for a given x) y denotes the set of values of 
angles whose sine is equal to x, 
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_ 1\8 
Example 2. y= Ga 7): 


Von" 


(2) The function y= arccos x. 
As before, we consider the function 


x=cosy (2) 


1 
e—) 


y' =2 arcsin — _ 





i 1 
=— 2arcsin — 
xx 


and construct its graph with the y-axis ex- 
tending upwards (Fig. 72). This function is 
defined on the infinite interval —oo < 
y<-+oo. On the interval O<y<ua, the 
function x =cosy is decreasing and has an 
inverse that we denote 


x y = arccos x 






Y=arccos £ 


This function is defined on the interval 
Fig. 72 —1l<x<l. The values of the function 
fill the interval n>y>0. In Fig. 72, the 

function y=arccosx is depicted by the heavy line. 











Theorem 2. The derivative of the function arccosx is eet 
—x 
i. @., 
if y=arccosx, then y’ =— — : (XVIIT) 
Proof. From (2) we have 
xy=— sing 
Hence 
ae eee Coe 1 
a Xe sin y V 1—costy 
But cosy=x, and so 
’ 1 
ee 1—x 


In siny=V1—cos*y the radical is taken with the plus sign, 
since the function y=arccosx is defined on the interval O<y<n 
and, consequently, siny > 0. 


Example 3. y=erccos (tan x), 





a (tan x) =— u : 


1 
y= V 1—tan?x V 1—tan? x cos? x 
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(3) The function y= arctan x. 
We consider the function = = ----__Z-f[________ 


x=tany (3) 
and construct its graph (Fig. 73). 
This function is defined for all values 


of y except y = (2k+ 1)F (k = 0, 

+1, +2, ...). On the interval 

—+ <y< + the function x = tany 

is increasing and has an inverse: 
y= arctanx 


This function is defined on the 
interval—oo <x<-+ oo. The va- 
lues of the function fill the inter- 


val —2 <y<. In Fig. 73, the Pies 
graph of the function y= arctan x is shown as a heavy line. 
Theorem 3. The derivative of the function arctan x is 






y-arctanr 





Temi le, 
l 


ify=arctanx, theny’ =T (XIX) 


Proof. From (3) we have 


Hence 


but 


1 
Dg je ee 
COSY = Sack y 1+ tan? y 


since tan y=x, we get, finally, 
, I 
¥=TT a 


Example 4. y= (arctan x)§, 


1 


mee 3 ri 3 
y' =4 (arctan x)? (arctan x)’ =4 (arctan x) Tx 





(4) The function y= arccot x. 
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Consider the function 
x=coty (4) 


This function is defined for all values of y except y=ka (k=O, 

+1, +2, ...). The graph of this function is shown in Fig. 74. 

; On the interval O< y<a, the fun- 

ction x=coty is decreasing and has 
an inverse: 


y=arccot y 


Consequently, this function is defi- 
ned on the infinite interval — coo < 
x-cot y <x < +00, and its values fill the in- 
y-arccot zr terval n>y>0. 

Theorem 4. The derivative of the 










x , : bs 
function arccot x is Te he, 
: 7 1 
if y=arccot x, then y’ = — TF: 
Fig. 74 (XX) 
Proof. From (4) we have 
1 
y ~~ sin? y 
Hence 
y2= — Sinty= — aay — Theil y 
But 
coty=x 
Therefore 
Yx=— TT 


3.15 BASIC DIFFERENTIATION FORMULAS 
Let us now bring together into a single table all the basic for- 
mulas and rules of differentiation derived in the preceding sections. 
y=const, y’ =0 


Power function: 

y=x", y sax 
particular instances: 
y=Vx, y=— 
2V 





Yee a se 


3.15 Basic Differentiation Formulas 


Trigonometric functions: 


: 2 
y=sinx, y’ =cosx 


y=cosx, y°=—sinx 
y=tanx, y = Fealg 

, I 
y=cot x, gy =~ dntx 


Inverse trigonometric functions: 
1 


y=arcsinx, y’ meer 

y=arccosx, y’= = 
y=arctanx, y’= rere 
y=arccot x, y’ =— ie 


Exponential function: 
y=a*, y’=a* Ina 
in particular, 
y=@, y =e 
Logarithmic function: 


y=log, x, y’ =+ log, e 
in particular, 


, 


1 
y=Inx, y= > 


General rules for differentiation: 


y=Cu (x), y’ =Cu’ (x) (C =const) 


y=u+u—v, y’=u'+v'—v' 


y=uv, y’ =u'v+u0’ 

= 7 &lo—ud' 

=o y a 
y=[(u), og ’ 
ole): \ Yx = fa (4) Px (*) 


y=u’, y’ =v0u?-u’ +u?v' Inu 
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If y=f (x), x=q@(y), where f and @ are inverse functions, then 


Pig) = 
f (x) =e y’ (y) ’ where y f (x) 
7 -2081 
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3.16 PARAMETRIC REPRESENTATION OF A FUNCTION 
Given two equations: 


x= 9 (f) } 
y=9(t) 


where ¢ assumes values that lie in the interval [T,, 7,]. To each 
value of ¢ there correspond values of x and y (the functions @ 
and are assumed to be single-valued). If one regards the values 
of x and y as coordinates of a point in a coordinate xy-plane, 
then to each value of ¢ there will correspond a definite point in 
the plane. And when ¢ varies from 7, to T,, this point will de- 
scribe a certain curve. Equations (1) are 
called parametric equations of this curve, 
t is the parameter, and parametric is 
the way the curve is represented by 
equations (1). 

Let us further assume that the fun- 
ction x=@(f) has an inverse, ¢ =@ (x). 
Then, obviously, y is a function of x; 





y= [® (x)] (2) 
Thus, equations (1) define y as a func- 
Fig. 75 tion of x, and we say that the function 


y of x is represented parametrically. 

The explicit expression of the dependence of y on x, y=f (x), 
is obtained by eliminating the parameter ¢ from equations (1). 

Parametric representation of curves is widely used in mechanics. 
If in the xy-plane there is a certain material point in motion and 
if we know the laws of motion of the projections of this point on 
the coordinate axes, then 

y=(t) | 
where the parameter ¢ is the time. Then equations (1’) are para- 
metric equations of the trajectory of the moving point. Elimina- 
ting from these equations the parameter f, we get the equation of 
the trajectory in the form y=f(x) or F(x, y)=0. By way of il- 
lustration, let us take the following problem. 

Problem. Determine the trajectory and point of impact of a load dropped 
from an airplane moving horizontally with a velocity uv, at an altitude yo (air 
resistance is disregarded). 

Solution. Taking a coordinate system as shown in Fig. 75, we assume that 
the airplane drops the load at the instant it cuts the y-axis. It is obvious that 
ue horizontal translation of the load will be uniform and with constant velo- 
CITY Ug: 

x == Unt 
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Vertical displacement of the falling load due to the force of gravity will be 
expressed by the formula 


gi? 


= ° 
Hence the distance of the load from the ground at any instant will be 
y =y—— 
The two equations 
x=Ugt 
y=4—— 


are the parametric equations of the trajectory. To eliminate the parameter ?¢,. 
we find the value t= from the first equation and substitute it into the second 
equation. Then we get the equation of the trajectory in the form 


This is the equation of a parabola with vertex at the point M (0, yo), the 
y-axis serving as the axis of symmetry of the parabola. 

We determine the length of OC. Denote the abscissa of C by X, and note 
that the ordinate of this point is y=0. Putting these values into the preceding 
formula, we get 

o=y,—-& x2 


2 


3.17 THE EQUATIONS OF SOME CURVES IN PARAMETRIC FORM 
Circle. Given a circle with centre at the coordinate origin and with radius r 


(Fig. 76). 
Denote by ¢ the angle formed by the x-axis and the radius to some point 
M (x, y) of the circle. Then the coordinates of any point on the circle will be 


whence 


expressed in terms of the parameter ¢ as follows: y 
x=rcost, 
y=rsint, } a eal 


These are the parametric equations of the circle. 
If we eliminate the parameter ¢ from these equa- 
tions, we will have an equation of the circle con- 
taining only x and y. Squaring the parametric 
equations and adding, we get 


x? y2 =? (cos? ¢ + sin? ¢) 





or 
#+y=r Fig. 76 
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Ellipse. Given the equation of the ellipse 
x y? 


Set 
x=acost (2’) 


Putting this expression into equation (1) and performing the necessary mani- 
pulations, we get 


y=bsint (2”) 
The equations 
x=acost, 
y=obsint, bowtcan (2) 


are the parametric equations of the ellipse. 

Let us find out the geometrical meaning of the parameter ¢. Draw two 
circles with centres at the coordinate origin and with radii a and 6 (Fig. 77). 
Let the point M (x, y) lie on the ellipse, 
and let B be a point of the large circle with 
the same abscissas as M. Denote by ¢ the 
angle formed by the radius OB with the 
vila From the figure it follows directly 
that 


x=OP=acost (2’) 
CQ=bsint 


From (2”) we conclude that CQ=y; in 
other words, the straight line CM is parallel 
to the x-axis. 

Consequently, in equations (2) ¢ is an 
angle formed by the radius OB and the axis 
of abscissas. The angle f is sometimes called 
an eccentric angle. 

Cycloid. The cycloid is a curve descri- 
, ; bed by a point lying on the circumference 
of a circle if the circle rolls upon a straight line without sliding (Fig. 78). 
Suppose that when motion began the point M of the rolling circle lay at the 
origin. Let us determine the coordinates of M after the circle has turned through 








Fig. 78 


a angle t. If a is the radius of the rolling circle, it will be seen from Fig. 78 
a 
*x=OP=0B—PB 
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but since the circle rolls without sliding, we have 
OB=MB=at, PB=MK=asint 
e 


Hence, x=at—asin t =a (f —sin ft). 
Further, 
y= MP=KB=CB—CK =a—a cos t =a(1—cos?) 


The equations 

x=a(t—sin t) ; 

ye (16082) boxtaan (3) 
are the parametric equations of the cycloid. As ¢ varies between 0 and 2n, the 
point M will describe one arch of the cycloid. 

Eliminating the parameter ¢ from the latter equations, wa get x as a function 

of y directly. In the interval O<?t<ca, the function y=a(l—cos ft) has an 
inverse: 


t= arccos 





a—y 
a 


Substituting the expression for ¢ into the first of equations (3), we get 








a— : a—y. 
x=a arccos Zz Yig sin (arecos 7 #) 


or 





- V 2ay—y* when O<xaqna 


a—y 
X¥=a arccos a 


Examining the figure we note that when naxx< 2na 





x= 2na— (aarecos a V%y—#) 


It will be noted that the function 
x=a (t-—sin t) 


has an inverse, but it is not expressible in terms of elementary functions. And 
so the function y=f(x) is not expressible in terms of elementary functions 
either. 

Note 1. The cycloid clearly shows that in certain cases it is more convenient 
to use the parametric equations for studying functions and curves than the 
direct relationship of y and x {y as a function of x or x as a function of y). 

Astroid. The astroid is a curve represented by the following parametric 
equations: 

x=acos®¢ 


yaasin®t hoctagn (4) 


Raising the terms of both equations to the power 2/3 and adding, we get the 
following relationship between x and y: 

2 2 2 

x3 +43 =q$ (cos? t-+sin? #) 
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2k 2 
se4y8 =a8 (5) 


Later on (Sec. 5.12) it will be shown that this 
curve is of the form shown in Fig. 79. It can 
be obtained as the trajectory of a certain point 
on the circumference of a circle of radius a/4 
rolling (without sliding) upon another circle of 
radius a (the smaller circle always remains in- 
side the larger one, see Fig. 79). 

Note 2. It will be noted that equations 
(4) and equation (5) define more than one func- 
tion y=f (x). They define two continuous func- 
tions on the interval —aa=x<-+ a. One takes 
on nonnegative values, the other nonpositive 
values. 





3.18 THE DERIVATIVE OF A FUNCTION REPRESENTED 


PARAMETRICALLY 
Let a function y of x be represented by the parametric equations 
x=@ (2) 
=o | OSES? o 


Let us assume that these functions have derivatives and that the 
function x=qg(t) has an inverse, t=@(x), which also has a 
derivative. Then the function y=f (x) defined by the parametric 
equations may be regarded as a composite function: 


y=H(t), t=O(x) 
t being the intermediate argument. 
By the rule for differentiating a composite function we get 
Yx= Yet, =i (t) D, (x) (2) 


From the theorem for the differentiation of an inverse function, 
it follows that 


' I 
®, (x) =—=—- 
OE LG) 
Putting this expression into (2), we have 
7 vt) 
aA) 
or 
y= (XXI) 
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The derived formula permits finding the derivative y% of a 
function represented parametrically without having to find y as 
a function of x. 

une 1. The function y of x is given by the parametric equations 


x=acost | 


y=asint f (<t <n) 


Find the derivative 44 : (1) for any value of ¢; (2) for ¢ t=>. 
Solution. 
» (asin ?t)’ acost 


(1) ¥= Geos ty —asint tH 
(2) (yx), 2=—cott=—1. 
4 


Example 2. Find the slope of the tangent to the cycloid 
x=a (f—sin t) 
y=a(l—cos ?#) 


at an arbitrary point (0<¢< 2n). 
Solution. The slope of the tangent at each point is equal to the value of 
the derivative yy at that point; i.e., it is 


’ 


ya 
Xt 
But 
xj=a(l—cos?), y;=asint 
Consequently, 
gol sb t 
i asint zal S08 oy ere tan ($ ‘) 
(=e ee —— ——- 
a(l—cos #) 9 sin? + 2 2 2 


Hence, the slope of the tangent to a cycloid at every point is equal to tan 
(7-2) , where ¢ is the value of the parameter corresponding to this point. 
ut this means that the angle @ of inclination of the tangent to the x-axis is 


equal to 5-5 (for values of ¢ lying between —x and x) *. 


* Indeed, the slope is equal to the tangent of the angle of inclination a 


of the tangent to the x-axis. And so tana=tan 3-7) and waaay 


for those values of ¢ for which $5 lies between 0 and x. 


~m 
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3.19 HYPERBOLIC FUNCTIONS 
In many applications of mathematical analysis we encounter 
combinations of exponential functions of the form se —e-*) and 
5 (et +e). These combinations are regarded as new functions and 
are designated as follows: 





sinh x = alos a 
coshx =e" my 
2 


The first of these functions is called the hyperbolic sine, the 
second, the hyperbolic cosine. These functions may be used to define 


sinhx cosh x , 
cosh x and coth x= sinh x * 








two more functions: tanhx= 


Xe * . 
tanh x =5yF , the hyperbolic tangent, 
__ e*-4+e-* . 
coth x = =~, the hyperbolic cotangent 


The functions sinh x, coshx, tanhx are obviously defined for all 
values of x. But the function cothx is defined everywhere, except 
at the point x=0. The graphs of the hyperbolic functions are 
given in Figs. 80, 81, 82. 

From the definitions of the functions sinhx and coshx [formu- 
las (1)] there follow relationships similar to those between the 
appropriate trigonometric functions: 





cosh? x — sinh? x = 1 (2) 
cosh (a+ 6) =coshacoshb + sinha sinhb (3) 
sinh (a+ 6) = sinhacoshb-+coshasinhb (3’) 
Indeed, 
cosh? x — sinh? x = ()- () 
__ e¥ 42-4 e~ 2x —e2% 1 2 e-ax 
eli a ae 
Further, noting that 
cosh (a +b) =“ te"*” 


2 


3.19 Hyperbolic Functions 105 








we get 
. Z e@ —@ ob -6 @__e-aeb__ eb 
cosh acoshb+ sinhasinhb="+te "ate" 4 ¢ > > 
eatb+ p—a+b4 ea—b4 e-a-b4 patb__e—atb_ga—b.1 e-a-b 


4 
ea+b 1 9 a- 


e 


aie le cosh (a+b) 


The proof is similar for relation 


The name “hyperbolic functions” 
comes from the fact that the func- 
tions sinh ¢ and cosh ¢ play the 
same role in the parametric 
representation of the hyperbola. 


ev—y= 1 





Y= Cotha 











Fig. 82 


as the trigonometric functions sin ¢ and cost do in the parametric 
representation of the circle 
o+y=l 
Indeed, eliminating the parameter ¢ from the equations 
x=cost, y=sint 
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x+y? =cos?t-+ sin? ?¢ 


x?+ y= 1 (the equation of the circle) 
Similarly, the equations 
x=cosht¢t 
y= sinh? 
are the parametric equations of the hyperbola. 


Indeed, squaring these equations termwise and subtracting the 
second from the first, we get 


x? — y? = cosh? t—sinh?¢ 
Since, on the basis of formula (2), the expression on the right 
is equal to unity, we have 
ev—y = 1 
which is the equation of the hyperbola. 


Let us consider a circle with the equation x?-+ y?=1 (Fig. 83). 
In the equations x=cost, y=sin?, the parameter ¢ is numerically 





Fig. 84 


equal to the central angle AOM or to the doubled area S of the 
sector AOM, since t=2S. 


Let it be noted, without proof, that in the parametric equations 
of the hyperbola, 
x=cosht 
y=sinh?t 
the parameter ¢ is also numerically equal to twice the area of the 
“hyperbolic sector” AOM (Fig. 84). 
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The derivatives of the hyperbolic functions are defined by the 
formulas 


(sinh x)’=coshx, (tanhxf = say x? 








i (XXII) 
(cosh x)’=sinhx, (coth x)’ = — s>a5 
which follow from the very definition of hyperbolic functions; for 
instance, for the function sinhx= —— we have 
(sinh x)’ = (=) =P te = cosh x 


3.20 THE DIFFERENTIAL 


Let a function y=f (x) be differentiable on an interval [a, bj. 
The derivative of this function at some point x of [a, b] is deter- 
mined by the equation 


- Ay ’ 
lim =f" (x 
Axo AX Fx) 


As Ax-—+0, the ratio se approaches a definite number /’ (x) and, 
consequently, differs from the derivative f’ (x) by an infinitesimal: 


=i ()+e 


where a2—+0 as Ax—+0. 
Multiplying all terms by Ax, we get 


Ay=f' (x) Ax-tadx (1) 


Since in the. general case f’ (x) 0, for a constant x and a variable 
Ax—0, the product f’ (x) Ax is an infinitesimal of the first order 
relative to Ax. But the product aAx is always an infinitesimal of 
higher order than Ax because 


Thus, the increment Ay of the function consists of two terms, of 
which the first is [when f’ (x) 40] the so-called principal part of 
the increment, and is linear in Ax. The product f’ (x) Ax is called 
the differential of the function and is denoted by dy or df (x). 

And so if a function y=f (x) has a derivative f’ (x) at the point x, 
the product of the derivative f’(x) by the increment Ax in the 
argument is called the differential of the function and is denoted 


by the symbol dy: 
dy =f" (x) Ax (2) 
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Find the differential of the function y= x; here, 

y! = (x) =1 
and, consequently, dy=dx—=Ax or dx =Ax. Thus, the differential 
dx of the independent variable x coincides with its increment Ax. 
The equation dx = Ax might be regarded likewise as a definition 
of the differential of the independent variable, and then the fore- 
going example would indicate that this does not contradict the 
definition of the differential of the function. In any case, we can 
write formula (2) as 

dy = f' (x) ax 
But from this relationship it follows that 


, d 
=z 


Hence, the derivative f’ (x) may be regarded as the ratio of the 
differential of the function to the differential of the independent 


variable. 
Let us return to expression (1), which, taking (2) into account, 


may be rewritten thus: 

Ay =dy+aAx (3) 
Thus, the increment of a function differs from the differential of 
a function by an infinitesimal of higher order than Ax. If f’ (x) 0, 
then «Ax is an infinitesimal of higher order than dy and 

: aAx 
sim, Galt Lin reyes = + im, pay 

For this reason, in approximate calculations one sometimes uses 
the approximate equation 


Ay ~ dy (4) 
or, in expanded form, 


f (x-+ Ax) —f (x) = f’ (x) Ax (5) 


thus reducing the amount of computation. 

Example 1. Find the differential dy and the increment Ay of the function 
y=x*: 

(1) ier arbitrary values of x and Ax, 

(2) for x= 20, Ax=0.1. 

Solution. (1) Ay =(x-+ Ax)? — x? = 2xAx-+t Ax?, 


dy = (x?)’ Ax = 2xAx. 


(2) If x=20, Ax=0.1, then Ay=2-20-0.1-+(0.1)?= 4.01, 
dy =2-20-0.1 = 4.00. 
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Replacing Ay by dy yields an error of 0.01. In many cases, it may be con- 
sidered small compared with Ay=4.01 and therefore disregarded. 
Fig. 85 gives a clear picture of the above problem. 


In approximate calculations, one also makes use of the following 
equation, which is obtained from (5): 


f (x-+ Ax) & f (x) +f" (x) Ax (6) 
Example 2. Let f(x)=sin x, then f’ (x) =cos x. 


In this case the approximate equation (6) takes 
the form 


A 
YEE YUEN 
Y 





sin (x-+ Ax) = sin x+ cos x Ax (7) 
Let us calculate the approximate value of 
° _qane_ 2 = ot Lec 
sin 46°. Put x= 45 = Ax=1 180° x+Ax= 
~ Z+7gp Substituting into (7) we get Fig. 85 
in 46° =sin (4% \ w sin 4 cos % 
sin 46° =sin ( z +m) = sing +-cos 7 180 
or 
sin 46° = 2S 7g 70-7071 +-0.7071-0.0175 =0.7191 


Example 3, If in (7) we put x=0, Ax=a, we get the following approximate 
equation: 
sing ya 
Example 4. If f(x)=tanx, then by (6) we get the following approximate 
equation: 
1 
tan(x-+ Ax) = tan + Tag Ax 
for x=0, Ax=a, we get 
tanaza 


Example 5. If f (x)= Vx, then (6) yields 


da 1 
Ax A 
Vxtar ere Xx 


Putting x=1, Ax=a, we get the approximate equation 
Vifaxl+sa 


The problem of finding the differential of a function is equiva- 
lent to that of finding the derivative, since, by multiplying the 
latter into the differential of the argument we get the differential 
of the function. Consequently, most theorems and formulas per- 
taining to derivatives are also valid for differentials. Let us illust- 
rate this. ; 

The differential of the sum of two differentiable functions u and 
v is equal to the sum of the differentials of these functions:’ 


d(u-+v)=du+dv 
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The differential of the product of two differentiable functions u 
and v is determined by the formula 


d (uv) =udo-+udu 
By way of illustration, let us prove the latter formula. If 
y=uv, then 
dy = y’ dx = (uv’ + uu") dx = uv’ dx + uu’ dx 
but 
uv’ dx=dv, u'dx=du 
therefore 
dy =udv-+udu 


Other formulas (for instance, the formula defining the differen- 
tial of a quotient) are proved in similar fashion: 


if y=, then dy =e 


Let us solve some examples in calculating the differential of a 
function. 


Example 6. y=tan* x, dy=2tanx ee dx 


oer : 
1 
2 a= In x, Ey ————— 
Example 7. y= V 1+ Inx, dy 2Vining * 
We find the expression for the differential of a composite func- 
tion. Let 
y=F(u), u=o(x), or y=f[p(>) 


Then by the rule for differentiating a composite function, 
oY — fz (u) 9 (x) 
Hence, 
dy = fi, (u) 9’ (x) dx 
but q’ (x) dx =du, therefore 
dy =f’ (u) du 


Thus, the differential of a composite function has the same form 
as it would have if the intermediate argument were the independent 
variable. In other words, the form of the differential does not de- 
pend on whether the argument of the function is an independent 
variable or the function of another argument. This important pro- 
perty of a differential, called the preservation of the form of the 
differential, will be widely used later on. 
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Example 8. Given a function y=sinY'x. Find dy. 
Solution. Representing the given function as a composite one: 


y=sinu, u=Vx 








we find ; 
dy=cosu = dx 
= 2Vx 
but d — dx=du, so we can write 
2Vx ; 
dy=cos u du 


or 


dy = cos (Vx) d(V x). 


3.21 THE GEOMETRIC MEANING OF THE DIFFERENTIAL 
Let us consider the tunction 


y=f (x) 


and the curve it represents (Fig. 86). 

On the curve y=/(x), take an arbitrary point M(x, y), draw a 
line tangent to the curve at this point and denote by a the 
angle* which the tangent line forms with the positive x-axis. 
Increase the independent variable by Ax; then the function will 
change by Ay=NM,. To the values x-+ Ax, y+ Ay on the curve 
y=f (x) there will correspond the point M,(x+ Ax, y+ Ay). 

From the triangle MNT we find 


NT = MN tana 

Since 

. tana=f'(x), MN=Ax 
we get 

NT = f’ (x) Ax 
But by the definition of a differential f’ (x) Ax=dy. Thus, 

NT = dy 

The equation signifies that the differential of a function f (x), which 
corresponds to the given values x and Ax, is equal to the increment 


in the ordinate of the line tangent to the curve y=f (x) at the 
given point x. 


* Assuining that the function f(x) has a finite derivative at the point x, 
we get a # 5 és 
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From Fig. 86 it follows directly that 
M,T = Ay—dy 


By what has already been proved, a0 as Ax—+0. 





One should not think that the increment Ay is always greater 
than dy. For instance, in Fig. 87, 


Ay=M,N, dy=NT, and Ay<dy 


3.22 DERIVATIVES OF DIFFERENT ORDERS 


Let a function y=f (x) be differentiable on some interval [a, 6]. 
Generally speaking, the values of the derivative f’ (x) depend on x, 
which is to say that the derivative f’ (+) is also a function of x. 
Differentiating this function, we obtain the so-called second deri- 
vative of the function f(x). 

The derivative of a first derivative is called a derivative of the 
second order or the second derivative of the original function and 
is denoted by the symbol y” or f” (x): 


y" = (y')' =P" («) 
For example, if y= x, then 
y’ =5x4, y"” = (5x4)’ = 20x3 


The derivative of the second derivative is called a derivative 
of the third order or the third derivative and is denoted by y’” or 
f’" (x). 

Generally, a derivative of the nth order of a function f(x) is 
called the derivative (first-order) of the derivative of the (n—1)th 
order and is denoted by the symbol y” or f(x): 


y™ = (y?-P)’ = {j” (x) 
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(The order of the derivative is taken in parentheses so as to avoid 
confusion with the exponent of a power.) 

Derivatives of the fourth, fifth, and higher orders are also de- 
noted by Roman numerals: y'’, y", Vije.... Here, the order of 
the derivative may be written without brackets. For instance, if 
y=x®, then y’=5x4, y”=20x3, y’” =60x7, yV = y = 120x, y’ = 
= y= 120, y= y= a0. 

Example 1. Given a function y=e** (k=const). Find the expression of 
Its derivative of any order n. 

Solution. y’ = kek, y”=k%ek*, ..., yo = Reker, 

Example 2. y=sinx. Find y™), 

Solution. 


‘=cos x=sin (++) 
” : . au 
y’=— sinx=sin (x+24) 
” . fs 
y'”=— cosx=sin («+35 ) 


; { 1 
1V — = ' _— 
y sin x= sin (end 5) ) 


y™ = sin (+425) 


In similar fashion we can also derive the formulas for the de- 
rivatives of any order of certain other elementary functions. The 
reader himself can find the formulas for derivatives of the nth 
order of the functions y=x*, y=cosx, y=Inx. 

The rules given in theorems 2 and 3, Sec. 3.7, are readily gene- 
ralized to the case of derivatives of any order. 

In this case we have obvious formulas: 


(u + vy” =ym + vi), (Cu) + Cu™ 


Let us derive a formula (called the Leibniz rule, or Leibniz for- 
mula) that will enable us to calculate the nth derivative of the 
product of two functions u(x) u(x). To obtain this formula, let 
us first find several derivatives and then establish the general rule 
for finding the derivative of any order: 


y = uv 
y’ =u'v+u’ 
y= u"’otu'o’ +u'' + uo" = u"0+ Qu'v' + uv" 
yg" =a" —n'c' + Que! + Qu'o" + u’o" + uol” 
=u'"u+ 3u"v' + 3u’v" + uo” 
y =ul’o+ 4u'"0' + 6u"0" + 4u'v" + ulV 
x 2081 
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The rule for forming derivatives holds for the derivative of any 
order and obviously consists in the following. 

The expression (u-++-v)" is expanded by the binomial theorem, 
and in the expansion obtained the exponents of the powers of u 
and v are replaced by indices that are the orders of the deriva- 
tives, and the zero powers (u°=v°=1) in the end terms of the 
expansion are replaced by the functions themselves (that is, “de- 
rivatives of zero order”): 


> 


y™ = (uv) = wy + nuee—Yy! 4 EAE yen ay” 4 4 u™ 


This is the Leibniz rule. 

A rigorous proof of this formula may be carried out by the 
method of complete mathematical induction (in other words, to 
prove that if this formula holds for the nth order it will hold 
for the order n+ 1). 


Example 3. y=e@*x?. Find the derivative y(”), 


Solution. 
ue, u=x? 
u' =aee, vu’ = 2x 
u” = qteax uo" =2 
ul”) —qneex, y"’ —yIV—.,.,=0 
n(n—1) 
¥) = aneax x2 1 pqn—leax. dy + Ta qn-%gax .2 


or 
y'™ = e@* [anx? + Qna"—1x-+4n (n— 1) a"—-?] 


3.28 DIFFERENTIALS OF DIFFERENT ORDERS 


Suppose we have a function y=/ (x), where x is the independent 
variable. The differential of this function 


dy =f" (x) dx 


is some function of x, but only the first factor, f’ (x), can depend 
on x; the second factor, dx, is an increment of the independent 
variable x and is independent of the value of this variable. Since 
dy is a function of x we have the right to speak of the differen- 
tial of this function. 

The differential of the differential of a function is called the 
second differential or the second-order differential of the function 
and is denoted by d?y: 


d (dy) = d*y 
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Let us find the expression for the second differential. By virtue 
of the general definition of a differential we have 
d?y = [f' (x) dx]' dx 
Since dx is independent of x, dx is taken outside the sign of the 
derivative upon differentiation, and we get 
d’y = f" (x) (dx)? 
When writing the degree of a differential it is common to drop 
the brackets; in place of (dx)? we write dx? to mean the square 
of the expression dx; in place of (dx)? we write dx°; etc. 
The third differential or the third-order differential of a function 
is the differential of its second differential: 
dy =d (d?y) = [f" (x) de] dx = f’" (x) dx? 
Generally, the nth differential is the first differential of a diffe- 
rential of the (n—1)th order: 
d"y = d (d"~"y) = [f@~? (x) dx") dx 
dy =f (x) dx” (1) 
Using differentials of different orders, we can represent the deri- 


vative of any order as a ratio of differentials of the appropriate 
orders: 


rwo=%, r(x =£4, hee pony = (2) 


Note. Equations (1) and (2) are true (for n > 1) solely in the 
case where x is an independent variable. Indeed, suppose we have 
the composite function 


y=F(u), u=9 (x) (3) 


We have seen that the first-order differential preserves its form 
irrespective of whether u is an independent variable or a function 
of x: 

dy = Fj, (u) du (4) 


The second and higher differentials do not have that property. 
Indeed, by (3) and (4), we get 
dy =d (Fi, (u) du) 
But here du =q’ (x) dx is dependent on x and so we get 
d’y =d (Fi, (u)) du+ F;, (u)d (du) 
or 
d?y = Fi, (u) (du)? + F;,(u) du, where d?u= q" (x) (dx)? (5) 


In similar fashion, we find qd°y and so on. 
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Example 1. Find dy and d®y of the composite function 
y=sinu, u= Vx 
Solution. 
1 
2Vx 
Furthermore, by formula (5), we obtain 
dy =— sin u (du)?+ cos u du =— sin u (du)?-+ cos u-wu” (dx)* 
1 1 


WF . (dx)? + cos u (= PROD ) aa 





dy = cos u- dx= cos u du 








ox — sin u( 


3.24 DERIVATIVES (OF VARIOUS ORDERS) 
OF IMPLICIT FUNCTIONS 
AND OF FUNCTIGNS REPRESENTED PARAMETRICALLY 


1. An example will illustrate the finding of derivatives of diffe- 
rent orders of implicit functions. 
Let an implicit function y of x be defined by the equation 


St+H-1=0 (1) 


Differentiate all terms of the equation, with respect to x, and 
remember that y is a function of x: 


at te ae = 9 
From this we get 
dy 
t= (2) 


Again differentiate with respect to x (having in view that y is a 
function of x): 


dx a 


Substituting, in place of the derivative oy, its expression from (2), 


we get 
+xe5= 
dy pe Y ay 
a ay 


or, after simplifying. 
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rom equation (1) it follows that 
a’y? + b2x2 = a*h? 
Therefore the second derivative may be represented as 
ay bt 
a aya 
Differentiating the latter equation with respect to x, we find = a , etc. 


2. Let us now consider the problem of finding the derivatives of 
higher orders of a function represented parametrically. 
Let the function y of x be represented by parametric equations: 


ae) \ <t<T 3 

g=9f°='S 

The function x=q(t) has an inverse function ¢=@(x) on the 
interval [¢,, T]. 

In Sec 3.18 it was proved that in this case the derivative = is 


defined by the equation 


dy 

dy _ dt 

dx dr (4) 
dt 


To find the second derivative, © er “4, differentiate (4) with respect 
to x, bearing in mind that ¢ is a function of x: 


dy dy 
dy  d{ dt d{ dt \dt 
dt di 


dx ay dy d®x 


but 





Substituting the latter expressions into (5), we get 
dx dy dy dx 


ax (3 3 
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This formula may be written in more compact form as follows: 
Gy _ gy’ —y ()¢e" 
dx? [9 (OP 
ho a By dty 
In similar fashion we can find the derivatives Zs’ da and so forth. 
Example. A function y of x is represented parametrically: 
x=acost, y=bsint 


. hes ae dy dy 
Find the derivatives ax’ de: 
Solution. 
oh asint LRT: 
dt ’ de 


2 
| cos #, a —bsin¢ 





dt 

gy peose Papen en 

dx —asint a 

dy _(—asin t) (—bsin t)—(b cos t)(—acos?) __ 5b 1 
‘dx (—asin 18 ~~ ae sind? 


3.25 THE MECHANICAL MEANING OF THE SECOND DERIVATIVE 


Let s be the path covered by a body in translation as a function 
of the time; it is expressed as 


s=f(t) (1) 


As we already know (see Sec. 3.1.), the velocity v of a body at 

any time is equal to the first derivative of the path with respect 
to time: P 
S 

v=Fi (2) 


At some time ¢, let the velocity of the body be v. If the motion 
is not uniform, then during an interval of time At that has elapsed 
since ¢ the velocity will change by the increment Av. 

The average acceleration during time At is the ratio of the 
increment in velocity Av to the increment in time: 


Acceleration at a given instant is the limit of the ratio of the 
increment in velocity to the increment in time as the latter 
approaches zero: 


a=lim ay 
At—0 At 
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In other words, acceleration (at a given instant) is equal to the 
derivative of the velocity with respect to time: 


ao 
~~ dt 
é ds 
but since v= consequently, 
aut (4) _#s 
“dt\ dt) di? 


or the acceleration of linear motion is equal to the second derivative 
of the path covered with respect to time. Reverting to equation (1), 


we get 
a=f" (t) 


Example. Find the velocity v and the acceleration a of a freely falling body, 
if the dependence of distance s upon time ¢ is given by the formula 


1 
s= 7 Bl + Uot +S (3) 


where g=9.8 m/sec? is the acceleration of gravity and sg=sjo is the value 
of s at ¢=0. 
Solution. Differentiating, we find 


ds 
v= el + (4) 


from this formula it follows that vy=(v)t=o. 
Differentiating again, we find 


Let it be noted that, conversely, if the acceleration of some motion is constant 
und equal to g, the velocity will be expressed by equation (4), and the distance 
by equation (3) provided that (v)}29=Uo and (s)tap= 5p. 


3.26 THE EQUATIONS OF A TANGENT AND OF A NORMAL. 
THE LENGTHS OF A SUBTANGENT AND A SUBNORMAL 


Let us consider a curve whose equation is 
y= (x) 


On this curve take a point M(x,, y,) (Fig. 88) and write the 
equation of the tangent line to the given curve at the point M, 
assuming that this tangent is not parallel to the axis of ordinates. 

The equation of a straight line with slope k passing through 
the point M is of the form 


9—Y.=R(x—x,) 
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For the tangent line (see Sec. 3.3) 
k=f' (x) 
and so the equation of the tangent is of the form 
y—y =P (41) (X—%) 


In addition to the tangent to a curve at a given point, one often 
has to consider the normal. 

Definition. The normal to a curve at a given point is a straight 
line passing through the given point perpendicular to the tangent 
at that point. 

From the definition of a normal 
it follows that its slope &, is con- 
nected with the slope ky of the 
tangent by the equation 


1 
hy=—E 


a 
Fe) 


Hence, the equation of a nor- 
mal to a curve y=f(x) at a point M(x, y,) is of the form 





k, =— 


Fig. 88 


l 
Y— I= — FE — 4) 


Example 1. Write the oe of the tangent and the normal to the curve 
y=x at the point. Mil, 

Solution. Since y me ibe slope of the tangent is (y’),.1=3. 

Therefore, the equation of the tangent is 


y—1=3(x—1) or y=3x—2 


The equation of the normal is 


or 


(see Fig. 89). 


The length T of the segment QM (Fig. 88) of the tangent bet- 
ween the point of tangency and the x-axis is called the length of 
the tangent. The projection of this segment on the x-axis, that is, 
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QP, is called the subtangent; the y 
length of the subtangent is deno- 
ted by S;. The length N of the 
segment MR is called the length 
of the normal, while the projec- 
tion RP of the segment RM on 
the x-axis is called the subnor- 
mal, the length of the subnor- 
mal is denoted by Sy. 

Let us find the quantities T, 

S,, N, Sy for the curve y =f (x) 
and the point M(x,, y,). 
‘ cou) Fig. 88 it wilt be seen 

ha 











Fig. 89 
—] 4 
QP =|y, cotal= aa ard 
therefore 
YY 








It is further clear from this same figure that 
PR=(y, tana|=|y4| 
and so 
Sy= | WY; | 
N= V+? =lnVIF 9 | 
These formulas are derived on the assumption that y, >0, y; >0. 
However, they hold in the general case as well. 


Example 2. Find the equations of the tangent and normal, the lengths of 
the {angen and the subtangent, the lengths of the normal and subnormal for 





Fig. 90 


the ellipse 
x=acost, y=bsint (1) 


at the point M(x,, y,) for which ¢=— (Fig. 90). 
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122 
Solution. From equations (1) we find 
Ge pain ay =bcost, H —* cots, dy =e 
di mare © ax),.2% a 
4 
We find the coordinates of the point of tangency M: 
a b 
x1 = (% = 5 = = 
1 ( ) 2 V2 41 (y) a 5 


The equation of the tangent is 


toate) 


or 
bx--ay—ab VY 2=0 
The equation of the normal is 
—F5-F(*- *=) 
Q 6 V2 
or 
(ax—by) V 2—a@+0=0 


The lengths of the subtangent and subnormal are 








= mee 
| 
Sumy een “a 73 











a 

6 b \2 

N= —H— oe 
eV + z) 

3.27 THE GEOMETRIC MEANING OF THE DERIVATIVE 

OF THE RADIUS VECTOR WITH RESPECT TO THE POLAR ANGLE 
We have the following equation of a curve in polar coordinates: 
0 =f (8) (1) 
Let us write the formulas for changing from polar coordinates 


to rectangular Cartesian coordinates: 
x=pcos0, y=psind 
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Substituting, in place of p, its expression in terms of @ from 
equation (1), we get 


x=f(8)cos8#, y=f (6) sin 7) (2) 


Equations (2) are parametric equations of the given curve, the 
parameter being the polar angle 0 (Fig. 91). 

If we denote by @ the angle formed 
hy the tangent to the curve at some point 
M(p, 8) with the positive x-axis, we will 
have 





dy 
_dy_ a0 
tan@ = a ae 
d0 
or 
dp 
70 sin 8+ cos 0 
tang = (3) 


6 cos 8@—p sin 8 
Denote by p the angle between the direction of the radius vector 


und the tangent. It is obvious that p= @— 6, 


tan p—tan@ 


tan =TTiang tand 


Substituting, in place of tang, its expression (3) and making 
(lhe necessary changes, we get 
t __ (p’ sin 8+ p cos 8) cos 8B—(p’ cos @—psin6)sin® op 
eS (p’ cos 0—p sin 0) cos 0-+(p’sinO+p cos 6)sinO p’ 
or 
Pe =pcot p (4) 
Thus, the derivative of the radius vector with respect to the 
volar angle is equal to the length of the radius vector multiplied 
vy the cotangent of the angle between the radius vector and the 
tangent to the curve at the given point. 


Example. Show that the tarigent to the logarithmic spiral 
=e 


Intersects the radius vector at a constant angle. 
Solution. From the equation of the spiral we get 


*=aea 
From formula (4) we have 


cotp= =a, that is, w= arccot a = const 
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Exercises on Chapter 3 


Find the derivatives of the following functions using the definition of 
a derivative: 








1 1 1 
= x2 2 = _— = Y: ° . 
1. y=x*, Ans. 322, 2. y= a4 Ans. a 3. y= YW x. Ans ale 
4. eee Ans, — : —.5. y=sin? x. Ans. 2sinxcosx. 6. y=2x?—x. 
x 2x V x 
Ans. 4x—1. 


Determine the tangents of the angles of inclination of the tangent line to 


the curves: 
7. y=x3, (a) When x=1. Ans. 3. (b) When x=— |. Ans. 3. Make a drawing. 


8. j= (a) When xt . Ans, —4.(b) When x=1. Ans. — 1. Make a drawing. 


= 1 
9. y= V x when x=2. Ans. =—. 
y=V V3 


Find the derivatives of the following functions: 











10. y=x4+3x2—6. Ans. y’ = 4x3 + 6x. We. y=6x8— x3, 
5 2 4 
18,2 ON). amen te a Ne es 
Ans. y'’=18x2—2x. 12. arse an ae Ans. gb ae 1, 
— x2 2 
tiga Ans egg SE 14. y=2ax8 — —+. 
5 5 6 
2 x 5 5 3 
Ans. y' = 6axt —= 15. y=6x*+44x2 42x. Ans. y’=2lx? +10x? 42. 
3 a 1 _ (x1) 
16. y= VETS E+. Ans. Y= +e —ja 17. aac Se 
ge 
,__3(x-+1)? (x—1) _*,m, x ,_1 m 
Ans. y se 18. arms ary ao ae” Ans. y Soa 
2x? 
2x Qn? 2 1 I 
fctadpane cil ee 2 Wil i aa, 3 
+3-sr: y=j/—2 Vix+5. Ans. Ss Var sii ore 20. y 
3/5 2 7 
= ax? 6 z , 5 3 3 ~~? 1 ~"e 
5 ae Ve Vs" Ans. y= 5 ax > +t . 2 y= 


=: (1-429) (12x), Ans. y’ = 4x(1+3x-+ 10x9), 22. 2x—1) (Ax-+2 
Ans. y’ = 2 (9x?-+x—1). 28. be sory. ane pects ee ee 





24. v= po . Ans. y SS. 25. y= oe Ans. y =-ap 

26. O=—Ea Ans. roe. 27. 16) SED ns. 7 (s) = 
REEDED og yo PEE gg ye BIO 
9. y= Ans. y' == PD 30, y = (233), Ans. 


y’ = 8x (2x23). 31s y= (x?+02)5. Ans. y=10x(x®+a)*, 32. y= Vx? +3, 
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x : a—3x 
Ans. y’= ————.. _ 33. y=(a-+x) Va—x. Ans. y’ =——— 
y +a y ( + ) y 2 Ya—x' 3. y= 
l+x 1 2x2 —1 
~” ——. Ans. ‘= —_—_____—.. 359 y= —————... Ans. y' = 
I—<x # (l—x) WI—x8 oe x Vi+x - 


2 1 
jee. 36. y= 3/2 x1. Ans. y= ker! 


a 33/(t+x+ 1p | 
xd (1+ x2) ? ? V/ ( +x-+ 1) 
= 37x38 _— pocuniee = x 
(l+j/ x), Ans. y (+75) . 8 y V «+ x+V x. Ans. 
1 i 1 
a ——— 1! ee en i ee eee . 39. y= sin? x, 
2V rt+VietVa | VetVx \ v7)| 
Ans. y'=sin 2x. 40. y =2sin x+cos 3x. Ans. y’ =2cosx—3sin3x. 41. y= 
ne a ___ sing Pee 1 
— tan (ax-+0). Ans. y = ost (arb) Ts baa errs a Ans. y aie Ta 


48. y = sin 2xcos 3x. Ans. y’=2 cos 2x cos 3x—3 sin 2x sin 3x. 44. y=cot? 5x. Ans. 
— 10 cot 5x csc? 5x. 45. y=?¢ sin t-+cos ¢. Ans. y'’=¢ cos t. 46. y=sin® ¢ cos ¢. 





Ans. y'’=sin? ¢t (3cos?¢—sin?¢), 47. y=a V cos 2x. Ans. joc 
V cos 2x 
2 © tan steot + 
=asin3 + Oh tet at = 
aa. r=asin?.. Ans. rg =asin cos = Ss 49. y : 
,___ 2(x cos x+sin x) ak a3: 7 x 
Ans. y'=— sin? x . 50. y=asin z: Ans. y' =2a sin F008 +. 
BI y= > tan? x. Ans. y’=tanxsec?x. 52. y=Incosx. Ans. y’=—  tanx. 
ee tees ne oe ar rn 
83. y=Intanx. Ans. y aioe 54. y=Insin?x. Ans. y’=2cot x. 
tanx—1 jis =) 1-+sinx 
AS. a Ans, y’ =sin x-+ cos x. 56. y=In isa” 
teed Z Lae ae 
Ans. soy ase 57. y=Intan (+5). Ans. re: 
88. y=sin (x-+a) cos (x-++-a). Ans. y’=cos 2(x-+a). 59. F(x)=sin wn x). 
Ans. f' (y= Sen) 60. f (x) =tan (In x). Ans. f' (x)= ses 


61. { (x) =sin (cos x). Ans. f’ (x) = — sin x cos (cos x). 62. a tan? p—tan p+ @. 


Ans. or tans Q. 63. f (x) =(x cot x)?. Ans. f’ (x) =2x cot x (cot x—-x csc? x). 











ie 
2x 
= =" 2 ae ne 
In(ax+5b). Ans. y'= ok 65. y = log, (x?-+- 1), Ans. y’ = eo ina: 
66. y=In rte. Ans. y' =: 67. y=logs (x?—sin x). 
,_____ 2%—cos x _ 1, 14+ ,___ 4x 
Ans. ¥ =(a—sinx)In3” 68. y=In T—x° Ans. y¥=Tyo: 
69. y=In (x?-+-x). Ans. ja! 70. y=In (x8—2x-++5). 





x" 
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,___3x?—2 re 1 — Ins 
Ans. y BBS 71. y=xin x. Ans. y’=Inx-+1. 72. y=In' x. 
Ans. y'= ALE 73. y=In(x+ VY 1TFx?). Ans. | es ee 
x 1+ x? 
Ras = I+<x bie: — il 
74. y=In (In as Ans. y Si 75. f (x)=I1n eae Ans. f' (x)= io 
V 2+1—<x 2 — 
76. f (x) =In——————_. Ans. f' (x) = — ——_ 77. y= V a®+x? — 
fG) al aie, ( Vr y= VarZ 
ae + xe 2 3 
pi, Ans. y= et. 78. y=In (x-+- Vx?--a?) — 
Vxt+a2 ,_ Vea cos x x 
=e se Ans. y ers ee 79. Y=— ante tg in tan. Ans. 
po __ sinx ,__1+sin® x lege ig 
= Shy Tost x: Ans. y Pease x 81. y=-y tan x-+-In cos x. 


Ans. y’=tan® x. 82. y=e9*. Ans. y’=ae%*, 83..y=e4*+5, Ans. y'’ = 4etxt5, 
84. y=a**. Ans. y’ =2xa** Ina. 85. y=7**+2x, Ans. pA eae 


86. y=c#-**, Ans. y’ =— 2xc0-** Inc. 87. y=ae"” *, Ans. y’=——— eV *, 


We 


In 6 
de ain Ing 69.) eee. 


88. r=a). Ans. r’=a' Ina. 89.r=aln®, Ans. 


“a0 ? 
= er (| —I2x— x2 = , e* — 
Ans, y’ =e* (1—2x—x*). 91. y= ET: Ans. y erp 92. y Inj = 
; a( it (54-4) 
OS fs i — paces @a_ a fee a a 
Ans. y= T° 93. y 5 e e . Ans. gq \e +e . 
94, y=esinx, Ans. y’ =esin x cos x. 95. y==atannx, Ans. y’ = natan nx sec? nx Ina. 
96. y= ecos ¥ sin x. Ans. y’ = ecos x (cos x —sin? x). 97. y=e* Insin x. 
Ans. y’=e* (cotx+Insin x). 98. y= xnesin x, oe y' =x"—lesin x (n+-x cos x). 
ers 
99. y==x*. Ans. y’=x* (Inx+1). 100. y=x* . Ans. y’=x* * (a), 
101, y= xin x, Ans. y’ =xinx-1inx®, 102. y=ex*. Ans. y’==ex? (1 +-1n x) x*. 
nx 
103. y= (4 i‘. Ans. y=n(=) (14+m4 . 104, y= xsin x, 
Ans. y seins Inoons : 105. y=(sin x)*. Ans. y’ =(sin x)* x 


X(In sin x-+ x cot sel 106. y= (sin x)tan x. Ans, y’ = (sin x)tan x (1 +-sec® x In sin x). 
2e* 





1— 
107. y= tan ——— To . Ans. y= WF ae 108. y=sin V1— 2°. 
1+e* 
Ans (-- SS pa 2 Ind. 109. y=10« tan. Ans, y’ = 10* tan x In 10x 


Find the derivatives of the following functions after first taking logarithms 
of the oe 


x 1) + 24} 1 2. 2 
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1) 4/ weap 13 4/G@a> 
Wit. Fh A ek icy OE ee 
i/ &—3F y/ «3? x+1 ° 4(x—2) 
2 _ (x-+1)? __ («4 1) (5x? + 14%+5) 
~ sam) N= Gaara A" =~ Groep 
V/ «eT? ; —161x? + 480x—271 
113. y= ns. Y 


VT ix—2p (aay © 608/41) 9/ (a—2)W/ (x3) 











2 2__ Oy4 
114. ye Ans. y’= PSP 145, y= x8 (a+ 3x)8 (a— 2)". 
—X — 
(1—x?) ? 
Ans. y’ = 5x4 (a-+3x)2 (a— 2x) (a2 + 2ax—12x?). 116. y=arcsin =, 
1 a 2 arcsin x 
Ans. y =———— .. 117. y=(arcsin x)?. Ans. y =—————- 
!~Taoa ae vi-# 
2x 
—=%4 2 fens * Eh ~ = 
118. as (x?-+1). Ans. y =e 119. y=arctan =e 
a _ a Pn 2 _arccos x 
Ans. y= ar 120. y=arccos (x?). Ans. y vie - 121. y — oe 
es x 
Ans. poa Ca take. 122, y=arcsin ~ Ans, y'’= 





x2 VI—x ce 


! 123. y=x V a®?—x? +a? arcsin =. Ans. y' =2 Vat—x?. 


V 1— 2x—x? 


at 














-Vae-—x = = 2 u-+a 

124, y= Va—x? +-aaresin = . Ans. y’ V =. 125. u=aretan 
du | = x a = xt] 

Ans. ee ee 126. y= 7 5 arctan =e Ans. y’ a ae rs 127. 


y =xarcesinx. Ans. y’=-arcsinx-> 128. f (x)= arccos (In x). Ans. 





as 
Vi—-x 


ph oe 1 oe NEY ps ars neis. cos x 
| )=— Sa Vio . 129. f (x) =arcsin Vsinx. Ans. f = Sanaa Saree 


1—cos x 





130. y =arctan (O<x<m). Ans. yv=y- 131, y=erctanx, 




















1+ cos x 
arctan x ex—er-*x ; 2 
Ans. y a eo, . 132. y==arctan ——5— . Ans. y exte-* * 133. y= 
_ aresin x + varesin x /aresin x In x a Boi ts 
aX . Ans. y' =x (rae ea) 134. y =arcsin (sin x), 
,_._cosx {+1 in Ist and 4th quadrants. es 4sin x 
A a [cosx| { —1 in 2nd and 3rd quadrants. i eat 3-+5cos x* 
4 a x—a 2a8 
—. . ¥= —+! V ; = 
Ans. y’= SPS cos x” 136. y=arctan = + In wane Ans. y Yoa° 
2 Mele i rae __ 3x?—1 
137. y= in ( c) 28 arctanx. Ans. y a eT 138. y= a + 


,_ x84 _i x+1 
+In YT+x®+arctanx. Ans. y xox we: poe Ys=ant 
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1 2x—1 : 1 1txV 2+ 
—= arctan -, Ans. y'=— F 140. y= In ———_———_ 
TY3 V3 v= SFT SLRS AES 

xV2 ,_4V2 - xen] 2n|x|# 
+ 2arctan = Ans. y' = ear 141. ye arccos oy Ans.— [Gan y" 
Differentiation of Implicit Functions 
: dy ... aa dy 2p Sey eee dy x 
Find ae if: 142. y2= 4px. Ans. rT maar 143. x?-++ y2=a?. Ans. ag 
dy b% dy 
2 21/2 — 22, ae So 3 = —=_= 
144. b%x2-+ a%y? = 02d. Ans. 7 ays 145. y8—3y+2ax=0. Ans. a 
1 1 1 = 2 2 2 
2a Pay? ug? dy __ ns Seyeaga 
sy 146. x* -+y% =a’. Ans Fe x 147. x8 +y3 =a3, 
dy _ V y eo = dy _y 
Ans. ; aioe x 148. y2—2xy+6=0. Ans. deg B+ ys — 
= dy _ay—x* _ dy sin (x+y) 
— 3axy=0. Ans. qe yak * 150. y=cos (x+y). Ans. dx — isin ety)" 
ies dy_ _1+ysin (xy) 
151. cos (xy) =x. Ans. a x sin (xy) 
Find - of the following functions represented parametrically: 
152. x=acost, y=bsin ft. Ans. re -2 cot ¢. 153. x=a (¢—sin t), y=a (1—cos 2). 
dy_ it = 3 eer dy —b 
Ans. qt 7° 154, x=acos*?t, y=bsin??¢. Ans. dem fan t. 155, x= 
2 
= Based = sat An ae et 156. u=2Incots, v=tans-+tcots. 


tte Y= TypAa ae TA: 
Show that eH —tan 2s. 
lv 


Find the tangents of the angles of inclination of tangent lines to curves: 


157. x=cost, y=sin? at the point r=, yal. Make a drawing. 
1 ‘ 

Ans. Va 158. x=2 cos ¢, y=sin? at the point x=1, ya YS. Make a 

drawing. Ans. Tak 159. x=a(t—sin?), y=a(l—cos?) when i=>. 


Make a drawing. Ans. 1. 160. x=acos??, y=asin?¢ when t= >. Make a 


drawing. Ans. —1. 161. A body thrown at an angle «& to the horizon (in airless 
space) described a curve parabola, under the force of gravity, whose equations 
are: x==(v9 cosa) ?, y= (vp sin a) 1—~£ (g=9.8 m/sec”). Knowing that a= 60°, 


Up = 50 m/sec, determine the direction of motion when: (1) £=2 sec, (2) ¢=7 sec. 
Make a drawing. Ans. (1) tang,=0.948, @,= 43°30’; (2) tang,=— 1.012, 
Pa = + 134°3’. 
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Find the differentials of the following functions: 
182. y == (a2 —x2)8. Ans. dy = — 10x (a2 — x2)4dx. 168. y= Vi+x. Ans. 





0 ee a 164. y= atan’xttane, Ans. dy =sect x dx. 
x 
xink In x dx 


105. y= 





yin (1 —x). Ans. et ar 
eae the increments and differentials of the following functions: 

Mee Poa when x=1, Ax=0.01. Ans. Ay =0.0302, dy =0.03. 167. Given 

+2x. Find Ay and dy when x=—1, Ax=0.02. Ans. Ay=0.098808, 


; : P rt 
dy -0.1. 168. Given y=sin x. Find dy when raz, Ar=a. Ans. dy =a 


— 0.0873. 169. Knowing that sin 60°= ve =0.866025, cos 60° =, find the 


approximate values of sin 60°3’ and sin 60°18’. Compare the results with tabular 
dita. Ans. sin 60°3’ = 0.866461, sin 60°18’ ~ 0.868643. 170. Find the approxi- 
mate value of tan 45°4’30". Ans. 1.00262. 171. Knowing that logy) 200 = 2.30103 
find the approximate value of logy, 200.2. Ans. 2.30146. 

Derivatives of different orders. 172. y= aire 2x?-+5x—1. Find y”. Ans. 





lix—4. 173. y=j/ s. Find y’’’. Ans. ae 8.174. y=x*. Find y(®. Ans. 


. 1765. y=S. Find y". Ans. gb 176. y= V a?—x?. Find y’. Ans. 
15 





pels te 177. y=2 Vx. Find y. Ans. — 178. y= 
(a—xt) Va—xi . 8 


om axt-+bx-+c. Find y’’’. Ans. 0. 179. f(x)=In(x+1). Find fw (x). Ans. 





Seana 180. y==tanx. Find y’’’. Ans. 6sectx—4sec?x. 181. y=Insin x. 
Kind y'’. Ans. 2cot x csc? x. Js. f (x)= Wsec 2x. Find f). Ans. f* (x) = 
ai 5 eae die i (4) aerate = 
3(f (x)5—f (x). 183. y aes Find ft (x). Ans. (2° 184, p 
a 4a + #), 
= (g2 4+ a2 4 ind “2. 2 (@ a a 
(q? + a*) arctan a Find dq” Ans. wre 185. y x \é +e 
Find oe. Ans. 4. 186. y=cosax. Find y, Ans. a" cos ax +n 
187. y=a*. Find y™. Ans. (Ina)"a*, 188. y=In(l-+x). Find y™. Ans. 





(n—1)! _1l—x ; (n) = n 
( -le- “px 189. via Find y™., Ans. 2(—1)" ipa: 190. 
y-se*x. Find y(™), Ans. eX (x-+-a). 191. y= x"-1In x. Find y™. Ans. ea, 


192. y=sin?x. Find y™. Ans. —2"-1 cos ax+nt). 193. y=x sin x. 

Find y™). Ans. xsin (x40 $)-1 cos ( #05 . 194. If y=e* sin x, prove. 
2 

that y”—2y’+2y=0. 195. y®=4ax. Find SY. Ans. -=. 196, 62x? + 


at 
OY ond 197 


4 6 
a Find aie a. Ans. — 5 at . year, 


vind £4 . Ans =a . 198. y2—2xy=0. Find a 


ron Ans. 0. 199. p = tan (p+). 
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2 4 
Find cal Ans me Abe eee 200. secpcosp=C. Find ee Ans. 


do?’ . ps dg? 
tan? p —tan? = ., dy (1 —e*t¥) (ex —eY) 
tan® p . 201. e*¥+x=e¥+y. Find ie Ans ee 
202, y8+x9—3exy—0. Find 24%. Ans. ~—27*Y 203. x=a(t—sin?), 
° . dx? * “  (y®—ax)8 


2 
y=a(l—cos ?). Find os. Ans. — . 204. x=acos 2t, y=bsin?t. 


oe cote 
>) 
4( 

dasint (4 


/ 


2 
Show that 40. 205. x=acos?t, y=asin?. Find 


206. Show that 


dy 3cos ¢ 
ae’ Ans. —@sin®t’ 


n d2n+1 . 
aan (sinh x) =sinh x; reese (sinh x) = cosh x. 


Equations of a Tangent and a Normal. 
Lengths of a Subtangent and a Subnormal 


207. Write the equations of the tangent and the normal to the curve 
y= x8—3x?—x+5 at the point M (3, 2). Ans. The tangent is 8x—y—22=—0; 
the normal, x-+8y—19=0. 

208. Find the equations of the tangent and normal, the lengths of the subtangent 
and subnormal of the circle x?--y?=r? at the point M(%, yi). Ans. The 

2 
tangent is xxy-++yy, =r; the normal is x,y—y,x=0; so=|4; Sn=| 411. 
xy 

209. Show that the subtangent of the parabola y?=4px at any point is 
divided into two by the vertex, and the subnormal is constant and equal 
to 2p. Make a drawing. 

210. Find the equation of the tangent at the point M (x,, y,) 


te a xX, YY _). 
(a) to the ellipse ateal Ans. atpoh 
2 ; 
(b) to the hyperbola 4-#=!. Ans. 4 -H= : 
211. Find the equations of the tangent and normal to the Witch of Agnesi 
Y= Tapa at the point where x=2a. Ans. The tangent is x-+2y= 4a; the 


normal is y=2x—3a. 
212. Show that the normal to the curve 3y=6x—5x® drawn to the point 


(1, 3) passes through the coordinate origin. 


213. Show that the tangent to the curve (=)"+($)"=2 at the point 


;*~14e— 
M(a, 6) is —42—2. 


214. Find the equation of that tangent to the parabola, y?= 20x, which 
forms an angle of 45° with the x-axis. Ans. y=x-+5 [at the point (5, 10)]. 

215. Find the equations of those tangents to the circle x?-+-y?=52 which 
are parallel to the straight line 2x-+3y=6. Ans. 2x+3y + 26=0. 

216. Find the equations of those tangents to the hyperbola 4x?—9y?= 36 
which are perpendicular to the straight line 2y-+-5x=10. Ans. There are no 
such tangents. 


217. Show that the segment (lying between the coordinate axes) of the tan- 
gent to the hyperbola xy=m is divided into two by the point of tangency. 


Exercises on Chapter 3 131 


218. Prove that the segment (between the coordinate axes) of a tangent to 
the astroid x2/3 + y2/3 —a2/8 is of constant length. 
219. At what angle a do the curves y=a* and y=6* intersect? Ans. 
ian ee Ina—Inb . 
~~ t+Ina-Inb° 
220. Find the lengths of the subtangent, subnormal, tangent and normal to 


the cycloid x=a(@—sin 6), y=a(l—cos®) at the point at which O=>. 
Ans. Sp=a, Sy=a, T=a V2, N=a V2. 

221. Find the quantities Sr, Sy, T and N for the astroid x= 4a cos*t, 
u-=4asin3¢. Ans. Sp=|4asin?t cost]; Sy=|4asin§¢ tant]; T=4asin? ¢; 
N =|4asin?? tan? |. 

Miscellaneous Problems 
Find the derivatives of the following functions: 


222. jos ids In tan (4-3) . Ans. y' = 





. 228. y=arcsinL, 
x 





Qeos?x 2 4. 2 cos? x 
1 ; cos x 

Ans. y' = ————_—=———... 224. y =arcsin (sin x). Ans. y'==-————-. 225. y= 

z |x] Vx? —1 : ( ) y | cos x | y 

a—b x bes 1 

as = arctan ( pa $) (a>0, b> 0). Ans. y ab cos x" 
226. y=|x|. Ans. ¥=TT- 227. y=arcsin V 1—x?. Ans. y= —Ta X 

I 
===... 

Vi-x# 


228. From the formulas for the volume and surface of a sphere v=4 ar® and 


s-:4nr? it follows that Bas, Explain the geometric significance of this re- 


sult. Find a similar relationship between the area of a circle and the length 


of the circumference. 

229. In a triangle ABC, the side a is expressed in terms of the other two 
sides 6, c and the angle A between them by the formula 

a= V ®+c®— 2bc cos A 

For 6 and c constant, side a is a function of the angle A. Show that We ha, 
where hg is the altitude of the triangle corresponding to the base a. Interpret 
this result geometrically. 
ste Using the differential concept, determine the origin of the approximate 
ormulas 


VFTo wate, i/a +6 nates 


where || is a number small compared with a. 
231. The period of oscillation of a pendulum is computed by the formula 


T=n ae 
g 


In calculating the period 7, how will the error be affected by an error of 1% 
in the measurement of: (1) the length of the pendulum /, (2) the acceleration 
of gravity g? Ans. (1) & 1/2%, (2) +1/2%. 
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232. The tractrix has the property that for any point of it, the tangent T 
remains constant in length. Prove this on the basis of: (1) the equation of the 


tractrix in the form 
ge VA—A 44 In a—Var# (a > 0) 


a+ Va—y 





(2) the parametric equations of the curve 
=a (in tan 4 +-c0s t) 
y=asint 


233. Prove that the function y=C,e-*-+C,e-?* satisfies the equation 
y” +3y' + 2y=0 (here C, and C, are constants). 

234. Putting y=e* sinx, z=e* cos x prove the hehapare 4 = 22, 2" == —y. 

235. Prove that the function y=sin (marcsin x) satisfies the equation 


(1—22) y" —xy' + my =0. 
x dy 2 
236. Prove that if (a--bx)e* =x, then ye! a= =(«2- v). ‘ 


CHAPTER 4 


SOME THEOREMS ON DIFFERENTIABLE FUNCTIONS 


4.1 A THEOREM ON THE ROOTS OF A DERIVATIVE 
(ROLLE’S THEOREM) 


Rolle’s Theorem. /f a function f(x) is continuous on an interval 
a, 6] and is differentiable at all interior points of the interval, 
and vanishes [f(a)=f(b)=0] at the end points x=a and x=b, 
then inside [a, b] there exists at least one point x=c, a<c<b, 
at which the derivative f’ (x) vanishes, that is, f’ (c)=0.* 

Proof. Since the function f(x) is continuous on the interval 
[a, 6], it has a maximum M and a minimum m on that interval. 

f M=m the function f(x) is constant, which means that for 
all values of x it has a constant value f(x)=m. But then at any 
point of the interval f’(x)=0, and the theorem is proved. 

Suppose M=«m. Then at least one of these numbers is not 
equal to zero. 

For the sake of definiteness, let us assume that M > 0 and that 
the function takes on its maximum value at x=c, so that 
[(c)=M. Let it be noted that, here, c is not equal either to a 
or to 6, since it is given that f(a)=0, f(6)=0. Since f(c) is the 
maximum value of the function, it follows that f (c+ Ax) — 

f(c) <0, both when Ax >0 and when Ax <0. Whence it fol- 
lows that 


Letoo— 1 <9 when Ax >0 (1’) 
Here“ HO 50 when Ax <0 (") 


Since it is given in the theorem that the derivative at x=c 
exists, we get, upon passing to the limit as Ax —-0, 


lim Let en 1) — F (e) <0 when Ax>0 


Ax +0 
lim Herat op (c)>0 when Ax<0 
But the relations f’(c) <0 and f’ (c)>0 are compatible only if 
[' (c)=0. Consequently, there is a point c inside the interval 
Ja, 6] at which the derivative f’ (x) is equal to zero. 


* The number c is called a root of the function (x) if p(c) =0. 


134 Ch. 4. Some Theorems on Differentiable Functions 


The theorem about the roots of a derivative has a simple geo- 
metric interpretation: if a continuous curve, which at each point 
has a tangent, intersects the x-axis at points with abscissas a 
and 6, then on this curve there will be at least one point with 
abscissa c, a<c<b, at which the tangent is parallel to the 
x-axis. 





Fig. 93 


Note 1. The theorem that has just been proved also holds for 
a differentiable function such that does not vanish at the end 
points of the interval [a, 6], but takes on equal values f (a) =f (b) 
(Fig. 92). The proof in this case is exactly the same as before. 

Note 2. If the function f(x) is such that the derivative does 
not exist at all points within the interval [a, 6], the assertion 
of the theorem may prove erroneous (in this case there might 
not be a point c in the interval [a, 6], at which the derivative 
f’ (x) vanishes). 

For example, the function 


y=f()=1—/e 


(Fig. 93) is continuous on the interval [—1, 1] and vanishes at 
the end points of the interval, yet the derivative 


P= -a 


within the interval does not vanish. This is because there is a 
point x=0 inside the interval at which the derivative does not 
exist (becomes infinite). 
y The graph shown in Fig. 94 is another 
instance of a function whose derivative 
does not vanish in the interval [0, 2]. 
The conditions of the Rolle theorem are 
not fulfilled for this function either, 
because at the point x=1 the function 
Fig. 94 has no derivative. 
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4.2 THE MEAN-VALUE THEOREM (LAGRANGE’S THEOREM) 
Lagrange’s Theorem. /f a function f(x) is continuous on the 


interval [a, 6] and differentiable at all interior points of the inter- 
val, there will be, within [a, 6], at least one point c,a<c<b, 


such that 
f (6) — f(a) =f" (€) (b—a) (1) 
Proof. Let us denote by Q the number A atKS) that is, set: 


b—a 


and let us consider the auxiliary function F(x) defined by the 


equation 
F (x)=/ (x)—f (a)— (x—a)Q (3) 


What is the geometric significance of the function F(x)? First 
write the equation of the chord AB (Fig. 95), taking into account 


that its slope is LOT) _Q and 
{hat it passes through the point 
(a, f(a): 

y—f (a) =Q(x—a) 
whence 

y=f (a) +Q(x—a) 
But =F (x) =f (x)— [fF (a) +Q(x—-a)]. 


Thus, for each value of x, F(x) is 
equal to the difference between the 
ordinates of the curve y=/f(x) and 
the chord y=f(a)+Q(x—a) for 
points with the same abscissa. 

It will readily be seen that F(x) is continuous on the interval 
Ja, 6], is differentiable within the interval, and vanishes at the 
end points of the interval; in other words, F(a)=0, F(b)=0. 
IIence, the Rolle theorem is applicable to the function F(x). By 
this theorem, there exists within the interval a point x=c such 





that 
F'(c)=0 
But 
F’(x)=[' (x)—Q 
und so 
F’ (c)=f' (c)-Q=0 
whence 


Q=f'() 
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f b —f a , 


whence follows formula (1) directly. The theorem is thus proved. 

See Fig. 95 for an explanation of the geometric significance of 
the Lagrange theorem. From the figure it is immediately clear 
that the quantity HA He) is the tangent of the angle of incli- 
nation a of the chord passing through the points A and B with 
abscissas a and b. 

On the other hand, f’ (c) is the tangent of the angle of inclina- 
tion of the tangent line to the curve at the point with abscissa c. 
Thus, the geometric significance of (1’) or its equivalent (1) consists 
in the following: if at all points of the arc AB there is a tangent 
line, then there will be, on this arc, a point C between A and B 
at which the tangent is parallel to the chord connecting points A 
and B. 

Now note the following. Since the value of c satisfies the con- 
dition a<c<.b, it follows that c—a< b—a, or 


c—a=860(b—a) 
where @ is a certain number between 0 and 1, that is, 
0<6<1 
But then 
c=a+0(b—a) 


and formula (1) may be written as follows: 
f (6)—f (a) =(6—a)f [a+ 6(6—a)], 0<6<1 (1”) 


4.3 THE GENERALIZED MEAN-VALUE THEOREM 
(CAUCHY’S THEOREM) 


Cauchy’s Theorem. /f f(x) and (x) are two functions continuous 
on an interval [a, b] and differentiable within it, and g' (x) does 
not vanish anywhere inside the interval, there will be, in |[a, b], 
a point x=c, a<c<b, such that 

f(6)—fa@) _ fo 1 
P09 @ wo) (1) 


Proof. Let us define the number Q by the equation 





_ f(6)—F (a) 

e= Fey (2) 
It will be noted that »(6)—@(a)*0, since otherwise @ (6) would 
be equal to p(a), and then, by the Rolle theorem, the derivative 
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g’ (x) would vanish in the interval; but this contradicts the sta- 
tement of the theorem. 
Let us construct an auxiliary functiofi 


F(x) =f (x)—f (a)—Q [9 (x) —9 (@)) 


It is obvious that F(a)=0 and F(b)=0 (this follows from the 
definition of the function F(x) and the definition of the number Q). 
Noting that the function F(x) satisfies all the hypotheses of the 
Rolle theorem on the interval [a, b], we conclude that there exists 
between a and b a value x=c (a<c<b) such that F’ (c)=0. 
But F’ (x) =f" (x)—Q@q’ (x), hence 

F' (c)=f' (ec) —Qq’ (c) =0 
_fo 
Q= Fe 

Substituting the value of Q into (2) we get (1). 

Note. The Cauchy theorem cannot be proved (as it might appear 
at first glance) by applying the Lagrange theorem to the nume- 
rator and denominator of the fraction 

f(6)—F (a) 
@ (6)—@ (2) 


Indeed, in this case we would (after cancelling out b—a) get the 
formula 


whence 





F(0)—Fa) _ Ff’ (en) 
p(b)—9(a) gy’ (cz) 





in which a<c, <b, a<c,<b. But since, generally, c,c,, the 
result obtained obviously does not yet yield the Cauchy theorem. 


4.4 THE LIMIT OF A RATIO OF TWO INFINITESIMALS 


(EVALUATING INDETERMINATE FORMS OF THE TYPE +) 


Let the functions f(x) and (x), on a certain interval [a, 5], 
satisfy the Cauchy theorem and vanish at the point x=a of this 
interval, f(a)=0 and g(a)=0. 


The ratio to. is not defined for x=a, but has a very definite 


meaning for values of xs4a. Hence, we can raise the question 
of searching for the limit of this ratio as x + a. Evaluating limits 
of this type is usually known as evaluating indeterminate forms 


of the type t 
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We have already encountered such problems, for instance when 
considering the limit lim su* and when finding derivatives of 


x—>0 





F ; sinx . : 
elementary functions. For x =0, the expression —— is meaningless; 


the function F (x) =*8# is not defined for x=0, but we have 


seen that the limit of the expression sins as x-> 0 exists and 
is equal to unity. 

L’Hospital’s Theorem (Rule). Let the functions f(x) and (x), 
in [a, b], satisfy the Cauchy theorem and vanish at the point x=a, 


that is, f(a)=q(a)=0; then, if the ratio an has a limit as 
f(x) 


@ (x) ’ 
: 76s lan FY 
dim oa I Fe 


Proof. On the interval [a, 6] take some point xa. Applying 
the Cauchy formula we have 
fixyy—Flay _ f'( 
P (x)—@ (a) =a0 
where & lies between a and x. But it is given that f (a) =g (a) =0, 
and so 





x—a, there also exists Niue and 











fe) _ FG) 
gx) 9 &) (1) 
If x—a, then &—<a also, since & lies between x and a. And 
if lim & ts) a: A, then lim E re exists and is equal to A. Whence 
xa? (x) Esa? y ® 
it is clear that 
f(x) F (@) fF’ ) F(x) 
eo oe Oo ee 


and, finally, 








Fe) ye Pe) 
dim oa to Gl 





Note 1. The theorem holds also for the case where the functions 
f(x) or (x) are not defined at,x=a, but 


lim f(x)=0, lim p(x) =0 
x-a xa 


In order to reduce this case to the earlier considered case, we 
redefine the functions f(x) and g(x) at the point x=a so that 
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they become continuous at the point a. To do this, it is sufficient 
to put 


F(a)= lim F(x)=0, 9(a)= dim o(x)=0 


since it is obvious that the limit of the ratio P(x) as x— a does 


not depend on whether the functions f(x) and g(x) are defined 
ut x=a. 

Note 2. If f’ (a)=q’ (a)=0 and the derivatives f’ (x) and qg’ (x) 
satisfy the conditions that were imposed by the theorem on the 
functions f(x) and g(x), then applying the I’Hospital rule to the 
rutio (| we arrive at the formula Jim Fe) — jim ® | and 

g’ (x) PO) eae @) 
sO forth, 
Note 3. If pm’ (a)=0, but f’ (x)0, then the theorem is appli- 


cable to the reciprocal ratio © ®) | Which tends to zero as xa. 











FR)’ 
Ilence, the ratio ae tends to infinity. 
Example 1. 
lim sin 5x __ lim (sin 5x)’ lim 5.cos 5x __ 5 
x+0 3x ~~ x+0 (3¢)’ “xs0 3. 3 
Example 2. 
1 
hier ity eee ay 
x70 x x—>0 1 
Example 3. 
Gln sr ee ge eee 
aro x—sinx x>o I!—cosx x20 sinx x +0 COsx 1 


Here, we had to apply the I’Hospital rule three times because the ratios of 


the first, second and third derivatives at x0 yield the indeterminate form 2. 


Note 4. The l’Hospital rule is also applicable if 
lim f(x)=0 and lim p(x)=0 
x7 @ x>@ 


Indeed, putting x = — , we see that z+ 0 as x — oo and therefore 


ee )=o lines )=0 
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o( 
ries p(t 
si 37 Jim ee ey i : 








which is what we wanted to prove. 





Example 4. 
k 1 
sin — kcos—| —-—> 
: x 2 : k 
lim = lim ———~——_“= lim kcos—=k 
x>n ft x>o@ _ ti x>o x 
x x 


4.5 THE LIMIT OF A RATIO OF TWO INFINITELY 
LARGE QUANTITIES 


(EVALUATING INDETERMINATE FORMS OF THE TYPE =) 


Let us now consider the question of the limit of a ratio of two 
functions f (x) and g (x) approaching infinity as x — a (or as x — oo). 
Theorem. Let the functions f(x) and (x) be continuous and 
differentiable for all x=4a in the neighbourhood of the point a, 
the derivative @’ (x) does not vanish; further, let 
lim f (x)= 00, lim g(x) =00 
x->-a x->2a 


and let there.be a limit 





so fi (x) 
_ingan4 o 
Then there is a limit lim F(x) and 
x->a 7 (x) 
lim © — jim FO a (2) 





x+a P(*) x>2a® (x) 


Proof. In the given neighbourhood of the point a, take two 
points a and x such that a<x<a (or a<x<a). By Cauchy’s 
theorem we have 





F(x)—f(a) _ f’'() 
@ (x)—@ (a) (c) (3) 
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where a<c< x. We transform the left side of (3) as follows: 














1 —f (2) 
F()—F(a) _ f(x) PR) (4) 
PH)—9@) PH) , (a) 
9 (x) 
From relations (3) and (4) we have 
) Ha) 
fo) _ fie 1 Fe) 
gc) P(x) »_ P(e) 
gp (x) 
Whence we find 
12%) 
f(s) _ Ff © @ (x) (5) 
g(x) gic) ,_ F(a) 
F(x) 


From condition (1) it follows that for an arbitrarily small e>0, 
a may be chosen so close to a that for all x=cwherea<c<a, 
the following inequality will be fulfilled: 





PO 
ve 4 | =e 
or 
f ©) 
A—e<ge<Ate (6) 

Let us further consider the fraction 

g(a) 

@ (x) 

— fia) 
I(x) 


Fixing a so that inequality (6) holds, we allow x to approach a. 
Since f(x) 0o and g(x)—+ 00 as x—+a, we have 





19a) 
H @ (x) =] 
hare AC a 
I(x) 


and, consequently, for the earlier chosen e >0 (for x sufficiently 
close to a) we will have 





142 Ch. 4. Some Theorems on Differentiable Functions 


or 








I—e< — 94) ctype (7) 


Multiplying together the appropriate terms of inequalities (6) and 
(7), we get 
_ (2) 


(Ae) (Ie) < F9- ay <(A +e) (+8) 








f(a) 
TF) 
or, from (5), 





(A~e) (Ie) < LE < (Ate) (1 +8) 


Since e is an arbitrarily small number for x sufficiently close to a, 
it follows from the latter inequalities that 


lim I) _4 
x >a (X) 
or, by (1), 
lim PG) 2, im EA 





x2aPl%) xsa® (*) 
which completes the proof. 
Note 1. If in condition (1) A=oo, that is, 
Fx) 
jim Fm g’ (x) 


then (2) holds in this case as well. Indeed, from the preceding 
expression it follows that 





g’ (x) 
lim Fe = =e 
Then by the theorem just proved 
gp (x) __ g’ (x) 
jt ay Gl 
whence 
lim BN a fore) 
x7a yp (x) 


Note 2. The theorem just proved is readily extended to the 


case where x — oo. If lim f(x) = 00, Jim @ (x) =00 and Jim 1 £8 
x7 @ 
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exists, then 
Fe) oe OR) 
Tio ae 





(8) 


The proof is carried out by the substitution xat, as was done 
under similar conditions in the case of the indeterminate form 
a (see Sec. 4.4, Note 4). 


0 
Example 1. 


iad , ee 
lm —= lim —-= lim —=0 
x+0% x+@ (*) Peay | 


Note 3. Once again note that formulas (2) and (8) hold only if 
the limit on the right (finite or infinite) exists. It may happen 
that the limit on the left exists while there is no limit on the 
right. To illustrate, let it be required to find 
x+sinx 

x 


lim 


This limit exists and is equal to 1. Indeed, 
F x-+sin x : sin x 
lim ae lim (1+ 7 \=1 


x>@ x>@ 





But the ratio of derivatives 


(x-+sinx)’  1+cosx _ 
a) Sp 1 + cos x 
us x—+oo does not approach any limit, it oscillates between 0 
and 2. 























Example 2. 
a+b im 2x _ 2 
xraX—d py ,em UX C 
Example 3. 
1 
tanx cos*x  ,, 1 cos? 3x , | 2-3 cos 3x sin 3x 
EM ten ae Le 2° Him sy cos? x int. 2 cos x sin x 
mao *~F cost3x  * 7 2 once 
= lim cos 3x lim sin 3x _ lim 3sin 3x (—!) _ (—!) (I) _3 
Pe: cos x n sink nm sink (I) (1) (1) 


2 nr) aaa 
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Example 4. 
im od im pet 
Generally, for any integral n > 0, 
nxn-l n(n—l)...1 





x> ow & x+O@ 


The other indeterminate forms reduce to the foregoing cases. 
These forms may be written symbolically as follows: 


(a) 0-00, (b) 0°, (c) 00°, (d) 1%, (e) co —oo 
They have the following meaning. 
(a) Let lim f(x) =0; lim @(x)=o00; it is required to find 
x-a x7-a 
tim [F(2) @ (*)] 
that is, the indeterminate form 0-oo. 


If the required expression is rewritten as follows: 


tim [fF (#) @ @)] = Jim — 





re 

or in the form 
jim [F (x) @ (x)] = lim 26) 

TF () e 

then as x—+a we obtain the indeterminate form < or = . 
Example 5. 
1 
me xeinx= Psi me. lim . =-— lim “26 
+0 -~0 / x>0 fh xc>o 7 
xn ati 

(b) Let 


lim f(x) =0, lim g(x) =0 
x7~a 


x-a 


it is required to find 


lim (F G9] 


or, aS we say, to evaluate the indeterminate form 0°. 


Putting 
y=([F()]*™ 
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tuke logarithms of both sides of the equation: 
Iny=9 (x) [Inf (2)] 

As x—+a we obtain (on the right) the indeterminate form 0-0. 
inding lim Iny, it is easy to get lim y. Indeed, by virtue of the 
continuity of the logarithmic function, lim Iny=In lim y and if 
In lim y=6, it is obvious that lim y=e. If, in particular, b=-+00 
jf e602 then we will have liny = + oo or 0, respectively. 

Example 6. It is required to find ain x*. Putting y=x* we find Inlimy = 
=— Nim In y=lim In (x*) = lim (x In x); 

1 


lim (x In x)= lim any = lim —~~=~— lim x=-0 
x70 x70 2 zoo td x—> 
x x? 


Consequently, In lim y=0, whence lim y=e%=1, or 


lim x* = | 
io 


The technique is similar for finding limits in other cases. 


4.6 TAYLOR’S FORMULA 


Let us assume that the function y=f(x) has all derivatives up 
to the (n+ 1)th order, inclusive, in some interval containing the 
point x=a. Let us find a polynomial y=P,(x) of degree not 
ubove n, the value of which at -x—a is equal to the value of the 
function f(x) at this point, and the values of its derivatives up 
to the nth order at x =a are equal to the values of the correspond- 
ing derivatives of the function f(x) at this point: 


P, (a) =f (a), P, (a= (a), Pr(ay=f'(a), soe Py (a= —™ (a) (1) 


It is natural to expect that, in a certain sense, such a polynomial 
is “close” to the function f(x). 
Let us look for this polynomial in the form of a polynomial in 
powers of (x—a) with undetermined coefficients: 
P,,(x) = C,+C, (x—a)+C, (x—a)? + C, (x —a)?® 
+...+C,(x—a)" (2) 


We define the undetermined coefficients C,, C,, ..., C, so that 
conditions (1) are satisfied, 


10 2081 
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Let us first find the derivatives of P,, (x): 
Pi, (x) =C, + 2C, (x— a) + 3C, (x—a)?+ ...+nC,(x—a)"-} | 
Pa(x) = 2-10, 4 3-2C, (x—a) +... +n (n—1)C, (x—a)"-? 


a cS i i 


PO (x) = n(n—l)... 2-1-C, 


Substituting, into the left and right sides of (2) and (3), the 
value of a in place of x and replacing, by (1), P,(a) by f(a), 
P,(a) =f" (a), etc., we get 

f(ay=C, 

f (a=C, 

f" (a)==2-1C, 
f(a) =3.-2-1C, 


es 


fo (a)=n(n—1)(n—2) ... 2-1C, 
whence we find 
C='@. G=/@, G= hf, | 


‘ 1 (4) 
C, =—al (a), sey C.=TS =. = Ff (a) ) , 





Substituting into (2) the values of C,, C,, ..., C, that have been 
found, we get the required polynomial: 


Pa (x)= f(a) +22 Ff (a) + SS pr 4 SSE Pra 
+... +2" jo (5) 


Designate by R,,(x) the difference between the values of the given 
function f (x) and the constructed polynomial P,(x) (Fig. 96): 


R,, (x) = eo f(x)—P, (x) 
whence 


FX) =P, (x) + Ry (2) 
or, in expanded form, 
Fo) =Fa@ +2527 @+25% ra) 
+... +20 fom ay +R, (x) (6) 
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R,, (x) is called the remainder. For those 4 
values of x, for which the remainder 
R,(x) is small, the polynomial P, (x) 
yields an approximate representation of ° 
the function f (x). 

Thus, formula (6) enables one to rep- 
lace the function y=f(x) by the poly- 
nomial y =P, (x) to an appropriate deg- 
ree of accuracy equal to the value of ° 
the remainder R,, (x). 

Our next problem is to evaluate the 
quantity R, (x) for various values of x. 





Let us write the remainder in the form Fig. 96 
— (x—a)ntt 
R, (x) a (a+ Q (x) (7) 


where Q(x) is a certain function to be defined, and accordingly 
rewrite (6): 


fx) =Fa) +252 F @t+ 25" rr@ 
$e. $F pom (a) + FP Q(x) ) 


For fixed x and a, the function Q(x) has a definite value; denote 
it by Q. 

Let us further examine the auxiliary function of ¢ (¢ lying between 
a and x): 


FQ) =fo)—h) 7 M—S5* rio 


(x—12)" oy (x—t)n+} 
ar I O—“Gar @ 


where Q has the value defined by the relation (6’); here we con- 
sider a and x to be definite numbers. 
We find the derivative F’ (): 
’ ’ , —t own 2(x—t) on 
FQ=—f O+F OP O47 Pwo 


Be eet aa — p(t) aA eld fm (t) 


—t 1) (x—t)" 
eae Ot ae? 


or, on cancelling, 
Fr (1) = — 25 pot (1) 4 SEQ (8) 


fa 
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Thus, the function F(t) has a derivative at all points ¢ lying near 
the point with abscissa a(axt<x when a<x and apit>x 
when a > x). 

It will further be noted that, on the basis of (6’), 


F(x)=0, F(a)= 


Therefore, the Rolle theorem is applicable to the function F (t) 
and, consequently, there exists a value ¢=&§ lying between a and 
x such that F’ (§)=0. Whence, on the basis of relation (8), we get 


— £8" port (E) ey Q=0 


and from this 


Q=frr &) 


Substituting this expression into (7), we get 


R, (*) = SoS prem 8) 


This is the so-called Lagrange form of the remainder. 
Since — lies between x and a, it may be represented in the form * 


—&=a+0(x—a) 
where 6 is a number lying between 0 and 1, that is, O<@0< 1; 
then the formula of the remainder takes the form 


R, (x) = SAP fon [at 6 (x—a)] 


The formula 














F=f@t+5tr@+S*re@r+. 
ie sna fom a Renae f"*) [a+0(x—a)] (9) 


is called Taylor’s formula of the function f (x). 
If in the Taylor formula we put a=0 we will have 


Fe) =FO+TF O+FF 0+. 
+h (0) + — f+) (Ox) (10) 


where 6 lies between 0 and 1. This special case of the Taylor for- 
mula is sometimes called Maclaurin’s formula. 





* See end of Sec. 4.2. 
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4.7 EXPANSION OF THE FUNCTIONS e*, sin x, 
AND cosx IN A TAYLOR SERIES 


1. Expansion of the function f (x)= e*. Finding the successive 
derivatives of f(x), we have 


f(x)=e*, F(0)=1 
P@=e, fF O)=1 
fm (ayer, FO (0) =I 
Substituting the expressions obtained into formula (10) (Sec. 4.6), 
we get 


2 n+l 
eal T+ Ftge. tet aye 0<0<! 


If |x|<1, then, taking n=8, we obtain an estimate of the 
remainder: 


Ry< G3 < 10-* 
For x = 1 we get a formula that permits approximating the number e: 
1 
e=Itltatat... +e 


Calculating to the sixth decimal place,* and then rounding to five 
decimals, we have 
e = 2.71828 


Here the error does not exceed 2, or 0.00001. 
Observe that no matter what x is, the remainder 


R, = 


ntl 
(n+)! 
Indeed, since 80< 1, the quantity e* for fixed x is bounded (it 


is less than e* for x >0 and less than 1 for x < 0). 
We shall prove that, no matter what the fixed number x, 


e*—.Q as n—oco 


ntl 0 
Gait aS n-—+oo 
Indeed, 
| ee eg 
(at+It}o ofl 2 3°°' an nti 





* Otherwise the overall rounding error may considerably exceed Ry (for 
Instance, for 10 terms, this error can exceed 5-10-5). 
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If x is a fixed number, there will be a positive integer N such 


that 
Ix|<M 


We introduce the notation 1 Lg; then, noting that0<qg<l, 


we can write for n=N+1, N+2, N+3, etc. 
ntl 
(a+ Dt 

x x x x x 
$l. -|aal- lz n+I 


3 
x xN-1 n= 
Sa 3 Ne Fee es ae 














at ae Tas 
































n 


for the reason that 














x x x 
lw =, woi|<% sey wul<¢ 
But SS is a constant quantity; that is to say, it is independ- 
ent of n, while g"-"*? approaches zero as n—+oo. And so 
"s ant. 
Pe Gee? (1) 


nF 
Consequently, R, (x) =e" or also approaches zero as n approa- 
ches infinity. 

From the foregoing it follows that for any x (if a sufficient 
number of terms is taken) we can evaluate e* to any degree of 
accuracy. 

2. Expansion of the function f(x)==sinx. Wefind the succes- 
sive derivatives of f(x)=sinx: 


f(x) =sinx f(0)=0 

f’ (x) =cosx=sin(x+), f’ (0)=1 

f" (x) =—sinx=sin(x+24), f’(0)=0 
f’”’ («) = —cosx = sin («+ 34) ; f’’ (0)=—1 
PY (x) =sinx=sin(x+43), f'’ (0) =0. 
f (x) = sin (x+n$) ; f (0) =sin ny 


fet (x) = sin (++ (n+ 1)$) , fet (—) =sin [E+ + 1) 3| 
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Substituting the values obtained into (10), Sec. 4.6, we get an 
expansion of the function f(x)=sinx by the Taylor formula: 


5 n n+. . 
sinx=x—Z+2—.. +5 sinn 5 +255 sin [e+ +05] 
Since |sin [e+@+5| |<1, we have lim R,(x)=0 for all 

values of x. 


Let us apply the formula in order to approximate sin 20°. Put 
n -3, thus restricting ourselves to the first two terms of the 
«x pansion: 


A o_ gj 1 /n\3_ 
sin 20 =sin$ ~3—3(F) = 0.342 
Let us estimate the error, which is equal to the remainder: 
ac} 4] 
[Ral=|(Z)' qin E+ 20) | <(Z)' q ~ 0.00062 < 0.001 


Hence, the error is less than 0.001, and so sin 20°=0.342 to 
(hiree places of decimals. 








| 
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\ 
\ 
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\ 
\ 
\ 
\ 
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Fig. 97 


Fig. 97 shows the graphs of the function f(x)=sinx and the 

first three approximations: S, (x) =x, S, (x) =*x—F, S, (x) =x— 
xd 

“ay Dr 


3. Expansion of the function f(+*)==cosx. Finding the values 
of the successive derivatives for x=0 of the function f(x) =cosx 
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and substituting them into the Maclaurin formula, we get the 
expansion 


cosx=1—F4+F—...+Fcos (nF) +A cos [E+ (n +1) F] 


n! 


IS1<I|+| 


Here again, lim R,(x)=0 for all values of x. 
nro 


Exercises on Chapter 4 


Verify the truth of Rolle’s theorem for the functions: 1. y=x?—3x-+2 on 
the interval [1, 2]. 2. y=x°-+5x?—6x on the interval (0, 1]. 3. y=(x—1) x 
xX (“—2) (x—3) on the interval [1, 3]. 4. y=sin® x on the interval [0, x]. 

5. The function f (x)= 4x®-+ x2—4x—1 has roots I and —1. Find the root 
of the derivative f’ (x) mentioned in Rolle’s theorem. 


6. Verify that between the roots of the function y=j/x*— 5x-+6 lies the 
root of its derivative. 
7. Verify the truth of Rolle’s theorem for the function y= cos? x on the 


: n 1 
interval |-7 is er . 


8. The function yay x* becomes zero at the end points of the inter- 
val [—1, 1]. Make it clear that the derivative of this function does not vanish 
anywhere in the interval (—1, 1). Explain why Rolle’s theorem is not appli- 
cable here. 

9. Form Lagrange’s formula for the function y=sinx on the interval 
[%1, Xg]. Ans. sin xg—sin x1 =(%,—%) COSC, X1 < C < Xs. 

10. Verify the truth of the Lagrange formula for the function y=2x—.x? 
on the interval [0, 1]. 

11. At what point is the tangent to the curve y=x" parallel to the chord 
from point M,(0, 0) to M,(a, a”)? Ans. At the point with abscissa 

a 


c= ca Var . 
n 
12. At what point is the tangent to the curve y=Inx parallel to the chord 
linking the points M,(1, 0) and M,(e, 1)? Ams. At the point with abscissa 
c=e—l. 
Applying the Lagrange theorem, prove the inequalities: 13. e*>1-++x. 
14. In(1-+x) < x (x > 0). 15. 6"—a" < nb"-1(b—a) for (6 > a). 16. arctanx < x. 
17. Write the Cauchy formula for the functions f (x)=x?, (x)=. on the 


interval [l, 2]and finde. Ans. ext. 


Evaluate the following limits: 


— > a. Do, 2 —— 
18, im 2! Ans. 4. 19, tim AP | Ans. 2.20. tim BLAX* Ans. 2. 
xo 1 "1 n x>0 Sink x-o9%— SiN x 
ae i 
21. lim ——. Ans. —2. 22, lim ——!"*__. Ans. There is no limit 
x0 COS X— x+0 V l—cos x 
= 7 _ Insin x 
2 0, — yp2 —0). s —_——. _——=—. 
(V2 as x—>+ V2 as x—+—0). 23. lim mors Ans. —= 


x 
ae 
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a* —b* x— arcsin x ! 

ee ; singx =" . 6° 

96. lim sin x—sin a ; : e¥+sin y—1 
xa x—a yo>0 In (I +y) 


x st —— 
28. lim er sire Ans. >. 29. lim ——. Ans. —. 30. lim ar 


+30 3x?2-+ x6 
In (142) ina 
(where n > 0). Ans. 0. 31. lim fas era ; ; ; : ee 
x>oo afctanx x0 In x—1l 


24. lim Ans. I\n 


o|8 











Ans. —1. 38. lim 4. Ans. 0 for a>0, @ for 20.34. lim & 
yot+oa X>+ oO 
In sin 3x In tan 7x 
Aas ! Sai a In sin x ans Sea baat In tan 2x Ange A 


bs In (x—1)—x ; Ld 





Ans. 0. 38. lim (1—.) tan Ans. 2. 
xi nm 


39. lim Pi meeee . Ans. —=. 40. lim esate . Ans. —I. 
xe—1 x—1 Inx Inx 





41. lim (sec q—tan g). Ans. 0. 42. lim [ z a] 4" 143, lim x cot 2x. 
3 x7! 2 x 20 

ers 

zl 

Ans. +. 44. lim xe". 


: Ans, . 45. lim x * Ans. 4 46. lim 9/2. Ans. 1. 


x70 xl t>a 


1 
; aL 
47. lim (+) an* Ans. 1. 48. lim (42)F. Ans. e. 49. lim (cot x)!"*, 
/ 


x0 XD x70 


a m qg>0 @ 
prea 


2 


x 1 
—-x : pias 
Ans. 2. 80 tim (cosx)?  . Ans. 1. 51. lim (=2)". Ans. es 
e ye 


mx tan > 1 
62. lim (tan =) . Ans. >: 53. Expand, in powers of x—2, the polyno- 
x71 
mial x4—5x845x9+x4+2. Ans. —7 (x—2)—(x—2)®4 3(x—2)8 + (x—2)4. 
84. Expand, in powers of x-+1, the polynomial x5-+ 2x4—x?+x-+1. Ans. 
(x + 1)?+-2 (x-+ 1)8—3 (x+1)4+(4-+1)5. 55. Write Taylor’s formula for the 
x—l 1 (x—1)? 1 


function y= Wx when a=1, n=3. Ans. Ve=14+——: maa Emu te 
7 


~e ; 
+a SO a Tg ee ’ 0< 6< 1. 56. Write the Mac- 
laurin formula for the function y= VY 1-++-x when n=2. Ans. V1+x=1+ 
+ sing e+ # s- 0<6< 1. 57. Using the results of the preced- 
16 (1-+.0x) 2 
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ing exercise, estimate the error of the approximate equation V1l+x x 
& ly ga digs when x=0.2. Ans. Less than 


8 2-103" 
Determine the origin of the approximate equations for small values of x 
and estimate the errors of these equations: 58. Incosx w—5—5. 


58. tanx = ta 60. arcsin x= += - 61. arctanx = x2. 


i —— iy a e+e. 63. In (x+ VI) w xt OP 


iene Taylor’s formula, compute the limits of the following expressions: 





— ¢j 2 —sin2 
64, tim —2—S* ans. 1.65. tim Hsin Ans 9, 
x0 opx_ jy x0 l—e-* 
46. lim 2(tanx—sin )— ans | 67, tim [--# In (14) ]. Ans. 0. 
x7+0 7 40 x0 ha 
fl cotx 1 l 2 
ae ee a ie | oe 2 
68. dim (33 : Ve Ans. =. 69. nt. (3 cot ). Ans. =. 


CHAPTER 5 


INVESTIGATING THE BEHAVIOUR OF FUNCTIONS 


5.1. STATEMENT OF THE PROBLEM 


A study of the quantitative aspect of natural phenomena leads 
fo the establishment and study of functional relations between the 
variables involved. If such a functional relationship can be expressed 
analytically, that is, in the form of one or more formulas, we are 
then in a position to investigate it with the tools of mathematical 
analysis. For instance, a study of the flight of a shell in empty 
space yields a formula that gives the dependence of the range R 
upon the angle of elevation @ and the initial velocity v,: 


vé sin 2a 
Wes g 
(g is the acceleration of gravity). 

With this formula we can determine at what angle a the range 
R will be greatest, or least, and what the conditions must be for 
the range to increase as the angle a is increased, etc. 

Let us consider another instance. Studies of oscillations of a load 
on a spring (of a railway car or automobile) yielded a formula 
showing how the deviation y of the load from a position of equi- 
librium depends on the time ?: 


y=e-*t(Acosot+ Bsinot) 


lor a given oscillatory system the quantities k, A, B, that enter 
into this formula have a very definite meaning (they depend upon 
{he elasticity of the spring, the load, etc., but do not change 
with time ¢) and for this reason are considered constant. 

On the basis of this formula we can find out at what values of 
( the deviation y will increase with increasing ¢, how the maximum 
deviation varies as a function of time, for what values of ¢ we 
observe these maximum deviations, for what Values of ¢ we obtain 
maximum velocities of motion of the load, and a number of other 
things. 

All these questions are embraced by the concept “investigating 
(he behaviour of a function”. It is obviously very difficult to de- 
termine all these questions by calculating the values of a function 
wt specific points (like we did in Chapter 2). The purpose of this 
chapter is to establish more general techniques for investigating 
the behaviour of functions. 
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5.2 INCREASE AND DECREASE OF A FUNCTION 


In Sec. 1.6 we gave a definition of an increasing and a decrea- 
sing function. We will now apply the concept of the derivative 
to investigate the increase and decrease of a function. 

Theorem. (1) /f a function f(x), which has a derivative on an 
interval [a, b], increases on this interval, then its derivative on 
a, b] is not negative, that is, f’ (x) >0. 

(2) If the function f(x) is continuous on the interval [a, b] and 
is differentiable on (a, b), where f’ (x) >0 fora<x<b, then the 
function increases on the interval [a, b]. 

Proof. We start by proving the first part of the theorem. Let 
f (x) increase on the interval [a, 6]. Increase the argument x by Ax 
and consider the ratio 


ee eel (1) 


Since f(x) is an increasing function, 


f (x+Ax) > f(x) for Axr>0 
d 
. f(e+ Ax) < f(x) for Ax<0 


In both cases 
Heras! (x) > 0 (2) 


and consequently 
tay E(x + 4x)—F (x) 
1 ea 

which means f’ (x) >0, which is what we set out to prove. [If we 
chad f' (x) <0, then for sufficiently small values of Ax, ratio (1) 
would be negative, but this would contradict relation (2).] 

Let us now prove the second part of the theorem. Let f’ (x) >0 
for all values of x on the interval (a, b). 
“I us consider any two values x, and x,, x, << x,, on the interval 
a, 5}. 

By Lagrange’s mean-value theorem we have 


f(s) —F (4) =F (8) (42-4), 4 SE <x, 


It is given that f’ (E) > 0, hence f (x,) —f(x,) > 0, and this means 
that f(x) is an increasing function. 

There is a similar theorem for a decreasing (differentiable) 
function as well, namely: 

If f (x) decreases on an interval [a, b], then f’ (x) <0 on this 
interval. If f’ (x) <0 on (a, 6), then f(x) decreases on [a, b]. [Of 
course, we again assume that the function is continuous at all 
points of [a, 6] and is differentiable everywhere on (a, 6).] 
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Note. The foregoing theorem expresses the following geometric 
fact. If on an interval [a, 6] a function f(x) increases, then the 
(ungent to the curve y=f (x) at each point on this interval forms 
an acute angle @ with the x-axis or (at certain points) is horizontal, 
the tangent of this angle is not negative: f’ (x) = tang > 0 (Fig. 98a). 
If the function f(x) decreases on the interval [a, 6], then the angle 
of inclination of the tangent line forms an obtuse angle (or, at some 





Fig. 98 


wints, the tangent line is horizontal): the tangent of this angle 
s not positive (Fig. 985). We can illustrate the second part of the 
(theorem in similar fashion. This theorem permits judging the increase 
or decrease of a function by the sign of its derivative. 


Example. Determine the domains of increase and decrease of the function 
y=x4 

Solution. The derivative is equal to 
y’ =43 


For x > 0 we have y’ > 0 and the function increases; for x < 0 we have y’ <0 
and the function decreases (Fig. 99). 


5.8 MAXIMA AND MINIMA OF FUNCTIONS 


Definition of a maximum. A function f(x) has a maximum at 
the point x, if the value of the function f(x) at the point x, is 
greater than its values at all points of a certain interval containing 
the point x,. In other words, the function f(x) has a maximum 
when x =x, if f(x,+Ax) < f(x,) for any Ax (positive and negative) 
(hat are sufficiently small in absolute value.* 


* This definition is sometimes formulated as follows: a function f(x) has 
a maximum at x, if it is possible to find a neighbourhood (a, B) of x, (a < x, < p) 
auch that for all ae of this neighbourhood different from x, the inequality 
[ (x) < f(x.) is fulfilled. 
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For example, the function y=f(x), whose graph is given in 
Fig. 100, has a maximum at x= x,. 
Definition of a minimum. A function f(x) has a minimum at 


£=x, if 
f(%,+ Ax) > f(x) 


for any Ax oe and negative) that are sufficiently small in 
absolute value (Fig. 

For instance, the TuEUSR y=x* considered at the end of the 
preceding section (see Fig. 99) has a minimum for x=0, since 
y=0 when x=0 and y>0 for all other values of x. 


Ola a, x, Zs bt 
Fig. 99 Fig. 100 





In connection with the definitions of maximum and minimum, 
note the following. 

1. A function defined on an interval can reach maximum and 
minimum values only for values of x that lie within the given 
interval. 

2. One should not think that the maximum and minimum of a 
function are its respective largest and smallest values over a given 
interval: at a point of maximum, a function has the largest value 
only in comparison with those values that it has at all points 
sufficiently close to the point of maximum, and the smallest value 
only in comparison with those that it has at all points suf ficiently 
close to the minimum point. 

To illustrate, take Fig. 101. Here is a function, defined on the 
interval [a, 6], which 

at x=x, and x=x, has a maximum, 

at x =x, and x=x, has a minimum, 
but the minimum of the function at x=x, is greater than the 
maximum of the function at x=x,. At x=b, the value of the 
function is greater than any maximum of the function on the interval 
under consideration. 
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The generic terms for maxima and minima of a function are 
extremum (pl. extrema) or extreme values of the function. 

To some extent, the extrema of a function and their positions 
on the interval [a, 6] characterize the variation of the function 
versus changes in the argument. y 

Below we give a method for 
finding extrema. 

Theorem 1. (A necessary condi- 
tion for the existence of an extre- 
mum). /f at a point x=x, a 
differentiable function y=f (x) 
has a maximum or minimum, its 
derivative vanishes at this point: 


f (x,) =0. : 0 a 
Proof. For definiteness, let us az; t, %Iyt, 4 
ussume that at the point x= x, Fig. 101 


the function has a maximum. 
Then, for sufficiently small (in absolute value) increments 
Ax (Ax 40) we have 


f(%,+ Ax) < f (4) 
that is, 
f (x, + Ax) —f (x) < 0 
But in this case the sign of the ratio 
f(x, Ax) —f (x1) 


Ax 
is determined by the sign of Ax, namely: 


Harad—ley s 9 when Ax <0 


Paras) 1 (a) <0 when Ax>0 
By the definition of a derivative we have 
, 2 li f (x; + Ax)—f (x) 
i (4) ene Ax 
If f(x,) has a derivative at x= -x,, the limit on the right is 
independent of how Ax approaches zero (remaining positive or ne- 


gative). 
But if Ax—-0 and remains negative, then 


F (x,) 20 


But if Ax—+0 and remains positive, then 
fF (41) <0 
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Since f’ (x,) is a definite number that is independent of the way 
in which Ax approaches zero, the latter two inequalities are con- 
sistent only if 

P (%,) =0 


The proof is similar for the case of a minimum of a function. 
Corresponding to this theorem is the following obvious geometric 
fact: if at points of maximum and minimum, a function f(x) has 
a derivative, the tangent line to the curve 
y=f (x) at each point is parallel to the x-axis. 
Indeed, from the fact that f’ (x,)=tang=0, 
where @ is the angle between the tangent line 
and the x-axis, it follows that p=0 (Fig. 100). 
From Theorem | it follows immediately that 
if for all considered values of the argument x the 
function f(x) has a derivative, then it can have 
an extremum (maximum or minimum) only at 
those values for which the derivative vanishes. The 
converse does not hold: it cannot be said that 
there definitely exists a maximum or minimum ‘for 
every value at which the derivative vanishes. For 
instance, in Fig. 100 we have a function for 
Fig. 102 which the derivative at x=x, vanishes (the 
tangent line is horizontal), yet the function at 

this point is neither a maximum nor a minimum. 
In exactly the same way, the function y= x3 (Fig. 102) at x=0 

has a derivative equal to zero: 


(Y’)x=0 = (3x?) 29 =0 


but at this point the function has neither a maximum nor a mini- 
mum. Indeed, no matter how close the point x is to O, we will 
always have 





x8 <0 when x <0 
and 
x® >0 when x >0 


We have investigated the case where a function has a derivative 
at all points on some closed interval. Now what about those points 
at which there is no derivative? The following examples will show 
that at these points there can only be a maximum or a minimum, 
but there may not be either one or the other. 


Example 1. The function y=|.x| has no derivative at the point x=0 (at this 
point the curve does not have a definite tangent line), but the function has a 
minimum at this point: y=0O when x=0, whereas for any other point x diffe- 
rent from zero we have y > 0 (Fig. 103). 
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RE 


3/2 
Example 2. The function y= lices) has no derivative at x=0, since 
2 | 1 


3 
vos 1—x3 ay becomes infinite at x0, but the function has 


u maximum at this point: f (0)=1, f(x) < 1 for x different from zero (Fig. 104). 


Example 3. The function y=// * has no derivative at x=0 (y’ —> 0 as 
x—+ 0). At this point the function has neither a maximum nor a minimum: 
f(0)==0, F(x) <0 for x <0, f(x) > 0 for x > 0 (Fig. 105). 

y 





0 
Fig. 103 Fig. 104 


Thus, a function can have an extremum only in two cases: either 
at points where the derivative exists and is zero, or at points where 
the derivative does not exist. y 

It must be noted that if the de- 
rivative does not exist at some 
point (but exists at nearby points), 
then at this point the derivative 
is discontinuous. = 

The values of the argument for 
which the derivative vanishes or 
is discontinuous are called critical Fig. 105 
points or critical values. 

From what has been said it follows that not for every critical 
value does a function have a maximum or a minimum. However, 
if at some point the function attains a maximum or a minimum, 
this point is definitely critical. And so to find the extrema of a 
function do as follows: find all the critical points, and then, in- 
vestigating separately each critical point, find out whether the 
function will have a maximum or a minimum at that point, or 
whether there will be neither maximum nor minimum. 

Investigation of a function at critical points is based on the 
following theorem. 

Theorem 2. (Sufficient conditions for the existence of an extre- 
mum). Let there be a function f(x) continuous on some interval 
containing a critical point x, and differentiable at all points of the 
interval (with the exception, possibly, of the point x, itself). If in 
moving from left to right through this point the derivative changes 
sign from plus to minus, then at x =x, the function has a maximum. 


y= Va 
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But if in moving through the point x, from left to right the derivative 
changes sign from minus to plus, the function has a minimum at 
this point. 
And so 
if (a) { f’ (x) > 0 when x< x, 
f’ (x) <0 when x > x, 
then at x, the function has a maximum; 
if (b) \ P (x) <0 when x< x, 
f’ (x) > 0 when x >x, 
then at x, the function has a minimum. Note here that the con- 
ditions (a) or (b) must be fulfilled for all values of x that are 
sufficiently close to x,, that is, at all points of some sufficiently 
small neighbourhood of the critical point x,. 
Proof. Let us first assume that the derivative changes sign from 


plus to minus, in other words, that for all x sufficiently close to 
x, we have 


f’ (x) > 0 when x < x, 
f’ (x) <0 when x > x, 


Applying the Lagrange theorem to the difference f (x)—f (%,) 
we have 
F(x)—f (4) =F (&) (*—%,) 


where & is a point lying between x and x,. 
(1) Let x< x,; then 
E<x, /()>0, fF E)(x—x4) <0 
and, consequently, 
F(x)—f (4) <0 
or 
f(x) < f (*) (1) 
(2) Let x >-x,; then 
E>x, (EE) <0, Ff (8) (*—%,) <0 
and, consequently, 


f(x)—f(%4,) <0 
F(x) < F(x) (2) 


The relations (1) and (2) show that for all values of x sufficiently 
close to x, the values of the function are less than those at x,. 
Hence, the function f(x) has a maximum at the point x,. 


or 
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The second part of the theorem on the sufficient condition for 
a minimum is proved in similar fashion. 

Fig. 106 illustrates the meaning of Theorem 2. 

At x=x,, suppose f’ (x,)=0 and let the following inequalities 
be fulfilled for all x sufficiently close to x,: 


f’ (x) > 0 when x < x, 
f’ (x) <0 when x> x, 


Then for x< x, the tangent to the curve forms with the x-axis 
an acute angle, and the function increases, but for x > x, the 
tangent forms with the x-axis an obtuse angle, and the function 
decreases; at x =x, the function passes from increasing to decrea- 
sing values, which means it has a 


maximum. y 
If at x, we have f’ (x,)=0 and 
for all values of x sufficiently close 
to x, the following inequalities 
hold: 
f’ (x) <0 when x< x, 
f’ (x) > 0 when x > x, IyO/ Iz Zy =f 
then at x< x, the tangent to the Fig. 106 


curve forms with the x-axis an 
obtuse angle, the function decreases, and at x >-x, the tangent 
to the curve forms an acute angle, and the function increases. 
At x=x, the function passes from decreasing to increasing values, 
which means it has a minimum. 

If at x=x, we have f’ (x,)=0 and for all values of x sufficiently 
close to x, the following inequalities hold: 


f’ (x) > 0 when x< x, 
i’ (x) >0 when x>x, 


then the function increases both for x< x, and for x >x,. There- 
fore, at x=x, the function has neither a maximum nor a mini- 
mum. Such is the case with the function y=x? at x=0. 

Indeed, the derivative y’ = 3x?, hence, 


(y')x=0 = 0 
(y’)zx<0 >0 
(y’)x>0 >0 


and this means that at x =O the function has neither a maximum 
nor a minimum (see Fig. 102). 
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5.4 TESTING A DIFFERENTIABLE FUNCTION FOR MAXIMUM 
AND MINIMUM WITH A FIRST DERIVATIVE 


The preceding section permits us to formulate a rule for testing 
a differentiable function, y=f(x), for maximum and minimum. 

1. Find the first derivative of the function, i.e., f’ (x). 

2. Find the critical values of the argument x; to do this: 

(a) equate the first derivative to zero and find the real roots of 
the equation f’ (x) =0 obtained; 

(b) find the values of x at which the derivative f’ (x) becomes 
discontinuous. 

3. Investigate the sign of the derivative on the left and right 
of the critical point. Since the sign of the derivative remains 
constant on the interval between two critical points, it is sufficient, 
for investigating the sign of the derivative on the left and right 
of, say, the critical point x, (Fig. 106), to determine the sign of 
the derivative at the points a and B(x,<a<x,, y1<B<x,, 
where x, and x, are the closest critical points). 

4. Evaluate the function f(x) for every critical value of the 
argument. 

This gives us the following diagram of possible cases: 


Signs of derivative /’ (x) when passing through 
critical point x4: Character of critical point 


x=X, 


f (x) =0 or is discon- Maximum point 
tinuous 


f (x,)=0 or is disconti- Minimum point 
nuous 


f' (x1)=0 or is disconti- Neither maximum nor 
nuous minimum (function increa- 
ses) 


fF (%:)=0 or is disconti- Neither maximum nor 
_nuous minimum (function dec- 
reases) 





Example 1. Test the following function for maximum and minimum: 
y = oe 34 1 


Solution, |. Find the first derivative: 
y =x? -4x43 
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2. Find the real roots of the derivative: 
xi—4x+3=0 

Consequently, * 
xX=1, x,=3 


The derivative is everywhere continuous and so there are no other critical 
points. 


3. Investigate the critical values and record the results in Fig. 107. 
Investigate the first critical point x,=1. Since y’ =(x—1) (x—3), 


for x <1 we have y’=(—)-(—) >0 
for x > 1 we have y’=(+)-(—) <0 
Thus, when passing (from left to right) through the value x,=—1 the deri- 


vative changes sign from plus to minus. Hence, at x=1 the function has a 
maximum, namely, 


7 
(Ysa z 


Investigate the second critical point x,=3: 
when x <3 we have y’=(+)-(—) <0 
when x >3 we have g’=(-+):-(4-) >0 
Thus, when passing through the value x==3 the derivative changes sign 
from minus to plus. Therefore, at x=3 the function has a minimum, namely: 
(Y)xo3= 1 


This investigation yields the graph of the 
function (Fig. 107). 





Fig. 107 Fig. 108 


Example 2, Test for maximum and minimum the function 


y=(x— 1) jf 
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Solution. 1. Find the first derivative: 
j ae tee 2(x—t) 5x2 


3j/x = i/* 
2. Find the critical values of the argument: (a) find the points at which 
the derivative vanishes: 





(b) find the points at which the derivative becomes discontinuous (in this 
instance, it becomes infinite). Obviously, that point is ; 


x¥,3=0 
(It will be noted that for x,=0 the function is defined and continuous.) 


There are no other critical points. 
3. Investigate the character of the critical points obtained. Investigate the 


point a= s- Noting that 
(y’) 4 <9% (y’) 4 >0 
arg aa a 


we conclude that at cs the function has a minimum. The value of the 
function at the minimum point is 


0.4-(3-") VEE 


Investigate the second ie point x=0. Noting that 
Ye<o>% Wes 9 <9 


we conclude that at «=O the function has a maximum, and (y),.9=0. The 
graph of the investigated function is shown in Fig. 108. 


5.5 TESTING A FUNCTION FOR MAXIMUM 
AND MINIMUM WITH A SECOND DERIVATIVE 


Let the derivative of the function y=f (x) vanish at x=~x,; we 
have f’ (x,)=0. Also, let the second derivative f’(x) exist and be 
continuous in some neighbourhood of the point x,. Then the fol- 
lowing theorem holds. 

Theorem. Let f’ (x,)=0; then at x=, the ee has a maxi- 
mum if f"(x,)<0, and a minimum if f" (x,) > 

Proof. Let us first prove the first part of reg theorem. Let 


f’ (x) =0 and f"(x,) <0 


Since it is given that f’(x) is continuous in some small interval 
about the point x= .x,, there will obviously be some small closed 
interval about the point x=x,, at all points of which the second 
derivative f’ (x) will be negative. 
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Since f(x) is the first derivative of the first derivative, /” (x)= 
-.(f’ (x))’, it follows from the condition (f’ (x))’ <0 that f’ (x) 
decreases on the closed interval containing x= x, (Sec. 5.2). But 
[' (x,)=0, and so on this interval we have f’ (x) >0 when x<x,, 
und when x > x, we have f’ (x)< 0; in other words, the deriva- 
tive f’ (x) changes sign from plus to minus when passing through 
the point x=.x,, and this means that at the point x, the function 
[(x) has a maximum. The first part of the theorem is proved. 

The second part of the theorem is proved in similar fashion: 
if f”(x,) >0, then f’(x) >0 at all points of some closed interval 
ubout the point x,, but then on this interval f” (x) =(f' (x))’ >0 
und, hence, f’ (x) increases. Since f’(x,)=0 the derivative f’ (x) 
changes sign from minus to plus when passing through the point 
x, i.e., the function f(x) has a minimum at x= x,. 

If at the critical point f’(x,)=0, then at this point there may 
be either a maximum or a minimum or neither maximum nor 
minimum. In this case, investigate by the first method (see Sec. 5.4). 

The scheme for investigating extrema with a second derivative 
is shown in the following table. 


I (x4) I” (%4) Character of critical point 


Maximum point 
Minimum point 
Unknown 





Example 1. Examine the following function for maximum and minimum 
y=2sin x-+cos 2x 


Solution. Since the function is periodic with period 2n, it is sufficient to 
Hertel the function in the interval [0, 27}. 
1. Find the derivative: 


y’ =2 cos x—2 sin 2x=2 (cos x—2 sin x cos x) =2 cos x (1—2 sin x) 
2. Find the critical values of the argument: 
2 cos x(1—2 sin x) =0 


A n 5x 3x 
A= Gi BaTi BMH Ma 


3. Find the second derivative: 
y” =—2 sin x—4 cos 2x 


4. Investigate the character of each critical point: 
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F 1 5 
Hence, at the point x,=-—~ we have a maximum: 


6 
1,1 3 
() a=? sty=7 
6 
Further, 
(y") 9 =—2-144-1=2>0 
Saar 
And so at the point =F we have a minimum: 
(y) _ =2-1—-1=!1 
5 se 
At r= we have 
I 1 
WO) gg 


6 
Thus, at x= the function has a maximum: 


1,1 3 
Oe Ot y-F 
Saag: 
Finally, 
A a ea! a OL Le >0 


Consequently, at ua we have a minimum: 


x= 


The graph of the function under investigation is shown in Fig. 109. 





Fig. 109 


The following examples will show that if at a certain point x= ~x, 
we have f’ (x,)=0 and f”’(x,)=0, then at this point the function 
f(x) can have either a maximum or a minimum or neither. 
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Example 2. Test the following function for maximum and minimum: 
y= 1—x! 
Solution. 1. Find the critical points: - 
y’ =— 4x3, —48=0, x=0 
2. Determine the sign of the second derivative at x=0. 
y" =—12x7, (y")x-0=0 


It is thus impossible here to determine the character of the eritical point 
by means of the sign of the second derivative. 





0 xz 


Fig. 110 


Fig. 111 
F Sit vestigate the character of the critical point by the first method (see 
Sec. 5.4): 


Yeo >% (Wes 9 <0 
Consequently, at x=0 the function has a maximum, namely, 
(Yx-o= 1 


The graph of this function is given in Fig. 110. 
Example 3. Test for maximum and minimum the function 


y=x8 
Solution. By the second method we find 
1. y’=6x5, y’=6x5=0, x=0, 
2. y"=30x4, (y")¢ao=0 
Thus, the second method does not yield anything. Resorting to the first method, 
we get 
Y)e<0<% Y)es9 > 9 


Therefore, at x=0 the function has a minimum (Fig. 111). 
Example 4. Test for maximum and minimum the function 


y=(x—1)P 
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(Y)ya, > 9, 





Solution. By the second method we find: 
y' =3(x—1)?, 3(x—1)?=0, x=1 
y"=6(x—1),  (¥")xa1 =0 


Thus, the second method does not yield an answer. 
By the first method we get 


(Y’)y51 > 
Consequently, at x=1 the function has neither 
a maximum nor a minimum (Fig. 112 


5.6 MAXIMUM AND MINIMUM OF. A 
FUNCTION ON AN INTERVAL 


Fig. 112 Let a function y=f(x) be continuous 

on an interval [a, 6]. Then the function 

on this interval will have a maximum (see Sec. 2.10). We will 
assume that on the given interval the function f(x) has a finite 


number of critical points. If the maximum 
is reached within the interval [a, 5], it is 
obvious that this value will be one of the 
maxima of the function (if there are several 
maxima), namely, the greatest maximum. But 
it may happen that the maximum value is 
reached at one of the end points of the in- 
terval. 

To summarize, then, on the interval [a, 5] 
the function reaches its greatest value either 
at one of the end points of the interval, or 
at such an interior point as is the maximum 
point. 

The same may be said about the minimum 
value of the function: it is attained either at 
one of the end points of the interval or at an 
interior point such that the latter is the mi- 
nimum point. 

From the foregoing we get the following 
rule: if it is required to find the maximum of 
a continuous function on an interval [a, bd], 
do the following: 

1. Find all maxima of the function on the 
interval. 

2. Determine the values of the function 
at the end points of the interval; that is, 
evaluate f(a) and f(b). 

3. Of all the values of the function obtai- 
ned choose the greatest; it will be the maxi- 
mum value of the function on the interval. 





y=r-3xtd 


+15 
Fig. 113 
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The minimum value of a function on an interval is found in 
similar fashion. 

Example. Determine the maximum and minimumof the function y= x8 — 3x-+3 
on the interval |—3, 3 
Solution. 1. Find the maxima and minima of the function on the interval 


—3, 


2 
y' =3x?°—3, 3x°—-3=0, 1. =1, y= — I, 
y”=6x 

then 

(y")x=1=6 > 0 
Hence, there is a minimum at the point x=1: 

(Y)x=1= ! 
!urthermore 
(y")x2-1=—6 <0 

Consequently, there is a maximum at the point x=— I: 


(Yx=-1=5 


2. Determine the value of the function at the end points of the interval: 
15 
Wad =Z> Wxe-a=— 15 


Thus, the greatest value of this function on the interval |- 3, 3| is 


(Y)x=-1=5 
wid the smallest value is 2 
(Yx=2-a=— 15 
The graph of the function is shown in Fig. 113. 


5.7 APPLYING THE THEORY OF MAXIMA AND MINIMA 
OF FUNCTIONS TO THE SOLUTION OF PROBLEMS 


The theory of maxima and minima is applied in the solution of 
many problems of geometry, mechanics, and so forth. Let us 
examine a few. 

Problem 1. The range R=OA (Fig. 114) of a shell (in empty 
space) fired with an initial velocity v, from a gun inclined to the 
horizon at an angle @ is determined by the formula 


20: 
__ v% sin 29 
E g 


(g is the acceleration of gravity). Determine the angle @ at which 
the range R will be a maximum for a given initial velocity uy. 
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Solution. The quantity R is a function of the variable angle g. 
Test this function for a maximum on the interval 0<9<z: 


dp g 
critical value p= 4; 


2 2 
dR __ 2v9 cos 2p 2v0 “es 29 0; 





@R_ _4vp sin 2p 


dg? g 
Fig. 114 aR 4v2 
(Se een =~ e <O 


Hence, for the value e=7 the range R has a maximum: 


2 
(R)g=n/4 = = 


The values of the function R at the end points of the interval 
[o, $| are 
(R)g=0=0, (R)p=nj2=0 
Thus, the maximum obtained is.the sought-for greatest value of R. 
Problem 2. What should the dimensions of a cylinder be so 
that for a given volume v its total surface area S is a minimum? 


Solution. Denoting by r the radius of the base of the cylinder 
and by fA the altitude, we have 


S=2nr?-+ Qnrh 


Since the volume of the cylinder is given, for a given r the 
quantity A is determined by the formula 


v=arth 
whence 
uv 
h= 7A 


Substituting this expression of A into the formula for S, we have 
S = 2ar* + 2nr a 
or 


S=2(ar4+2) 


Here v is given, so we have represented S as a function of a 
single independent variable r. 
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Find the minimum value of this function on the interval 
0 -<r<oo: 


c =2(2nr—3) 


2nr—5 =0, r, =f & 
(a8) =2 (2n+ 7), >0 


Thus, at the point r=r, the function S has a minimum. Notic- 
ing that limS=oo and limS=oo, that is, that as r approaches 


+0 roe 
zero or infinity the surface S increases without bound, we arrive 
at the conclusion that at r=r, the function S has a minimum. 


But if r= V2 , then 


v 3/9¥ 


Therefore, for the total surface area S of a cylinder to be a minimum 
for a given volume v, the altitude of the cylinder must be equal 
to its diameter. 


5.8 TESTING A FUNCTION FOR MAXIMUM 
AND MINIMUM BY MEANS OF TAYLOR’S FORMULA 


In Sec. 5.5, it was noted that if at a certain point x=a we 
have f’ (a)=0 and f’(a)=0, then at this point there may be either 
a maximum or a minimum or neither. And it was noted that in 
this instance the problem is solved by investigating by the first 
method; in other words, by testing the sign of the first derivative 
on the left and on the right of the point x=a. 

Now we will show that it is possible in this case to investigate 
by means of Taylor’s formula, which was derived in Sec. 4.6. 

For greater generality, we assume that not only f’(x), but also 
all derivatives of the function f(x) up to the nth order inclusive 
vanish at x=a: 


f@=f'@=...=f"(a)=0 (1) 


and 
per (a) x 0 


Further, we assume that f(x) has continuous derivatives up to 
the (n+ 1)th order inclusive in the neighbourhood of the point 
xX=a. 
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Write the Taylor formula for f (x), taking account of equalities (1): 
(x—a)Pti 


F(x) =F (a) + aE porn 2) 


where & is a number that lies between a and x. 

Since f+” (x) is continuous in the neighbourhood of the point 
a and f+» (a)=40, there will be a small positive number A such 
that for any x that satisfies the inequality |x—a|<h, it will be 
true that f@*» (x)40. And if f"*”(a) > 0, then at all points of 
the interval (a—h, a-+-h) we will have f("* (x) > 0; if f"@* (a) <0, 
then at all points of this interval we will have ft (x) < 0. 

Rewrite formula (2) in the form 

(x—a)rtt 


f()—f (=a [eee (2’) 


and consider various special cases. 

Case 1. 1 is odd. 

(a) Let f("* (a) <0. Then there will be an interval (a—h, a+h) 
at all points of which the (n+ 1)th derivative is negative. If x is 
a point of this interval, then § likewise lies between a—h anda+h 
and, consequently, f+” (—)< 0. Since n-+1 is an even number, 
(x—a)"*1>0 for x=4a, and therefore the right side of formula 
(2’) is negative. 

Thus, for x=4a at all points of the interval (a—h, a+h) we 
have 





f(x)—f(a) <0 


and this means that at x=a the function has a maximum. 

(b) Let f+? (a) > 0. Then we have f+” (&) > 0 for a sufficiently 
small value of A at all points x of the interval (a—h, a+h). 
Hence, the right side of formula (2’) will be positive; in other 
words, for x=4a we will have the following at all points in the 


given interval: 
F(x)—F(@)>0 


and this means that at x =a the function has a minimum. 

Case 2. n is even. 

Then n+1 is odd and the quantity (x—a)"*?! has different signs 
for x<a and x ><a. 

If A is sufficiently small in absolute value, then the (n+ 1)th 
derivative retains the same sign at all points of the interval 
(a—h, a+h) as at the point a. Thus, f(x)—f (a) has different 
signs for x<a and x>a. But this means that there is neither 
maximum nor minimum at x =a. 

It will be noted that if f“*”(a)>0O when n is even, then 
f(x) < f(a) for x <a and f(x) > f(a) for x >a. 
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But if f+» (a) < 0 when n iseven, then f (x) > f (a) for x <a and 
I(x) < f(a) for x >a. 

The results obtained may be formulated as follows. 

If at x=a we have ‘ 


P@=f@=...=—f"@=0 
und the first nonvanishing derivative f"* (a) is a derivative of 
even order, then at the point a 
f(x) has a maximum if f"*» (a) <0 
f(x) has a minimum if ft» (a) >0 


But if the first nonvanishing derivative f"*» (a) is a derivative 
of odd order, then the function has neither maximum nor minimum 
at the point a. Here, 


f (x) increases if f+? (a) >0 
f(x) decreases if ft» (a) <0 


Example. Test the following function for maximum and minimum: 
f (x) = x4— 4x8 + 6x2? —4x-++ 1 
Solution. We find the critical values of the function 
PY (x) = 4x8 — 12x44 12x—4 = 4 (8 —3x2 +3x— 1) 
From equation 
4 (x8 —3x? +. 3x—1)=0 
we obtain the only critical point 
x=1 
(since this equation has only one real root). 
Investigate the character of the critical point x=1: 
PY (x) = 12x? —24x-+12=0 for x=1 
f'" (x) =24x—24=0 for x= 1 
fv (x) =24 > 0 for any x 
Consequently, for x=1 the function f(x) has a minimum. 


5.9 CONVEXITY AND CONCAVITY OF A CURVE. 
POINTS OF INFLECTION 


In the plane, we consider a curve y=f(x), which is the graph 
of a single-valued differentiable function f(x). 

Definition 1. We say that a curve is convex upwards on the 
interval (a, 6) if all points of the curve lie below any tangent to 
it on the interval. 

We say that the curve is convex downwards on the interval (b, c) 
if all polls of the curve lie above any tangent to it on the 
interval, 
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We shall call a curve convex up, a convex curve, and a curve 
convex down, a concave curve. 

Fig. 115 shows a curve convex on the interval (a, 6) and con- 
cave on the interval (6, c). 

An important characteristic of the shape of a curve is its con- 
vexity or concavity. This section will be devoted to establishing 

; the characteristics by which, when 

¥ investigating a function y=f (x), 

one can judge the convexity or 

concavity (direction of bulge) on 
various intervals. 
We shall prove the following 
theorem. 
Theorem 1. /f at all points of 
xz an interval (a, b) the second derivati- 
ve of the function f(x) is negative, 

i. e., f’ (x) <0, the curve y=f (x) 

Fig. 115 on this interval is convex upwards 
(the curve is convex). 

Proof. In the interval (a, 6) take an arbitrary point x= x, 
(Fig. 115) and draw a tangent to the curve at the point with 
abscissa x= x,. The theorem will be proved provided we establish 
that all the points of the curve on the interval (a, 6) lie below 
this tangent; that is, that the ordinate of any point of the curve 
y=f (x) is less than the ordinate y of the tangent line for one and 
the same value of x. 

The equation of the curve is of the form 


y=f (x) (1) 


But the equation of the tangent to the curve at the point 
x=x, is of the form 


Y—F (%) =F (%) (x—%) 


Y =F (x) +E (%) (Xx—%,) (2) 


From equations (1) and (2) it follows that the difference between 
the ordinates of the curve and the tangent for the same value of x is 


y—y=f (x) —f (x,)—f (xo) (x—x,) 


Applying the Lagrange theorem to the difference f (x)—f (x,), 
we get 





aa 


or 


y—y= f’ (c) (x—x,)—f’ (xo) (x— Xp) 
(where c lies between x, and x) or 


y—y = (f’ (c)—f' (X)} (x— X) 
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We again apply the Lagrange theorem to the expression in the 
square brackets; then 


y—y =P" (C) (C—X,) (x-%) (3) 
(where c, lies between x, and c). 
Let us first examine the case where x >x,. In this case, x, < 
“1O,<ce< x; since 
x—x,>0, c—x, >0 
und since, in addition, it is given that 
f(a) <0 


it follows from (3) that y—y <0. 
Be let us consider the case where x < x,. In this case x<c< 
<x, and x—x,<0, c—x, <0, and since it is given that 

i" ei <0, it follows from (3) that 


y—y <0 


We have thus proved that every point of the curve lies below 
the tangent to the curve, no matter what values x and x, have on 
the interval (a, 6). And this signifies that the curve is convex. 
The theorem is proved. 

The following theorem is proved in similar fashion. 

Theorem 1’. /f at all points of the interval (b, c}, the second 
derivative of the function f(x) is positive, that is, f’(x) >0, then 





Fig. 116 Fig. 117 


the curve y=f (x) on this interval is convex downwards (the curve 
is concave). 

Note. The content of Theorems 1 and 1’ may be illustrated 
geometrically. Consider the curve y=f (x), convex upwards on the 
interval (a, 6) (Fig. 116). The derivative f’ (x) is equal to the 
tnngent of the angle of inclination a@ of the tangent line at the 
point with abscissa x, or f’(x)=tana. For this reason, [” (x) = 
~ (tana). It f’(x) <0 for all x on the interval (a, 6), this means 


178 Ch. 5. Investigating the Behaviour of Functions 


that tana decreases with increasing x. It is geometrically obvious 
that if tana decreases with increasing x, then the corresponding 
curve is convex. Theorem | is an analytic proof of this fact. 
Theorem 1’ is illustrated geometrically in similar fashion (Fig. 
117). 
Example 1. Establish the intervals of convexity and concavity of a curve 
represented by the equation 
y=2—%3 
Solution. The second derivative 
y"=—2<0 


for all values of x. Hence, the curve is everywhere convex upwards (Fig. 118). 
Example 2. The curve is given by the equation 
y=er 
Since 
y”"=e* >0 


for all values of x, the curve is therefore everywhere concave (bulges, or is 
convex downwards) (Fig. 119). 
Example 3. A curve is defined by the equation 
y=xX 
Since 
y” = 6x. 


y” <0 for x <0 and y” > 0 for x > 0. Hence, for x <0 the curve is convex 
upwards, and for x > 0, convex down (Fig. 120). 


y 





Fig. 118 Fig. 119 Fig. 120 


Definition 2. The point that separates the convex part of a 
continuous curve from the concave part is called the point of in- 
flection of the curve. 

In Figs. 120, 121 and 122 the points O, A and B are points of 
inflection. 

It is obvious that at the point of inflection the tangent line, if 
it exists, cuts the curve, because on one side the curve lies under 
the tangent and on the other side, above it. 
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Let us now establish sufficient conditions for a given point of 
n curve to be a point of inflection. 

Theorem 2. Let a curve be defined by an equation y=f (x). If 
[" (a) =0 or f" (a) does not exist and if the derivative f" (x) changes 


y A 





Fig. 121 


sign when passing through x=a, then the point of the curve with 
abscissa x =a is the point of inflection. 
Proof. (1) Let f’ (x) <0 for x<a and f’(x) >0 for x><a. 
Then for x< a the curve is convex up and for x >a, it is con- 
vex down. Hence, the point A of the curve with abscissa x=a is 
a point of inflection (Fig. 121). 





y B 
0 6 x 
() 
Fig. 122 


(2) If f’ (x) > 0 for x <b and f" (x) <0 forx >, then forx<b 
the curve is convex down, and for x >), it is convex up. Hence, 
the point B of the curve with abscissa x=b6 isa point of inflection 
(see Fig. 122). 

Example 4. Find the points of inflection and determine the intervals of con- 
vexity and concavity of the curve 

y=e-*? (Gaussian curve) 


Solution. (1) Find the first and second derivatives: 
y’ poaenes Qxe- x? 
y” = 2e-** (2x? — 1) 
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(2) The first and second derivatives exist everywhere. Find the values of x 
for which y” =0: 
Qe-** (2x31) =0 
I 


1 
4=—-—S oe = 
: V2 a 3 
(3) Investigate the values obtained: 


a eee we have y” > 0 


V2 


ee ee we have y” <0 


V 2 
The second derivative changes sign when passing through the point x,. Hence, 
1 
for od eae Tox there is a point of inflection on the curve; its coordinates 


we(—atyae 


for x < —-= we have y” <0 


"al 
for x > i we have y” >0 


V2 


Thus, there is also a point of inflection on the curve for nasi its coor- 


1 


| 
dinates are Va? 2). Incidentally, the existence of the second point of 


inflection follows directly from the symmetry of the curve about the y-axis. 
(4) From the foregoing it follows that 


1 ; 
for — ao <x < ——— the curve is concave: 


? 
1 
for ——— < — the curve is convex; 
a <7F 
for JE <x <-+too the curve is concave 
(5) From the expression of the first derivative 
"= — Qxe- x? 


it follows that 

for x < 0 y’ > 0, the function increases, 

for x > 0 y’ < 0, the function decreases, 

for x=0 y 
At this int the function has a maximum, namely, y=1. a foregoing ana- 
lysis makes it easy to construct a graph of the curve (Fig. 

Exanuple 5. Test the curve y=x* for points of function: 

Solution. (1) Find the second derivative: 


y” = 12x? 
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(2) Determine the points at which y”=0: 


12x?=0, x=0 
(3) Investigate the value x0 obtained: ° 
for x < 0 y” > 0, the curve is concave, 


y 





‘lie 


anes 
v2 


Fig 123 


for x > 0 y” > 0, the curve is concave. 
Thus, the curve has no points of inflection (Fig. 124). 





Fig. 124 Fig. 125 


Example 6. Investigate the following curve for points of inflection: 
1 
y=(x—1)9 


Solution. (1) Find the first and second derivatives: 
5 


2 
3 3 


‘. 1 = at 2 iz 
yY=zZle—l) °s W=— GF) 


(2) The second derivative does not vanish anywhere, but atx=1 it does not 
exist (y”7= + 0). 
(3) Investigate the value x=1: 
for x< 1 y”’ >0, the curve is concave; 
for x >1 y” <0, the curve is convex. 
Consequently, at x= 1 there is a point of inflection (1, 0). 


It will be noted that for x=1 y’=.o; the curve at this point has a ver- 
tical tangent (Fig. 125). 
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5.10 ASYMPTOTES 


Very frequently one has to investigate the shape of a curve 
y=f (x) and, consequently, the type of variation of the correspon- 
ding function in the case of an unlimited increase (in absolute 
value) of the abscissa or ordinate of a variable point of the curve, 
or of the abscissa and ordinate simultaneously. Here, an important 
special case is when the curve under study approaches a given line 
without bound as the variable point of the curve recedes to infinity.* 





Fig. 126 Fig. 127 


Definition. A straight line A is called an asymptote to a curve, 
if the distance 5 from the variable point M of the curve to this 
straight line approaches zero as the point M recedes to infinity 
(Figs. 126 and 127). 

In future we shall differentiate between vertical asymptotes (pa- 
rallel to the axis of ordinates) and inclined asymptotes (not paral- 
lel to the axis of ordinates). 

1. Vertical asymptotes. From the definition of an asymptote it 
follows that if lim f(x) = 00 or A a or lim f(x) =o, 

x+~at x>a- x-a 
then the straight line «=a is an asymptote to the curve y=f (x); 
and, conversely, if the straight line xa is an asymptote, then 
one of the foregoing equalities is fulfilled. 

Consequently, to find vertical asymptotes one has to find values 
of x=a such that when they are approached by the function 
y=f (x) the latter approaches infinity. Then the straight line x =a 
will be a vertical asymptote. 


Example 1. The curve poe has a vertical asymptote x=5, since y —> 00 


x—5 
as x —> 5 (Fig. 128). 


* We say the variable point M moves along a curve to infinity if the dis- 
tance of the point from the origin increases without bound. 
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Example 2. The curve y=tanx has an 
infinite number of vertical asymptotes 
4 3n Sa 
x= iz t=iz: t= tyre 


This follows from the fact that tan x —+ 0 
; x approaches the values = on blll 

aS ppr a 9° oO’ 9°°°" 

Oe me Nis 129), 


Example 3. The curve y =e* has a verti- 
cal asymptote x=0, since lime = ro Fig. 128 
(Fig. 130). 
2. Inclined asymptotes. Let the curve y=/ (x) have an inclined 
asymptote whose equation is 
y= heb (1) 


Determine the numbers k and 6 (Fig. 131). Let M(x, y) be a point 
lying on the curve and N(x, ¥), a point lying on the asymptote. 








Fig. 129 


The length of MP is equal to the distance from the point M to 
the asymptote. It is given that 
lim MP=0 (2) 
Xwto 
Designating the angle of inclination of the asymptote to the x-axis 
by g, we find from A NMP that 
NM=MP 
cos @ 
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Since is a constant angle (not equal to $) , by virtue of the 


foregoing equation 
lim NM=0 (2’) 


x++0 
and, conversely, from (2’) we get (2). But 
NM =|QM—QN|=|y—9|=[F(x)—(Rx +8)| 
and (2’) takes the form 
lim [f (x) —kx—6] =0 (3) 


To summarize: if the straight line (1) isan asymptote, then (3) is 
satisfied, and conversely, if, & and 6 are constant, equation (3) is 





Fig. 130 Fig. 131 


satisfied, then the straight line y=Ax+b5 is an asymptote. Let us 
now define & and 6. Taking x outside the brackets in (3), we get 


lim x [te—e—+] =0 
X>+@ x x. 

Since x —+-+ 00, the following equation must hold true: 

: F(x) ia 

lim [ee =0 


X7P+@ 


For 6 constant, lim 2=0. Hence, 


a 
lim [2k] =0 


X>+D 
or 
— tin, F(x) 
k= lim — (4) 


X>mte 
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Knowing k, we find b from (3): 
b= lim [f(x)—x] (5) 
X>+o 


Thus, if the straight line y=&x+b is an asymptote, then & and 
b may be found from (4) and (5). Conversely, if the limits (4) 
and (5) exist, then (3) is fulfilled and the straight line y=kx+b 
is an asymptote. If ever one of 

the limits (4) or (5) does not exist, 9 

then the curve does not have an 
asymptote. 

It should be noted that we car- 
ried out our investigation as ap- 
pe to Fig. 131, as x—++ 00, 
ut all the arguments hold also 
for the case x —+— oo. 

Example 4. Find ‘the asymptotes of 
the curve 

_ x--2x—1 
= x 


Solution. (1) Look for vertical asym- 
ptotes: 


when x —+—0 y—-+o0 
when x -—++0 y—-+—o 


Therefore, the straight line x=0 is a 
vertical eo 





(2) Look for inclined asymptotes: 
= y x24. 2x—1 
Cte ere Fig. 132 
2 1 
lim ['+3-g|=! 
xoie x xt 
that is, 
k=1 
2 _ 2 ae 
b= lim [y—x]= lim (HS -.]- lim [2 +2x—1 =| 
X>tO x>+i@ x rofe x 
X>to 
or, finally, 
b=2 


Therefore, the straight line 
y=x+2 


is an inclined asymptote to the given curve. 
To investigate the mutual positions of a curve and an asymptote, let us 
consider the difference of the ordinates of the curve and the asymptote for 
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one and the same value of x: 
P+ 2x—1 1 
x 


This difference is negative for x >0 and positive for x <0; and so for x >0 
the cuy lies below the asymptote, and for x < 0 it lies above the asymptote 
(Fig. 132). 
Example 5. Find the asymptotes of the curve 
y=e-*sinx+x 


Solution. (1) It is obvious that there are no vertical asymptotes. 
(2) Look for inclined asymptotes: 


p= Ain 2 a SE ita [Sti] = 
XP+HL x>+0 x XP+0 x 
b= lim [e-*sinx+x—x]= lim e-*sinx=0 
X> +O XP+ OE 


Hence, the straight line y= x is an inclined asymptote as x —++ 0. 


The given curve has no asymptote as x —+— oo. Indeed, the limit lim 4 


X+-@ 


does not exist, since a sin x-++1. (Here, the first term increases without 


bound as x —+— oo and, therefore it has no limit.) 


5.11 GENERAL PLAN FOR INVESTIGATING FUNCTIONS 
AND CONSTRUCTING GRAPHS 


The term “investigation of a function” usually implies the 
finding of: 

(1) the natural domain of the function; 

(2) the discontinuities of the function; 

(3) the intervals of increase and decrease of the function; 

(4) the maximum point and the minimum point, and also the 
maximal and minimal values of the functions; 

(5) the regions of convexity and concavity of the graph, and 
points of inflection; 

(6) the asymptotes of the graph of the function. 

The graph of the function is constructed on the basis of such 
an investigation (it is sometimes wise to plot certain elements 
of the graph in the very process of investigation). 

Note 1. If the function under investigation y=f (x) is even, 
that is, such that upon a change in sign of the argument the value 
of the function does not change, i.e., if 


f(—*x)=f() 
then it is sufficient to investigate the function and construct its 
graph for positive values of the argument that lie within the 


domain of definition of the function. For negative values of the 
argument, the graph of the function is constructed on the grounds 
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that the graph of an even function is symmetric about the 
ordinate axis. 

Example 1. The function y=? is even, since (2 x)? =x? (see Fig. 5). 
i Chal 2. The function y=cosx is even, since cos(—.x)=cosx (see 
“Ig. 16). 

Note 2. If the function y=f(x) is odd, that is, such that for 
uny change in the argument the function changes sign, i.e., if 


f(—x)=—f (x) 


then it is sufficient to investigate this function in the case of 
positive values of the argument. The graph of an odd function is 
symmetric about the origin. 

Example 3. The function y= x5 is odd, since (— x)? =— x8 (see Fig. 7). 
Example 4. The function y=sinx is odd, since sin (— x)=—sin x (see 
“ig. 15). 


Note 3. Since a knowledge of certain properties of a function 
ullows us to judge of the other properties, it is sometimes advi- 
sable to choose the order of investigation on the basis of the 
peculiarities of the given function. For example, if we have found 
out that the given function is continuous and differentiable and 
if we have found the maximum point and the minimum point of 
this function, we have thus already determined also the range 
of increase and decrease of the function. 


Example 5. Investigate the function 


pee ae 
Y=TT eB 


und construct its graph. 

Solution. (1) The domain of the function is the interval —w <x<+o. 
It will straightaway be noted that for x < 0 we have y < 0, and for x > 0 we 
have y > 0. 

(2) The function is everywhere continuous. 

(3) Test the function for maximum and minimum: from the equation 


,_ 1—# —0 

Y= TE 
Nnd the critical points: 

xy=—l, x=1 


Investigate the character of the critical points: 
for x <<—1 we have y’ <0 
for x >—1 we have y’ >0 


Hence, at x==—1 the function has a minimum: 


Ymin = (Y)x=-1 =—0.5 
Vurthermore 
for x < 1 we have y >0 
for x > 1 we have y’ <0 
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Hence, at x=1 the function has a maximum: 
Y max = (Y)x=1 = 0.5 
(4) Determine the domains of increase and decrease of the function: 


for —o <x < —I we have y’ < 0, the function decreases, 
for —| < x < 1 we have y’ >0, the function increases, 
for 1 <x <-++ 0 we have y’ < 0, the function decreases. 


(5) Determine the domains of convexity and concavity of the curve and 
the points of inflection: from the equation 


» __ 2x (x? — 3) 


Y= Fe 


=0 
we get 
xn=— V3, 4 =0, 43= V3 
Investigating y” as a function of x we find that 

for —0o <x<—Y3 y" <0, the curve is convex, 
for —V3<x<0 y” > 0, the curve is concave, 
for O<x < Y3 y" <0, the curve is convex, 
for V3<x<+e y”>O0, the curve is concave. 


Thus, the point with coordinates x=— V3, y=- is a point of in- 


flection; in exactly the same way, the points (0, 0) and (v3, ¥S) are 
points of inflection. 
(6) Determine the asymptotes of the curve: 


for x —++0 y—-0 
for x-—+— 0 y—0 
Consequently, the straight line y=O is the only inclined asymptote. The 
curve has no vertical asymptotes because the function does not approach 
infinity for a single finite value of x. 
y 


0.5 







“V3 -1 





The graph of the curve under study is given in Fig. 133. 
Example 6. Investigate the function 


y=V/ 2a8%—2 (a >0) 
and construct its gra 


h. 
Solution. (1) The hinctigh is defined for all values of x, 
(2) The function is everywhere continuous, 
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(3) Test the function for maximum and minimum: 
,__ 4ax—3x? f. 4a—3x 
~ 3P/ Qaxt—x8)? 3) x (2a—a 
There is a derivative everywhere except at the points 
X,;=0 und x,=2a 
Investigate the limiting values of the derivative as x —+—0 and as x—+>+0: 


lim __4a—3e 0, lim et ert. eee 


x+-03 V/V (2a—x)? x>+0 3 i/xV/ Qa—x)? 


for «<0 y’ <0, and for x >0 y’ > Q. 

Hence, at x=0 the function has a minimum. The value of the function 
at this point is zero. 

Now investigate the function at the other critical point x,=2a As x—»2a 
the derivative also approaches infinity. However, in this case, for all values 
of x close to 2a (both on the right and left of 2a), the derivative is negative. 
Therefore, at this point the function has neither a2 maximum nor a minimum. 
At and about the point x,=2a the function decreases; the tangent to the curve 
at this point is vertical. 


At x= the derivative vanishes. Let us investigate the character of this 





critical point. Examining the expression of the first derivative, we note that 


forx< y’ >0, and for x>% y’' <0 


Thus, at x= the function has a maximum: 


2 3 
Ymax => a4 


(4) On the basis of this study we get the domains of increase and decrease 
ol the function: 


for — oo < x < 0 the function decreases, 


for O< x< < the function increases, 


& <x<-+oo the function decreases. 


3 


(5) Determine the domains of convexity and concavity of the curve and 
the points of inflection: the second derivative 


8a? 
4 + 
9x? (2a—x)* 


does not vanish at a single point. Yet there are two points at which the se- 
cond derivative is discontinuous: x,=0 and x,=2a. 

Let us investigate the sign of the second derivative near each of these 
pele For x <0 we have y” <0 and the curve is convex up; for x > 0 we 
ave gy” < 0 and the curve is convex up. Hence, the point with abscissa s—0 
is not a point of inflection. 


for 


y=— 
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For x < 2a we have y” <0 and the curve is convex up; for x > 2a we 
have y”>0 and the curve is convex down. Hence, the point (2a, 0) on the 
curve is a point of inflection. 

(6) Determine the asymptotes of the curve: 


3_ ao fon 
k= lim 4% = lim V 2a _ lim V %-1=-1 
£o x 


x>40 % X>LO x x> 
3 ¢——— 2 
b= lim [j7/2ae—8+4x]= lim — SS | 8 
X+LO X>L® (2ax®— x3)? x j/ 2ax?— x3 + x2 
Thus the straight line 
2a 
y=— tra 


is an inclined asymptote to the curve y=} 2ax?— x3, The graph of this func- 
ion is shown in Fig. 134. 


5.12 INVESTIGATING CURVES 
REPRESENTED PARAMETRI- 
CALLY “ 


Let a curve be given by 
the parametric equations 


ae 
y= (2) 

In this case the investigation 
and construction of the curve 


is carried out just as for the 
curve given by the equation 


(1) 





Fig. 134 
y=f (x) 
Evaluate the derivatives 
=e) 
dy ' (2) 
=y' (t) 


For those points of the curve near which it is the graph of a 
certain function y=f (x), evaluate the derivative 

dy _ y(t) 

a9) os 
We find the values of the parameter ¢=1,, f,, ..., ¢, for which 


at least one of the derivatives g’(¢) or p’(t) vanishes or becomes 
discontinuous. (We shall call these values of ¢ critical values.) 
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By formula (3), in each of the intervals (¢,, 4); (to, 4); ---3 
(te-1» tg) and hence, in each of the intervals (x,, x2); (%2, X,); 
.»3 (Xp-1, Xp) [where x;=@(¢,)], we determine the sign of 
aA in this way determining the domain of increase and decrease. 
This likewise enables us to determine the character of points that 
correspond to the values of the parameter ¢,, ¢,, ..., ¢,. Next, 
we compute 

dy Vode He Ovo (4) 

dx? [p’ OF 


From this formula, we determine the direction of convexity of 
the curve at each point. 

To find the asymptotes determine those values of ¢, upon 
approach to which either x or y approaches infinity, and those 
values of ¢ upon approach to which both x and y approach infi- 
nity. Then carry out the investigation in the usual way. 

The following examples will serve to illustrate some of the 
peculiarities that appear when investigating curves represented 
parametrically. 


Example 1. Investigate the curve given by the equation 


x=acos*¢ 
y= asin’? 


S @>o ay 


Solution. The quantities x and y are defined for all values of ¢. But since 
he functions cos®¢ and sin? ¢ are periodic, of a period 2x, it is sufficient to 
consider the variation of the parameter ¢ in the range from 0 to 2n; here the 
nterval [—a, a] is the range of x and the interval [—a, a] is the range of 
y. Consequently, this curve has no asymptotes. Next, we find 


Ot 245 cos? ¢ sin? 


dt (2 
dy par 
= 3a sin? ¢ cos ¢ 
iim ah a 7 3x . 
These derivatives vanish at ¢=0, 7 uy 2n. We determine 
in2 
dy _ 3a sin? ¢ cos t hs ihe (3’) 


dx —3acos?¢sin¢ — 


On the basis of (2’) and (3’) we compile the following table: 
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Type of varia- 
Corresponding Corresponding ae tion of yas a 
range of x range of y of kz Hearo a 
x(y=/ (x) 


Range of ¢ 


H4 


2 
F<tcn 0>x>—-a a>y>0 Increases 
a<t< —a<x<0 0O>y>-—a Decreases 
St <tc On O<xca —a<y<0 Increases 


a>x>0 O<y<a Decreases 


O0<t< 





From the table it follows that equations (1') deine two continuous functions 
of the type y=/(x), for O<t<n y>0 (see first two lines of the table), 
for t<—¢< 2x y <0 (see last two lines of the table). From (3’) it follows that 


and 


At these points the tangent to the curve is vertical. We now find 


dy| _59 %| 59 4 
dt |r=0 =’ dt |t=n—*s et 


t=2n = 








At these points the tangent to the curve is horizontal. We then find 


y ne 
dx? 3a cos‘ ft sin¢t 


Whence it follows that 
2 
for O< ten, ot > 0, the curve is concave, 
d’y J 
<Z forn<¢t< Qu, aa <0, the curve is convex. 
On the basis of this investigation we can con- 
Struct a curve (Fig. 135), which is called an 


astroid. 
Example 2. Construct a curve given by the 
Fig. 135 following equations (folium of Descartes): 
3at 3at? 


i+" y= +é (a > 0) (t’) 
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Solution. Both functions are defined for all values of ¢ except at ¢=—1, and 

j 3at 
lim x= lim ——-=+0, lim x=—o, 

t+-1-0 ts-1-0!+é4 + t+=140 
‘ 3at? 
lim = lm —,;=—.o, lim y= : 

Pa os te-1-0!14+84 oo Keo cee 

Further note that 
when ¢=0 x=0, y=0 


when f—++0 x->+0, y—0 
when ¢—+—o x-—+0, y—0 


: dy | 
Find & a and at: 
| 
ax_(9-! ) dy _3at (2—) ash 
dt Ss (1+ 8?’ dt 889? ) 
For the parameter ¢ we get the following four critical values: 
h=—l, 4=0, f=ge, =? 
2 
Then we find 
dy 
dy dt ¢(2—8 i 
y_ dt __t@—") (3") 


dx 


Fede grb agg 
at 2(5-#) 


On the basis of formulas (1”), (2”), and (3”) we compile the following table: 







Sign |Type of varla- 
d tion of y as 
of “4 | a function of 


ax) xy=f (x) 


Range of t Corresponding’ Corresponding 
range of x Tange of y 










—ao<t<—l O<x<c+to 0O>y>—o — | Decreases 
ca te —ao<x<0 +o >y>0 — | Decreases 
O<t< ae O<x<ajy/4 O<y<aj/2 + | Increases 

pe<t<V2 aj/4>x>a/2 aj/2<y<ay/4 — | Decreases 

/2 
Y2< t<+o aj/ 2 > x>0 ai/4>y >0 + Increases 





From (3”) we find 


dy = dy - 
(3)... = (#),.. =* 


(29 =o) 
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Thus, the curve cuts the origin twice: with the tangent parallel to the x-axis 
and with the tangent parallel to the y-axis. Further, 


y dy = 
(Bit te 
3 


2 
x=a ia 
ese 
At this point the tangent to the curve is ver- 
tical. 
d 
(3) t= i/2 s 
3/7 
{x=a V2) 
Fig. 136 (me? 


‘ 


zr 


At this point the tangent to the curve is horizontal. Let us investigate the 
question of the existence of an asymptote: 


= et ero 
bm tm yim tm [a Cores] = 
Sylar eae 
Hence, the straight line y=—x—a is an asymptote to a branch of the curve 


as x —>-+ 0. 
Similarly we find 


=—l, b= lim (y—kx)=—a 
x+>- D> X>-@ 


Thus, the straight line is also an asymptote to a branch of the curve as 
X—+— 0. 

On the basis of this investigation we construct the curve (Fig. 136). 

Some problems involving investigation of curves will again be discussed in 
Sec. 8.20 (“Singular Points of a Curve”). 


Exercises on Chapter 5 
Find the extrema of the functions: : 
1 y=x?—2x+3. Ans. Ymin=2 at x= 1. 2. ye — 24 3x41, Ans. 


Ymax => at x=1, Ymin=1 at x=3. 3. y= x8 —9x?+ 15x43. Ans. Ymax = 10 
at x=1, Ymin=—22 at x=5. 4. y=—xt42x?, Ans. yYmax=l at x=H+1, 
Ymin=0 at x=0. 5. y= xt—8x?+2. Ans. Ymax=2 at x=0, Ymin=—l4 at 
x= +2. 6. y=3x5— 125x8+2160x. Ans. Maximum at x=—4 and x=3, mini- 
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2. 
om 


mum at x=—3 and x=4. 7. y=2—(x—1) Ans. Ymax=2 at x=1. 


8. eres Ans. There is neither maximum nor minimum. 9. y= 


—3x+ 2 Sis 5 : ; = 

caer eR FRIED a Ans. Minimum at x= VY 2, maximum at x=— V2. 10. y= 

=~ ERC), Ans. Maximum at ca, Il. y=2e*+e-*. Ans. Minimum 

at tae. 12, y= iz: Ans. Ymin=e@ at x=e. 18. y=cosx+ 
n\ 

+sine (—Faxay ): Ans. Ymax== V 2 at nae 14. y=sin2x— 

um sont 7 

—x eo), Ans. Maximum at n=, minimum at t=— |: 


15. y=x-+tanx. Ans. There is neither maximum nor minimum. 16. y =e* sin. 
Ans. Minimum at x=2kn—— , Maximum at = 2kn + 70. 7. y=x4— 








q- 
—2x?42. Ans. Maximum at x==0, two minima when x=—!1 and when x=1. 
18. y=(x—2)8 (2x+-1). Ans. Ymin © —8.24 when x=. 19. yards. Ans. 
enon when x=1, maximum when x=—l. 20. y=x?(a—x)?. Ans: 
Ymax = 4g when r=, Ymin=0 when x=0O and when x=a. 21. y= 2+ 
; a? ahs a? 
as . Ans. Maximum when *=>—,, minimum when 7 22, y= 
=x+YVl—x. Ans. Ymax=— when Gales Ymin=1 when x=1. 23. y= 
= 2 yt 2 x 
=x Vl—x (x<l). Ans. Ymax => z when x= 3° 24, dae Tg 
Ans. Minimum when x=—1, maximum when x«=1. 25. y=xInx. Ans. Mini- 


mum when rat. 26. y=xin?x. Ans. ymax=4e-? at x=e-"?, Ymin=0 at 
x=1. 27. y=Inx—arctanx. Ans. The function increases. 28. y=sin 3x—3sinx. 


Ans. Minimum when rat , maximum when oe. 29. y=2x-t arctan x. Ans. 


2 
No extrema... 30. y=sin x cos? x. Ans. Minimum when r=5, two maxima 
> a 
when x= arccos V2 and when x=arccos (- V 3) . 31. y=arcsin (sin x). 
Ans. Maximum when ener minimum when x etn 


Find the maximum and minimum values of the function on the indicated 
intervals: 


32. y=—3x!+ 6x?—1 Soa are Ans. Maximum y=2 at x= +1, minimum 
y=—25 at x= +2. 33. y= 2x? 4 3e4 1 (—l <x<5). Ans. Maximum va- 


_ 23 _ a _ 13 _ _x-l 
lue Y=3 at x=5, minimum value i= at x=—l. 34. ane aay 
(0<x<4). Ans. Maximum value yess at x=4, minimum value y=—1 


5 
13* 


196 Ch. 5. Investigating the Behaviour of Functions 


2 2 
=— = minimum value y=—— at x=— 
pare Fa y 9 a => 5° 
36. Using square tin sheet with side a, make a topless box of maximum 
volume by cutting equal squares at the corners and removing them and then 
bending the tin so as to form the sides of the box. What will the length of a 


side of the squares be? Ans. + ; 


37. Prove that of all rectangles that may be inscribed in a given circle, the 
square has the greatest area. Also show that the square will have the maximum 
perimeter as well. 

38. Show that of all isosceles triangles inscribed in a given circle, an equi- 
lateral triangle has the largest perimeter. 

39. Find a right triangle of maximum area with a hypotenuse h. Ans. 


at x=0. 35. y=sin 2x—x (-$<*<}) . Ans. Maximum value y= at 


Length of each leg, Ws" 
40. Find the height of a right cylinder with greatest volume that can be 
inscribed in a sphere of radius R. Ans. Height, ae 


41. Find the height of a right cylinder with greatest lateral surface area 
that may be inscribed in a given sphere of radius R. Ans. Height, R V2. 

42. Find the height of a right cone with least volume circumscribed about 
a given sphere of radius R. Ans. 4R (the volume of the cone is twice the 
vohinie of the sphere). 

43. A reservoir with a square bottom and open top is to be lined inside 
with lead. What are the dimensions of the reservoir (to hold 32 litres) that 
will require the smallest amount of lead? Ans. Height, 0.2 metre, side of base, 
0.4 metre (the side of the base must be twice the height). 

44. A roofer wants to make an open gutter of maximum capacity with bottom 
and sides 10 cm in width, and with the sides inclined at the same angle to the 
bottom. What is the width of the gutter at the top? Ans. 20cm. 

45. Prove that a conical vessel of given storage capacity requires the least 


material when its height is W 2 times the radius of the base. 

46. It is required to make a cylinder, open at the top, the walls and bottom 
of which have a given thickness. What should the dimensions of the cylinder 
be so that for a given storage capacity it will require the least material? Ans. 
If R is the inner radius of the base, v the inner volume of the cylinder, then 


3/9 
R= VY =" 


47. It is required to build a boiler out of a cylinder topped by two hemi- 
spheres and with walls of constant thickness so that for a given volume vu it 
should have a minimum outer surface area. Ans. It should have the shape of 
3/30 

a 

48. Construct an isosceles trapezoid, which for a given area S has a mini- 
mum periineter; the angle at the base of the trapezoid is equal toa. Ans. The 


a sphere with inner radius R= 


length of one of the nonparallel sides is a 
49. Inscribe in a given sphere of radius R a regular triangular prism of 


maximum volume. Ans. The altitude of the prism is Va 
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50. It is required to circumscribe about a hemisphere of radius R a cone 
of minimum volume; the plane of the base of the cone coincides with that of 
the hemisphere; find the altitude of the cone. Ans. The altitude of the cone 
is R V 3. ° 

51. About a given cylinder of radius r circumscribe a right cone of mini- 
mum volume; we assume the planes and centres of the circular bases of the 
cylinder and the cone coincide. Ans. The radius of the base of the cone is 
equal to af: 

52. Out of sheet metal having the shape of a circle of radius R, cut a sector 
such that it may be bent into a funnel of maximum storage capacity. Ans. 


The central angle of the sector is 2x y 2. 


53. Of all circular cylinders inscribed in a given cube with side a so that 
their axes coincide with a diagonal of the cube and the circumferences of the 
bases touch its faces, find the cylinder with maximum volume. Ans. The alti- 


aV 2 the radius of the base is —“_. 

3 V6 

54. Given, in a rectangular coordinate system, a point (%», yy) lying in the 
first quadrant. Draw a straight line through this point so that it forms a tri- 
angle of least area with the positive directions of the axes. Ans. The straight 
line intercepts on the axes the segments 2x, and 2y,; thus, it has the equation 


tude of the cylinder is equal to 








x y 
Ox, Typ 


55. Given a point on the axis of the parabola y2=2px at a distance a from 
the vertex, find the abscissa of the point of the curve closest to it. Ans. 
x=a—p. 

56. Assuming that the strength of a beam of rectangular cross-section is 
directly proportional to its width and to the cube of the altitude, find the 
width of a beam of maximum strength that may be cut out of a log of dia- 
meter 16 cm. Ans. The width is 8 cm. 


57. A torpedo boat is sta ding at anchor 9 km from the closest point of 
the shore; a messenger has to be sent to a camp 15 km (along the shore) from 
the point of the shore closes! to the boat. Where should the messenger land 
so as to get to the camp in the shortest possible time if he does 5 km/hr 
walking and 4 km/hr rowing? Ans. At a point 3 km from the camp. 

58. A point moves rectilinearly over a plane in a medium situated outside 
a line MN with velocity v,, and along the line MN with velocity vz. What 
path between A and B, situated on MN, will it cover in the shortest time? 
The distance of A from MN is h, the distance from B of the projection a-of A 


on the line MAN is a. Ans. If ABC is the path of the point, then aes 


5 AC vy 
aB_ iy _ aB uy 
for AB= rE and aC=a@B for AB < ae! 

59. A load w is hoisted by a lever; a force F is applied to one end, the 
point of support is at the other end of the lever. If the load is suspended from 
a point a centimetres from the fulcrum, and the lever rod weighs v grams per 
centimetre of length, what should the length of the rod be for the force (requi- 
red to raise the load) to be a minimum? Ans. x= ye cm. 

60. For n measurements of an unknown quantity x the following readings 
have been obtained: x,, x, ..., X,. Show that the sum of the squares of the 
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errors (x—%X,)?-+(x—x,)?-++ ...+(*—-x,)? will be least if for x we take the 

61. To reduce the friction of a liquid against the walls of a channel, the 
area in contact with the liquid must be a minimum. Show that the best shape 
of an open rectangular channel with given cross-sectional area is that for which 
the width of the channel is twice its altitude. 

Determine the points of inflection and the intervals of convexity and con- 
cavity of the following curves: 

62. y=x5. Ans. For x <0 the curve is convex; for x > 0 the curve is con- 
cave; at x=0 there is a point of inflection. 63. y—1—vx*. Ans. The curve is 
everywhere convex. 64. y= x3—3x?—9x+9. Ans. Point of inflection at x=1. 
65. y=(x—b)3. Ans. Point of inflection at x=6. 66. y=x'. Ans. The curve 


is everywhere concave. 67. I= aT Ans. Point of inflection at x=:+ 
+ rae 68. y=tanx. Ans. Point of inflection at x=nn. 69. y=xe-*. Ans. 
Point of inflection at x-=2. 70. y=a—j/ x—b. Ans. Point of inflection 


at x=6. 71. y=a—y (x—by. Ans. The curve has no point of inflection. 
Find the asymptotes to the following curves: 


72. y= Ans. x=1, y=0. 73. y= Ans. x=—2, y=0. 74. y= 





x—1° 

3 ae 
=c+—. Ans. x=6, y=c. 75. y=e* —1. Ans. x=0, y=0. 76. y-=Inx. 
Ans. x=0. 77, y2=6x?+23. Ans. y=x+2. 78. y3=ai—x3. Ans. ytx=0. 


3 
79. y2=-~—.. Ans. x=2a. 80. y? (x — 2a) = x8 — a3, Ans. x= 2a, y= + (x+a). 


1 
PO 




















2a—x 
Investigate the following functions and construct their graphs: 
1 
8a5 = 6x 
= y4__ —— —— x = = 
81. y=xt—2x+ 10. 82. y 4a 83. y=e 84. y a) 8. y= 
_ 44% _ x _ x42 _ x a _ 
alan a 86. Y=3—T- 87. y= ae 88. oe Ty: 88. Y= P—x. 90. y= 
x 3/5 37 tt x—l 
== . . => . 9 . =A . '. = apnea: «i 
a e492, 92.y=x-YP+l. 93. y SS 


94. y=xe-*. 95. y=xe-*?, 96. y=x—In(x+1). 97. y=In(x?+1). 
98. y=sin3x. 99. y=x-+sinx. 100. y=xsinx. 101. y=e-*sinx, 


1 f ait x=? 
102. y=Insinx, 103. y=. 104. ; 1 105. { ik 
x \ g=_7t y=8, 
=a(t—si ’ =aet ’ 
108. { x=a(t—sin ¢t) 107. o ae coed 
y=a(l1—cos?). y=aet sin ¢. 


Additional Exercises 


Find the asymptotes of the following lines: 





2 
108. y= . Ans. x=—l, y=x—1. 109. y=x-+e-*. Ans. y=x. 


110. 2y (x+ 1?=23. Ans. x=—1, y= x—1. It. y3=a3—x2. Ans. No asymp- 
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totes. 112. y=e-**sinx Ans. y=0. 113. ame Ua a Ans. y=x. 


14. y= xin(e+— Ne Ans. ret, yaxtt. 15. y= ae. Ans. x=0, 
2t 2 le] 
y=x. 116. *=T—p Y=ToR 
Investigate and graph the follcwing functions: 
W7. y=fxj. M8 y=In{ x]. 19 y=xte—x. 120. y=(x+1)? (x—2). 


2 
121. y=x+]x|. 122. y= P—x. 123, y=x? Vx+T. 124, y= Ine. 
2 
125, y= Inx. 126. yea. 127. y= 7~—. 128. y= x BE, 129. y= 
1 


=xiInx. 130. y=e* —x. 131. y=|sin3x|. 132. y= 





—. 133. y=xarctanx. 
134. y=x— 2 arctan x. 135. y=e-* sin 3x, 136. y=|sin x|-+ x. 137. y=sin (x2): 


138. y=cos§x+sin?x, 139. y= EET 140. y= 2S! 141, 


y= 

=: sin sal) Ed Al acre. 142. y=cos (SF!) - 
x+ |x n 1 1 

2H! —F<«<!). 143. y= Berle )+l, 144. y= 5 [38 (e—1)+ 


+ )x*<—1|]4+1 O<x<2). 


CHAPTER 6 


THE CURVATURE OF A CURVE 


6.1 ARC LENGTH AND ITS DERIVATIVE 


Let the arc of a curve M,M (Fig. 137) Le the graph of a func- 
tion y=f(x) defined on an interval (a, 6). Let us determine the 
arc length of the curve. On the curve M,M take the points M,, 
M,, M,, ..., M;-+, My .--, Ma-y, M. Connecting the points we 
get a broken line M,M,M,...M;-,M;...M,-,M inscribed in the 

arc M,M. Denote the length of this bro- 

vw, Mz Ms; ken line by P,,. 
; The length of the arc M,M is the 
limit (we denote it by s) approached by 
M, the length of the broken line as the lar- 
gest of the lengths of the segments of 
the broken line M,;_,M, approaches zero, 
if this limit exists and is independent 
F of any choice of points of the broken 

Pig. 137 line M,M,M,...M;_,M;...M,-,M. 

It will be noted that this definition 
of the arc length of an arbitrary curve is similar to the defini- 
tion of the length of the circumference of a circle. 

In Ch. 12 it will be proved that if a function f(x) and its 
derivative f’ (x) are continuous on an interval [a, 6], then the arc 
of the curve y=/(x) lying between the points [a, f(a)] and 
[b, f(b)] has a definite length; a method will be shown for com- 
puting this length. It will also be established (as a corollary) 
that under the given conditions the ratio of the length of any 
are of this curve to the length of its chord approaches unity 
when the length of the chord approaches zero, that is, 


length M,M 4 
MyM +0 length M,M 


This theorem may be readily proved for the circumference* of 


* Consider the arc AB, the central angle of which is 2a (Fig. 138). The 
length of this arc is 2Ra (R is the radius of the circle), and the length of its 


chord is 2Rsina. Therefore, lim length AB _ | 2Ra_ _ 
a+olengthAB a+o2ksina 
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a circle: however, in the general case we shall accept it without 
proof (Fig. 138). 

Let us consider the following question. 

On a plane we have a curve given by*the equation 


y =f (x). 


Let M,(x,, y,) be some fixed point of the curve and M(x, y), 
some variable point of the curve. Denote by s the arc length 
M,M (Fig. 139). 





Ig c ardx 7 





Fig. 138 Fig. 139 


The arc length s will vary with changes in the abscissa x of 
the point M; in other words, s is a function of x. Find the deri- 
vative of s with respect to x. 

Increase x by Ax. Then the arc s will change by As= the 


length of MM,. Let MM, be the chord subtending this arc. In 
order to find lim a do as follows: from AMM,Q find 
Ax7+0 


_ MMR = (Ax)? + (Ay)? 
Multiply and divide the left-hand side by As?: 
MM 
(Aet)’ Ast = (ax (Ay)? 
Divide all terms of the equation by Ax*: 
MM, \2 (As \2__ Ay \2 
ae) Ge) ee) 
Find the limits of the left and right sides as Ax—+0. Taking into 


account that lim “M14 and that lim eae we get 
Ax+0 


HM, +0 As A dx 
(a) ~ +(e) 


202 Ch. 6. The Curvature of a Curve 


or 
ds dy \2 
iyi +(#) (1) 
For the differential of the arc we get the following expression: 
d 
ds = V 1+(2) ax (2) 
or * 


ds = V dx? +- dy? (2’) 


We have obtained an expression for the differential of arc length 
for the case when the curve is given by the equation y= f (x). 
However, (2’) holds also for the case when the curve is represen- 
ted by parametric equations. 

If the curve is represented parametrically, 


x=9(t), y=) 
then 
dx=q' (t)dt, dy=v’' (t)dt 


and expression (2’) takes the form 


=Viv OFT Wr at 


6.2 CURVATURE 


One of the elements that characterize the shape of a curve is 
the degree of its bentness, or curvature. 

Let there be a curve that does not intersect itself and has a 
definite tangent at each point. Draw tangents to the curve at any 
two points A and B and denote the angle formed by these tan- 
gents by @ for, more precisely, the angle through which the tan- 
gent turns from A to B (Fig. 140)]. This angle is called the 
angle of contingence of the arc AB. Of two arcs of the same 
length, that arc is more curved which has a greater angle of 
contingence (Figs. 140 and 141). 

On the other hand, when considering arcs of different length we 
cannot gauge the degree of their curvature solely by the appro- 
priate angles of contingence. Whence it follows that a complete 
description of the curvature of a curve is given by, the ratio of 
the angle of contingence to the length of the corresponding arc. 


* Strictly speaking, (2’) holds only for the case when dv >0O. But if 
dx < 0, then ds= — WY dx?-+ dy. For this reason, in the general case this for- 
mula is more correctly written as |ds|—= V dx? + dy?. 
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Definition 1. The average curvature K,, of an arc AB is the 
ratio of the corresponding angle of contingence a to the length of 
the arc: 
soe. Oe 
AB 


For one and the same curve, the average curvature of its diffe- 
rent parts (arcs) may be different; for example, for the curve 


Kay = 


8 


Fig. 140 Fig. 141 


shown in Fig. 142, the average curvature of the arc AB is not 


equal to the average curvature of the arc A,B,, although the 
lengths of their arcs are the same. 
What is more, at different points the 
curvature of the curve differs. To cha- 
racterize the degree of curvature of a 
given line in the immediate neighbour- 
hood of a given point A, we introduce 
the concept of curvature of a curve at 
a given point. 
Definition 2. The curvature K, of a Fig. 142 

line at a given point A is the limit of 

the average curvature of the arc AB when the length of the arc 
approaches* zero (that is, when the point B approaches the 
point A): 





K,= lim K,,= lim 
a pak oat AB 
Example. For a circle of radius r: (1) determine the average curvature of 


the arc AB subtending the central angle a@ (Fig. 143); (2) determine the cur- 
vature at the point A. 


* We assume that the magnitude of the limit does not depend on which 
side of the point A we take the variable point B on the curve. 
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Solution. (1) Obviously the angle of contingence 
of the arc AB is a, the length of the arc is ar. Hence, 





a 
Kau ~ar. 
or 
K _!t 
au 
(2) The curvature at the point A is 
: a I 
Fig. 143 Re ee ee 


Thus, the average curvature of the arc of a circle of radius r is indepen- 
dent of the length and position of the arc, and for all arcs it is equal 


tot . Likewise, the curvature of a circle at any point is independent of the 


| 
choice of this point and is equal to ae 


Note. It will be seen later that, generally speaking, for any 
curve the curvature at its various points differs. 


6.3 CALCULATION OF CURVATURE 


Let us develop a formula for finding the curvature of any 
curve at any point M(x, y). We shall assume that the curve is 
represented in a Cartesian coor- 
dinate system by an equation of 
the form 


y=f (x) (1) 


and that the function f(x) has a 
continuous second derivative. 
Draw tangents to the curve at 
the points M and M, with abscis- 
sas x and x+ Ax and denote by @ 
and p-+ Ag the angles of inclina- 
tion of these tangents (Fig. 144). 
We reckon the length of the Fig. 144 
arc M,M from some fixed point 
M, and denote it by s; then As= M,M,—M,M, and | As|= MM,. 
As will be seen from Fig. 144, the angle of contingence corres- 
ponding to the arc MM, is equal to the absolute value* of the 
csiael of the angles g and p-+Ag, which means it is equal 
to | Ag]. 





= ee obvious that for the curve given in Fig. 144, |Ag|=A@ since 
Ag > 0. 
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According to the definition of average curvature of a curve, on 
the segment MM, we have 





To obtain the curvature at the point M, it is necessary to find 
the limit of the expression obtained on the condition that the 
arc length MM, approaches zero: 

tin | 2e 
oer Jin | As | 

Since the quantities @ and s both depend on x (are functions 
of x), @ may thus be considered as a function of s. We may con- 
sider that this function is represented parametrically by means 
of the parameter x. Then 


Ag _ 4 
wt As = as 
and, consequently, 
K=|% 2 
=i qe (2) 


To calculate 2 , we make use of the formula for differentiat- 


ing a function represented parametrically: 


dp _ dx 
ds ds 
dx 


To express the derivative pa in terms of the function y =f (x), we 


note that tang =4 and, therefore, 
8 dy 
p = arctan =~ 


Differentiating this equation with respect to x, we get 


dty 
dp_—s— dx 
dx dy \3 
+(#) 
As for the derivative ae we found in Sec. 6.1 that 


dx 
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Therefore, 
re 
i ee ee 
or, since K=| - |, we finally get 
at 








(3) 


It is thus possible to find the curvature at any point of a curve 


d 
where a second derivative = exists and is continuous. Calcula- 


tions are done with formula (3). It should be noted that when 
calculating the curvature of a curve only the positive value of 
the root in the denominator should be taken, since the curvature 
of a line cannot (by definition) be negative. 


Example 1. Determine the curvature of the parabola y?=2px: 
(a) at an arbitrary: pon’ ee y); 
(b) at the point M, (0, 0 


{c) at the point M, ( 7° : 
Solution. Find the first and second derivatives of the function y= WV 2px: 


Substituting the expressions obtained into (3), we get 


(a) K=—_"__ 
(2px-+ p?) /* 
1 
ee 
1 
OF b's. ap. 
y=p 


Example 2. Determine the curvature of the straight line y=ax-+6 at ar 
arbitrary point (x, y). 
Solution. 
y' =a, y”"=0 


K=0 
Thus, a straight line is a “line of zero curvature”. This very same result is 
readily obtainable directly from the definition of curvature. 


Referring to (3) we get 
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6.4 CALCULATING THE CURVATURE 
OF A CURVE REPRESENTED PARAMETRICALLY 


Let a curve be represented parametricaMy: 
x=9(t), y= H(t) 
Then (see Sec. 3.24): 
dy_ vt) Gy _ y'o'—y'9" 


dx g(t)’ dx? (9'* 
Substituting the expressions obtained into formula (3) of the 
preceding section, we get 
= ee (1) 
Example. Determine the curvature of the cycloid 
x=a(t—sin ?), y=a(l—cos ?¢) 


at an arbitrary point (x y). 
Solution. 


dx ax dy dy 
Fr 2 (1— cos 4), Sraasint, fp =asint, Gir =ac0s t 


Substituting the expressions obtained into (3). we get 
Ja(l—cost)acost—asint-asint|  — | cost—1| 
[a? (1 —cos ¢)?-+ a? sin? ¢]'/* 2°/1a (1—cos t)*/s 
| 1 
~ 2"4a(1—cos #)'/* 4a|sin 5 | 
2 


K= 


6.5 CALCULATING THE CURVATURE OF A CURVE GIVEN 
BY AN EQUATION IN POLAR COORDINATES 


Given a curve represented by an equation of the form 
p = f (8) (1) 


Write the transformation formulas from polar coordinates to 
Cartesian coordinates: 
x=pcos@ | 
y=psind J (2) 
If in these formulas we replace p by its expression in terms 
of 0, i.e., f (8), we get 
x = f (8) cosO | 
= ind f (3) 
y=f[(6)sin6 f 
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The latter equations may be regarded as parametric equations 
of curve (1), the parameter being 0. 


Then 
& = 2 coso—psin@, #4 = 2 sin +pcosé 
2 2 
5 = FE coso—2 2 sin 6—p cosé 
dy dp... dp : 
aor = ger SinO+2—5 cos@—psin@ 


Substituting the latter expressions into (1) of the preceding 
section, we get a formula for calculating the curvature of.a curve 
in polar coordinates: 


urs | 0?-+2p’— pp" | (4) 
(0?+7)'/s 

Example. Determine the cur- 

vature of the spiral of Archime- 


des p =a8 (a > 0) at an arbitra- 
ry point (Fig. 145). 








Solution. 
d d 
= * a9 
Hence 
_ |a?824207| 1 O2+4.2 
ee ~ ear ay a EI 
It will be noted that for large values of 8 we have the approximate equa- 
tions ham zl, a. = 1; therefore, replacing 62-2 by 6? and 6?+1 by 
9? in the foregoing formula, we get an approximate formula (for large values of 8): 
~ i 8 1 
~ a gyn a8 


Thus, for large values of @ the spiral of Archimedes has, approximately, 
the same curvature as a circle of radius a0. 


6.6 THE RADIUS AND CIRCLE OF CURVATURE. 
THE CENTRE OF CURVATURE. EVOLUTE AND INVOLUTE 


Detinition. The quantity R, which is the reciprocal of the cur- 
vature K of a curve at a given point M, is called the radius of 
curvature of the curve at the point in question: 


I 
as (1) 


6.6 The Radius and Circle of Curvature 209 


l(a" 


= (sy (2) 
A . 


or 


Draw a normal, at the point M, to a curve in the direction of 
the concavity of the curve, and lay off a segment MC equal to 
the radius R of the curvature of the curve at the point M. The 





°C (aA) 





Fig. 146 Fig. 147 


point C is called the centre of curvature of the given curve at M; 
the circle, of radius R, with centre at C (passing through M) is 
called the circle of curvature of the given curve at the point M 
(Fig. 146). 

From the definition of circle of curvature it follows that at a 
given point the curvature of a curve and the curvature of a circle 
of curvature are the same. 

Let us derive formulas defining the coordinates of the centre of 
curvature. 

Let a curve be given by the equation 


y= (x) (3) 
Take a point M(x, y) on this curve and determine the coordi- 
nates a and f of the centre of curvature corresponding to this 


point (Fig. 147). To do this, write the equation of the normal to 
the curve at M: 


¥—y=—— (X—x) (4) 


(Here, X and Y are the moving coordinates of the point of the 
normal.) 

Since the point C(a, B) lies on the normal, its coordinates 
must satisfy equation (4): 


p—y=— 7 (a2) (5) 
14—2081 
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Further, the point C(a, B) is separated from M(x, y) by a 
distance equal to the radius of curvature R: 


(a—x)?+ (B—y)? = R? (6) 
Solving equations (5) and (6) simultaneously, we find a and B: 


(2x)? +5 (ax) = R? 


(a—x)?= y" R? 
I+y” 





whence 


4 1 
a=x+—L_R, p=yF+———R 
Vi-+y" Vit 


y” 
12)7/ 
and since ratte, it follows that 





l+y” 
ly"| 

In order to decide which signs (upper or lower) to take in the 
latter formulas, we must examine the case y” >0O and the case 
y’ <0. If y">0, then at this point the curve is concave, and, 
hence, B > y (Fig. 147), and for this reason we take the lower 
signs. Taking into account that in this case |y”|=y", the formulas 
of the coordinates of the centre of curvature will be 








, 2 
a=x+t we, PHgt 





4 ax te) 
(7) 
1 2 
B=y+ a 


Similarly, it may be shown that formulas (7) will hold for the 
case y” <0 as well. 
If the curve is represented by the parametric equations 


x= p(t), y=(t) 


then the coordinates of the centre of curvature are readily obtain- 
able from (7) by substituting, in place of y’ and y’, their expres- 
sions in terms of the parameter 


eT n _ XYt—*1 Yt 
y = x ’ a a 
Then 
eye 
xy" —x"y' 
me (7’) 
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Example 1. To determine the coordinates of the centre of curvature of the 
parabola 
y? = 2px 


(a) at an arbitrary point M(x, y), (b) at the ,point M,(0, 0), (c) at the 
point M, £ »p). 


2 
dy ana “2 into (7) we get (Fig. 148): 


Solution. Substituting the values a ae 


(a) a=3x-+ p, emer aa 
p 
(b) at x=0 we find a=p, B=0, 


(c) at rah we have a=, p=—p. 
If at M,(x, y) of a given curve the curvature differs from zero, 
then a very definite centre of curvature C,(a, B) corresponds to 
this point. The totality of all centres of curvature of the given 
curve forms a certain new line, called the 
evolute, with respect to the first. y 10105 
Thus, the locus of centres of curvature p 
of a given curve is called the evolute. As 
related to its evolute, the given curve is 
called the evolvent or involute. My 
If a given curve is defined by the equation 
y =f (x), then equations (7) may be regarded 
as the parametric equations of the evolute 
with parameter x. Eliminating from these 
equations the parameter x (if this is possib- 
le), we get an immediate relationship bet- 
ween the moving coordinates of the evolute Fig. 148 
a and f. But if the curve is given by pa- 
rametric equations x=@(t), y=*p(t), then equations (7’) yield 
the parametric equations of the evolute (since the quantities x, 
y, x’, y’, x", y” are functions of #). 


Example 2. Find the equation of the evolute of the parabola 


cL 


C, (ee, A) 





y? = 2px 
Solution. On the basis of Example I we have, for any .point (x, y) of the 
parabola, 
a=3x+p 
2x /s 
pat 
Ve 
Eliminating the parameter x from these equations, we get 
8 


B=57, (@—PP 


This is the equation of a semicubical parabola (Fig. 149). 
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Example 3. Find the equation of the evo- 
lute of an ellipse represented by the parametric 
equations 

x=acost, y=bsint 


Solution. Find the derivatives of x and y 
with respect to ¢: 
x'=—asint, y’=bcost 
x"=—acost, y"=— bsint 
Substituting the expressions of the derivatives 
into (7’), we get 
bcos ¢ (a? sin? ¢ +- b? cos? f) 


a=acos t— . 
ab sin? ¢ +-ab cos? ¢ 


2 6 
=acos t—acos tsin? ¢— —— cos? f= 


= Patch cos* ¢ 
Fig. 149 =; a 





Thus, 


Similarly we get 


Eliminating the parameter t, we get the equation of the evolute of the ellipse 
in the form 


($)"4(y (eae 


Here, @ and B are the coordinates of the 
evolute (Fig. 150). 

_ Example 4. Find the parametric equa- 
tions of the evolute of the cycloid 





x=a (t—sin t) 
y =a(l—cos ft) 
Solution. 
x'=a(l—cos¢), y’=asint 
x"=asint, y”=acost 


Substituting the expressions obtained into 
(7’), we get 





a=a(t-+sin f) 


=—a(l—cos ?t) 
Make a change of variables, putting 
a=E—na 
B=—2a 


t=t™—a_ 
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Then the equations of the evolute will take the form 


§=a(t—sin t) 
j=a(l—cost) , 
They define, in coordinates § y, a cycloid with the same generating circle of 


radius a. Thus, the evolute of a cycloid is that same cycloid displaced along 
the x-axis by — na and along the y-axis by —2a (Fig. 151). 





Fig. 151 


6.7 THE PROPERTIES OF AN EVOLUTE 


Theorem 1. The normal toa given curve is a tangent to its evolute. 
Proof. The slope of the tangent to an evolute defined by the 
parametric equations (7) of the preceding section is equal to 


# 


‘iz 
dx 


# _ 


Noting that [by virtue of the same equations (7)} 
da 3y"ty"*—y'y"" yy" » 8y'y*—y"" — yy" 


aay in y (1) 
d 3y” aes —y’ y’" 
7 oe (2) 


we get the relationship 


als 


BL 
y’ 
But y’ is the slope of the tangent to the curve at the correspond- 
ing point; it therefore follows from the relationship obtained 
that the tangent to the curve and the tangent to its evolute at 


the corresponding point are mutually perpendicular; that is, the 
normal to a curve is the tangent to the evolute. 
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Theorem 2. /f, over a certain segment M,M, of a curve, the 
radius of curvature varies monotonically (i.e., either only increases 
or only decreases), then the increment in the arc length of the evo- 
lute on this portion of the curve is equal (in absolute value ) to 
the corresponding increment in the radius of curvature of the given 
curve. 

Proof. From formula (2’), Sec. 6.1, we have 


ds? = da? + dp? 
where ds is the differential of arc length of the evolute; whence 
ds \2 df 
(a) = (ze) +(e) 
Substituting the expressions (1) and (2), we get 
ds \ ry (3y'y? — yy — yy" 
(2) <4) 3) 
12 3/, 1 12)\3 
Then we find (ey. Since R= on it follows that R, = ee 


Differentiating both sides of this equation with respect to x, we 
get the following (after appropriate manipulations): 


dR 2(1+y"?)? (3y’y"*?—y""'— yy’) 
2R a= ("5 


Dividing both sides of the equation by 2R= 


21 12)3/2 
ee, we have 


dR (1+ y)¥/? (By'y?®—y"" —y"y'"’) 
dx y” 


Squaring, we get 

d 3y' Cc — y2y?!" 

(By 049) (ery (4) 
Comparing (3) and (4), we find 


(a) = (a) 


whence 


It is given that a does not change sign (R only increases or 


only decreases); hence, = does not change sign either. For the 
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sake of definiteness, let <0, a >0 (which corresponds to 
Fig. 152). Hence, S8-—& 


Let the point M, have abscissa x, and M, have abscissa x,. Apply 
the Cauchy theorem to the functions s(x) and R(x) on the inter- 
val [x,, x,]: 


(&) 

S(X_)—s(%)) dx) x= capes 

R(x_)—R (x1) / dR * = 
Com 


where § is a number lying hetween x, and x, (x, <& <~x,). 
We introduce the designations (Fig. 152) 


S(%)=S,, S(X%)=S, R(X)=R, R(X)=R, 
Then RoR =~! or s,—s,=—(R,—R,). But this means that 
|Ss,—s,|=|R,—R,| 


This equation is proved in exactly the same manner if the radius 
of curvature increases. 

We have proved Theorems | and 2 for the case where the cufve 
is given by an explicit function, y=f (x). 

If the curve is represented by parametric equations, these theo- 
rems also hold, and their proof is exactly the same. 

Note. The following is a simple mechanical method for constructing 
an involute from its evolute. 


Y 








Fig. 152 Fig. 153 
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Let a flexible ruler be tent into the shape of an evolute C,C, 
(Fig. 153). Suppose one end of an unstretchable string is attached 
to the point C, and bends round the ruler. If we hold the string 
taut and unwind it, the end of the string will describe a curve M,M,, 
which is the involute (or evolvent, 
the name coming from this pro- 
cess of “evolving’”). Proof that this 
curve is indeed an involute may 
be carried out by means of the 
above-established properties of the 
evolute. 

It should be noted that to a 
single evolute there correspond 
an infinitude of various involutes 
(Fig. 153). 


Example. Suppose we have a circle of 
radius a (Fig. 154). Take the involute of 
this circle that passes through the point 


Fig. 154 Mo (a, 0). me 
Taking into account that CM=CM)= 
=at, it is easy to obtain the equations of the involute of the circle: 
OP=x=a(cost-+#sin t) 
PM == y=a (sin t—t¢ Cos t) 





It will be noted that the profile of a tooth of a gear wheel is most often 
in the shape of the involute of a circle. 


6.8 APPROXIMATING THE REAL ROOTS OF AN EQUATION 


Methods of investigating the behaviour of functions enable us to 
approximate the roots of an equation: 


f(x) =0 


If the equation is an algebraic equation* of the first, second, 
third, or fourth degree, there are formulas which permit expressing 
the roots of the equation in terms of its coefficients by means of 
a finite number of operations of addition, subtraction, multiplica- 
tion, division and evolution. Generally speaking, there are no such 
formulas for equations above the fourth degree. If the coefficients 
of any equation, algebraic or nonalgebraic (transcendental), are not 
literal but numerical, then the roots of the equation may be cal- 
culated approximately to any degree of accuracy. It should be noted 
that even when the roots of an algebraic equation are expressed 


* The equation f(x)=0 is called algebraic if f(x) is a polynomial (see 
Sec. 7.6). 
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in terms of radicals, it is sometimes -etter to apply an approxi- 
mation method of solving the equation. Below we give some me- 
thods of approximating the roots of an equation. 
1. Method of chords. Given an equatioh 

f(x) =0 (1) 
where f(x) is a continuous, doubly differentiable function on the 
interval [a, 6]. Suppose that by investigating the function y =f (x) 
within the interval [a, b] we isolate a subinterval [x,, x,] such that 
within this subinterval the func- 
tion is monotonic (either increas- 
ing or decreasing), and at the end 
points the values of the func- 


¥ 





z 





Fig. 155 Fig. 156 


tion f(x,) and f(x,) have different signs. For definiteness, we say 
that f(x,)<0, f(x.) >0 (Fig. 155). Since the function y=f (x) 
is continuous on the interval [x,, x,], its graph will cut the x-axis 
in some one point between x, and x,. 

Draw a chord AB connecting the end points of the curve 
y=f (x), which correspond to abscissas x, and x,. Then the 
abscissa a, of the point of intersection of this chord with the x-axis 
will be the approximate value of the root (Fig. 156). In order to 
find this approximate value let us write the equation of the straight 
line AB that passes through two given points A [x,, f(x,)] and 
B [x., f (%2)]: 

g—f(m) x1 
F(%s)—F (x1) Xa— 1 
Since y=0 at x=a,, it follows that 


— f (x1) a—* 


f (%a)—F (x1) Xy— 41 











whence 
__ %s—*1) f (4) 


4 = FT) (2) 
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or 
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__ X1f (X2)— Xoh (21) ’ 
1" F(a) —F a) (2') 


To obtain a more exact value of the root, we determine f (a,). 
If f(a,) <0, then repeat the same procedure applying formula (2’) 
to the interval [a,, x,]. If f(a,)>0, then apply this formula to 





~ 
NN 
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the interval [x,, a,]. By repeating this pro- 
cedure several times we will obviously obtain 
more and more precise values of the root 
a,, ay, etc. 
Example 1. Approximate the roots of the equation 
f (x) = 8 —6x-+-2=0 

Solution. First find the intervals wuere the fun- 
ction f(x) is monotonic. Taking the derivative 
F’ (x) = 3x? —6, we find that it is positive for x < — V2, 
negative for —V2<x<+/Y2 and again positive 
for x > V2 (Fig. 157). Thus, the function has three 
intervals of monotonicity, in each of which there is 
one root. 

To simplify the calculations, let us narrow these 
intervals of monotonicity (there should be a corres- 
ponding root in each interval). To do this, substitute 
into expression f(x), at random, some values of x, 
then isolate (within each interval of monotonicity) 
shorter intervals such that the functions at the end 
puints have different signs: 


x,=0, f(0)=2 
*%=1, fdj=—3 } 
x3 = —3, f (—3)=—7 
44=—2, f(—2)=6 } 
Xs=2, f (2)=—2 
x3.=3, f3)=11 \ 


Thus, the roots lie within the intervals 


(—3, —2,), (0, 1), (2, 3) 


Find the approximate value of the root in the interval (0, 1); from formula (2) 


we have 


Since 


f (0.4) = 0.485 —6-0.4+2=—0.236, f(0)=2 


it follows that the root lies between 0 and 0.4. Again applying (2) to this 
interval, we get the following approximation: 


a, =0— 


(0.4—0).2 0.8 


0.3362 9336 —— 0.342, etc. 


We approximate the roots in the other intervals in similar fashion. 
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2. Method of tangents (Newton’s method). Again, let f (x,) < 0, 
f (%,) >0. On the interval [x,, x,] the first derivative does not 
change sign. Then there is one root of the equation f(x)=0 in the 
interval (x,, x,). Let us assume that the s&cond derivative does not 
change sign in the interval [x,, x,] either; this can be achieved by 
reducing the length of the interval within which the root lies. 





Fig. 158 Fig. 159 


Preservation of the sign of the second derivative on the interval 
[x,, x,] means that the curve is either only convex or only con- 
cave on [x,, x,]. 

Draw a tangent to the curve at the point B (Fig. 158). The 
abscissa a, of the point of intersection of the tangent with the 
x-axis will be an approximate value of the root. To find this 
abscissa, write the equation of the tangent at the point B: 


y—f(x.J)=f (x2) (x— x,) 
Noting that x=a, at y=0, we have 





a, = x,— 1%) (3) 


Then, drawing the tangent line at the point B, [a,, f(a,)], we 
analogously find a more exact value of the root a,. By repeating 
this procedure we can calculate the approximate value of the root 
to any desired degree of accuracy. 

Note the following. If we drew the tangent to the curve not 
at the point B but at A, it might appear that the point of inter- 
section of the tangent with the x-axis lies outside the interval 
ai Xs) 
ee Figs. 158 and 159 it follows that the tangent should be 
drawn at the end of the arc at which the signs of the function 
and its second derivative coincide. Since it is given that on the 
interval [x,, x,] the second derivative preserves its sign, the signs 
of the function and the second derivative must coincide at one 
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of the end points. This rule also holds for the case where f’ (x) < 0. 
If the tangent is drawn at the left end point of the interval, 
then in formula (3) we must put x, in place of x,: 


a= Fey ”) 





When there is a point of inflection C in the interval (x,, ~x,), 
the method of tangents can yield an approximate value of the 
root lying without the interval (x,, x,) 
(Fig. 160). 

Example 2. Apply formula (3’) to finding the 
root of the equation 

f(x) =8—6x+2=0 
within the interval (0, 1). We have 
/(0)=2, f (0) = (3x? — 6) | x=0=—6, 
f" (x) =6x >0 





and so from (3’) we get 


Fig. 160 


2 I 
—6" 3 

3. Combined method (Fig. 161). Applying at the same time on 
the interval [x,, x,] the method of chords and the method of tan- 
gents, we get two points a, and a, lying on either side of the 
desired root a, since f(a,) and f(a,) 4 
have different signs. Then, on the 
interval [a,, a,) again apply the 
method of chords and the method 
of tangents. This yields two num- 
bers: a, and a,, which are still clo- 
ser to the value of the root. We 
continue in this manner until the 
difference between the approximate 
values found is less than the requi- 
red degree of accuracy. It will be 
noted that in the combined m«- 
thod we approach the sought-for root 
from two sides simultaneousiy Fig. 161 
(i.e., at the same time we appro- - 
ximate the root with an excess and with a deficit). 

To illustrate in the case we have examined it will be clear that by substi- 
tution we have 

f (0.333) > 0, (0.342) < 0 


Hence, the root lies between the approximate values obtained: 
0.333 < x < 0.342 


ay= o— =0.333. 


8 
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Exercises on Chapter 6 
Find the curvature of the curves at the indicated points: 
1. 62x?-+a?y?—a*h? at the points (0, 6) and (a, 0). Ans. + at (0, 6); 
a 24 


ay at (a, 0). 2. xy==12 at the point (3, 4). Ans. T° 3. y= at the point 


(%1, y1). Ans. Eeuae 4, 16y2=4x+— x6 at the point (2, 0). Ans. +: 
aEA 1 shi 78s 
3 343 : F eee 
5. x8 +y* =a®* at an arbitrary point. Ans. 39 \axy] 
Find the radius of curvature of the following curves at the indicated points; 
draw each curve and construct the appropriate circle of curvature: Pa 
80 V 10 





6. y2=x° at the point (4, 8). Ans. R= ae 7. x? = 4ay at the point (0, 0). 


4 4, )3/2 
Ans. R = 2a. 8. b*x* —a®y? = ab? at the point (x1, y,). Ans. R= een. 


9. y=Inx at the point (1, 0). Ans. R=2 V2. 10. y=sinx at the point 
= 3 
= 1). Ans. R=1. M1. ~~ 7608 a for ¢=¢,. Ans. R=3asin t, cos fy. 


2’ y=asin't | 
Find the radius of curvature of the indicated curves: 
— 3/2 
12. eh for ¢=1. Ans. R=6. 13. Circle p=asin@. Ans. R=. 
: (p22)? 
14, Spiral of Archimedes p=aO. Ans. ember 7 ak 15. Cardioid p= 


2 
==a(1—cos 6). Ans. R=> V 2ap. 16. Lemniscate p? =a* cos 20. Ans. R ere 


17. Parabola p=asect 2. Ans. R=2a sect 2 18. p=asinS , Ans. R= 


3.4 8 
= 44 sin” 3.- 

Find the points of the curves at which the radius of curvature is a mi- 
nimum: 


; V2 1 ) es ( I V2 
19. y=Inx. Ans. (#2. —q_in2 . 20. y=er. Ans. —y ine, aor 


— a a x? 
21. Vx +Vy=Va.- Ans. (+. +): 22. y=ain(1-4). Ans. At the 


point (0, )R=>. 
Find the coordinates of the centre of curvature (a, B) and the equation of 
the evolute for each of the following curves: 


2 2 2 

e ¥ (a2+6%)x8 4 (a?-+ 6%) y8 e418 _ 78 
23 aT pl Ans. ta Pe ape x+y” =a 
tt a4 att IBy* 


Ans. aax43x 2 y%, Bay+3x%y?. 25. y®=a®x. Ans. a= Sy 


é 
_ aty—9y® x=3f, ey fone de 
Pore ES. pene, AM eS= Br Pe aio a 
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ea &(t “a 
—\ek Rk , 
ae y=ksint¢. (tractrix). 


x=a(cost-+¢sin #), o Seeds x=acos’ ¢, 

28. { y=a (sin t—f cos 2). Ans. a==acost, B=asint. 29. { y=asin®?, 
Ans. «=acos't+3acos¢sin?t, B=asin’ ¢+ 3a cos? ¢ sin ¢. 

30. Find the roots of the equation x7—4x-++2=0 to three decimal places. 
Ans. x, = 1.675, x,=0.539, x3 = —2.214. 

31. For the equation f(x)=x5—x—0.2=0, approximate the root in the 
interval (1, 1.1). Ans. 1.045. 

32. Evaluate the roots of the equation x4+-2x?—6x-+2=0 to two decimal 
places. Ans. 0.38 < x, < 0.39, 1.24 < x, < 1.25. 

33. Solve the equation x®—5=0 approximately. Ans, x, 21.71, x93= 


34. Approximate the root of the equation x—tanx=0 lying between 0 


and s. Ans. 4.4935. 


35. Compute the root of the equation sin x =1—-x to tliree places of deci- 
mals. Hint. Reduce the equation to the form f (x)=0. Ans. 0.5110 < x < 0.5111. 


Miscellaneous Problems 


36. Show that at each point of the lemniscate p? =a? cos 2@ the curvature 
is proportional to the radius vector of the point. 
37. Find the greatest value of the radius of curvature of the curve 


p=asin 2. Ans. R=30. 


38. Find the coordinates of the centre of curvature of the curve y=xInx 
at the point where y’=0. Ans. (e-', 0). 

39. Prove that for points of the spiral of Archimedes p=ag as m —> o the 
magnitude of the difference between the radius vector and the radius of cur- 


vature approaches zero. 
40. Find the parabola y=<ax?-++6x-+-c, which has common tangent and cur- 


vature with the sine curve y=sin x at the point (} 1). Make a drawing. 


Ans. ga pF. 
41. The function y=f (x) is defined as follows: 
f (x)=28 in the interval —o <x<l 
f (x) =ax?-+ bx-+c in the interval 1<x<+o 


What must a, 6 and c be for the curve y=f(x) to have continuous curvature 
everywhere? Make a drawing. Ans. a=3, b=—3, c=1. 

42. Show that the radius of curvature of a cycloid at any one of its points 
is twice the length of the normal at that point. 

43. Write the equation of the oo of Cua of the parabola y= x? at 
the point (1, 1). Ans. + 4art(y -5) =. 


44. Write the equation of the circle of curvature 


° of iN curve y=tanx at 
- n n— 10 \? 125 
the point (+ 1). Ans. («- 7 +(¥-7) =e" 





4 , 
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45. Find the length of the entire evolute of an ellipse whose semi-axes are 
4 (a3 — 53) 

a and b. Ans. =e 

46. Find the approximate values of the roots of the equation xe*=2 to 
within 0.01. Ans. The equation has only one real poot, x ~ 0.84. 

47. Find the approximate values of the roots of the equation xInx—=0.8 
to within 0.01. Ans. The equation has only one real root, x = 1.64. 

48. Find the a porca als values of the roots of the equation x? arctan x= 1 
to within 0.001. Ans. The equation has only one real root, x = 1.096. 


CHAPTER 7 


COMPLEX NUMBERS. POLYNOMIALS 


7.1 COMPLEX NUMBERS. BASIC DEFINITIONS 


A complex number is a number given by the expression 
z=a-+ib (1) 


where a and 6 are real numbers and i is the so-called imaginary 
unit, which is defined as 


i=V—1 or #=—1 (2) 


a is called the real part, and 6, the imaginary part of the comp- 
lex number. They are designated, respectively, as follows: 


a=Rez, b=Imz 


If a=0, then the number 0+ib=ib is a pure imaginary; if 
b=0, then we have the real number a+i0=a. Two complex 
numbers z=a+ib and z=a—ib that differ solely in the sign of 
the imaginary part are called conjugate complex numbers. 

We agree upon the two following basic definitions. 

(1) Two complex numbers z, =a,+ ib, and z,=a,+ ib, are equal, 
2,=2,, if 
nee a,=a, b=, 


that is, if their real parts are equal and their imaginary parts are 


equal. 
(2) A complex number z is equal to zero 


z=a+ib=0 


if and only if a=0, b=0. 

1. Geometric representation of complex numbers. Any complex 
number z=a-+ib may be represented in the xy-plane as a point 
A(a, 6) with coordinates a and b. Conversely, every point M (x, y) 
of the plane is associated with a complex number z=x+iy. The 
plane on which complex numbers are represented is called the 
plane of the complex variable z, or the complex plane (Fig. 162, 
the encircled z symbol indicates that this is the complex plane). 

Points of the plane of the complex variable z lying on the 
x-axis correspond to real numbers (b=0). Points lying on the 
y-axis represent pure imaginary numbers, since a=0. Therefore, 
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in the complex plane, the y-axis is called the imaginary axis, or 
axis of imaginaries, and the x-axis is the real axis, or axis of 
reals. 

Joining the point A(a, 6) to the origin, ‘we get a vector OA. In 
certain instances, it is convenient to consider the vector OA as the 
geometric representation of the complex y © 
number z=a-+ ib. 

2. Trigonometric form of a complex 
number. Denote by @ and r(r>0) the 
polar coordinates of the point A (a, b) 
and consider the origin as the pole and 
the positive direction of the x-axis, the 
polar axis. Then (Fig. 162) we have 
the familiar relationships Fig. 162 


a-=rcosm, b=rsing 





and, hence, the complex number may be given in the form 
a+ib=rcosp+irsing or z=r(cosp+ising) (3) 


The expression on the right is called the trigonometric form (or 
polar form) of the complex number z=a- ib; r is termed the modulus 
of the complex number z, @ is the argument (amplitude or phase) 
of the complex number z. They are designated as 


=|z|, p=argz (4) 
The quantities r and @ are expressed in terms of a and 0 as follows: 


r=Vae+8, g = Arctan 2 


To summarize, then, 


|jz|=|a+ib|=Va+o? 
(5) 


arg z = arg (a+ ib) = Arctan 4 


The amplitude of a complex number is considered positive if it 
is reckoned from the positive x-axis counterclockwise, and negative, 
in the opposite sense. The amplitude @ is obviously not determined 
uniquely but up to term 27k, where & is any integer. 


Note. The conjugate complex numbers z=—a+ib and z=a—ib 
have equal moduli |z|=|z| and their arguments (amplitudes) are 
equal in absolute value but differ in sign: argz—= —argz. 
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It will be noted that the real number A can also be written in 
the form (3), namely: 
A=|A|(cos0+isin0) forA>0 
A=|A|(cosn+isinz) forA<0 
The modulus of the complex number 0 is zero: |0|=0. Any 
angle @ may be taken for amplitude zero. Indeed, for any angle @ 
we have 
0=0(cos@-+i sing) 


7.2 BASIC OPERATIONS ON COMPLEX NUMBERS 


1. Addition of complex numbers. The sum of two complex num- 
bers z,=a,+ib, and z,=a,+ib, is a complex number defined by 
the equation 


2, +2, = (a, + ib,) + (a, + ib.) = (a, + a,) +i (6, +54) (1) 


From (1) it follows that the addition of complex numbers depic- 
ted as vectors is performed by the rule of the addition of vectors 
(Fig. 163a). 





Fig. 163 


2. Subtraction of complex numbers. The difference of two complex 
numbers z2,=a,+ib, and z,=a,+ib, is a complex number such 
that when it is added to z, it yields 2,. 

It is easy to see that 


2,—2Z, = (a, + ib,) —(a, + ib.) = (a,—a,) +i (6, —5,) (2) 


It will be noted that the modulus of the difference of two complex 
numbers is equal to the distance between the points representing 
these numbers in the plane of the complex variable (Fig. 1630) 


| 2, —2, |= V G@—a,) + (6,—5,)? 


3. Multiplication of complex numbers. The product of two com- 
plex numbers 2,=a,+ib, and z,=a,-+ib, is a complex number 
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obtained when these two numbers are multiplied as binomials by 
the rules of algebra, provided that 


®=—-1, ®=-i, #=(—i)-i=>yP=1, P®=i, ete. 


and, generally, for any integral k, 
ik—], (4kt1—j, jaet2— —], (ets ji 


From this rule we get 
2,2, = (a, + ib,) (a, +-ib,) =a,a, + ib,a, + ia,b, + ib,b, 
or 
2,2, = (a,a, —b,b,) + i (b,a, + a,b,) (3) 
Let the complex numbers be written in trigonometric form 
2,=r,(cosg,+ising,), 2,=r,(cosg,+isin Q,) 
then 
* 2,2, =r, (cos, +ising,) r, (cos@, +i sin g,) 
=r,r, [cos p,cos p, + ising, cos p, +i cos P, sing, 
+ i*sin gp, sin g,] = 7,7, [(cos p, cos p, — Sin Q, sin @,) 
+i (sin p, cos p, + Cos 9, sin g,)]} 
=r, [cos (9, +9.) + isin (p, + )] 
Thus, 
2,2,=1,1, [cos (9, + 9.) +éisin (9, + 9,)] (3’) 
i.e., the product of two complex numbers is a complex number, the 
modulus of which is equal to the product of the moduli of the factors, 
and the amplitude is equal to the sum of the amplitudes of the 


factors. 
Note 1. The product of two conjugate complex numbers z=a-+ib 


and z=a—ib is, by virtue of (3), expressed as follows: 
zz=a?+ b? 
or 
2z=|2/?=|2/? 
The product of two conjugate complex numbers is equal to the 
square of the modulus of each number. 


4. Division of complex numbers. The division of complex num- 
bers is defined as the inverse operation of multiplication. 


Suppose we have z,=a,+ib,, z,=a,+ib,, |z,|=Va2+bi40. 
Then paz is a complex number such that z,=2z,2. If 


a, + ib; ° 
—— = X 
‘ a, + ib, Tey 





15* 


228 Ch. 7. Complex Numbers. Polynomials 


then 
a, + ib, = (a, + ib,) (x + iy) 
a, + ib, = (a,x—b,y) +i (a,y + 6,2) 
x and y are found from the system of equations 
a, =a,x—by, 6,=b,x+ ay 


Solving this system we get 


or 


= @ 2+ bby a a,b, — a,b, 
aby ” a3+53 
and finally we have 
a,a,+ 6,5, . a2b;— aybe 
2a i Se 4 
a3+63 Bs a3 + 53 @ 


Actually, complex numbers are divided as follows: to divide 
2,=a,+ib, by z,=a,+ib,, multiply the dividend and divisor by 
a complex number conjugate to the divisor (that is, by a,—ib,). 
Then the divisor will be a real number; dividing the real and 
imaginary parts of the dividend by it, we get the quotient 

a, iby (a, +461) (@g—tbs) _ 

@,+iby — (a2+-ib,) (a,—ibs) 

— (142 +6169) +8 (gb: — 4469) _ dg + bibg +i a,b, — a,b, 
a3+ 65 a3 +05 a3+5 


If the complex numbers are given in the trigonometric form 
z2,=r,(cosg,+ising,), 2% =r, (cos@,+ising,) 





then 
A 1s rT ESN) _ 11 feos (p,—@,) +isin(p,—9,)] (6) 


22 fe (cos@g+ising@,) re 


To verify this equation, multiply the divisor by the quotient: 
r, (cos @, +# sin @,) - [cos (p;—9,) + sin (p,—9,)] 
=r 7 [cos (ps + 9: — 9.) +é sin (P+. ,—9,)] = (COS, +é sin'g,) 


Thus, the modulus of the quotient of two complex numbers is equal 
to the quotient of the moduli of the dividend and the divisor; the. 
amplitude of the quotient is equal to the difference between the 
amplitudes of the dividend and divisor. 

Note 2. From the rules of operations involving complex num- 
bers it follows that the operations of addition, subtraction, multi- 
plication and division of complex numbers yield a complex number, 
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If the rules of operations on complex numbers are applied to 
real numbers, these being regarded as a special case of complex 
numbers, they will coincide with the ordinary rules of arithmetic. 

Note 3. Returning to the definitions ef a sum, difference, pro- 
duct and quotient of complex numbers, it is easy to show that if 
each complex number in these expressions is replaced by its con- 
jugate, then the results of the aforementioned operations will yield 
conjugate numbers, whence, as a particular case, we have the 
following theorem. 

Theorem. /f in a polynomial with real coefficients 


Ax" + Ayx"-24... +A, 


we put, in place of x, the number a+ ib and then the conjugate 
number a—ib the results of these substitutions will be mutually 
conjugate. 
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1. Powers. From formula (3’) of the preceding section it follows 
that if n is a positive integer, then 
[r (cos p+ising)]" =r" (cosng+isinng) (1) 
This formula is called De Moivre’s formula. It shows that when 
a complex number is raised to a positive integral power the modulus 
is raised to this power, and the amplitude is multiplied by the 
exponent. 
Now consider another application of De Moivre’s formula. 
Setting r=1 in this formula, we get 


(cos p+ ising)” =cosng+isinnge 


Expanding the left-hand side by the binomial theorem and 
equating the real and imaginary parts, we can express sinn@ and 
cosn@ in terms of powers of sing and cosq@. For instance, if 
n=3 we have 

cos* p +i 3cos? @ sing —3cos g sin? gp —i sin’ g = cos 3g + / sin 3@ 
Making use of the condition of equality of two complex numbers, 
we get 

cos 39 = cos? p— 3cos g sin? 
sin 39 = — sin? g + 3cos?@ sing 

2. Roots. The nth root of a complex number is another complex 
number whose nth power is equal to the radicand, or 

Vr (cos p +i sing) =p (cos p+isin»p) 
if 
p” (cosmp+isinnp) =r (cos@p+isin g) 
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Since the moduli of equal complex numbers must be equal, 
while their amplitudes may differ by a multiple of 2x, we have 


p"=r, mp=g+2kn 


u/s 2k 
p= rt, pat 


Whence we find 


where & is any integer, yr is the principal (positive real) root 
of the positive number r. Therefore, 


Vr (cos @ Fi sing) = 1/7 (cos SE + ; sin ST | (2) 


Giving k the values 0, 1, 2, ..., n—1, we get n different values 
of the root. For the other values of k, the amplitudes will differ 
from those obtained by a multiple of 2x, and, for this reason, 
root values will be obtained that coincide with those considered. 

Thus, the nth root of a complex number has n different values. 

The nth root of a real nonzero number A also has n values, 
since a real number is a special case of a complex number and 
may be represented in trigonometric form: 


if A>0, then A=|A|(cos0+isin0) 
if A<0, then A=|A|(cosn+i sina) 
Example 1. Find all the values of the cube root of 
nity. 
Solution. We represent unity in trigonometric form: 
1=cos0+isin0 


By formula (2) we have 


3/ 1=j/ cos 0-+i sin 0= cos oT ORE + isin TORR 





3 
Setting & equal to 0, 1, 2, we find three values of the root: 


wile oo 
x,=cos0+isin0=1, x,= cos 7 4 isin > 


ty= cos 4 isin 4S 
Noting that 
7 1 an V3 4n 1 an SV 
coyT=-F7: i i, STS: sg 3 
we get 
1,.V3 .V3 
y=, %=—_ti rs ’ gee 





In Fig. 164, the points A, B, C are geometric representations of the roots 
obtained. 
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3. Solution of a binomial equation. An equation of the form 
x" =A 


is called a binomial equation. Let us find ,its roots. 
If A is a real positive number, then 


x= VA(cos** + isin) (k=0, 1,2, -..,2—1) 


The expression in the brackets gives all the values of the nth 
root of 1. 
If A is a real negative number, then 


x=V{A] ( cos zieke +isin =) 


The expression in the brackets gives all the values of the nth 
root of —1. 

If A is a complex number, then the values of x are found from 
formula (2). 

Example 2. Solve the equation 


x4=1 
Solution. 


x= j/ cos 2kn+i sin 2kn = cos 72 + isin 2A 


Setting & equal to 0, 1, 2, 3, we get 


x,=cos0+isin0=1 
2m, ,.;. 20 
%,= cos isin - =i 


4n , ... 4x 
x= cos isina-=—1 


6n , ..,, 6x 
x= cos + isin-= —i 


7.4 EXPONENTIAL FUNCTION WITH COMPLEX EXPONENT AND ITS 
PROPERTIES 


Let z=x-+iy. If x and y are real variables, then z is called 
a complex variable. To each value of the complex variable z in the 
xy-plane (the complex plane) there corresponds a definite point 
(see Fig. 162). 

Definition. If to every value of the complex variable z of a 
certain range of complex values there corresponds a definite value 
of another complex quantity w, then w is a function of the complex 
variable z. Functions of a complex variable are denoted by w=f (z) 
or w=w(z2). 
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Here, we consider the exponential function of a complex variable: 





w =e 
or : 
w—erty 
The complex values of the function w are defined as follows *: 
extly — e* (cosy+isiny) (1) 
that is 
w (z) =e* (cosy+isiny) (2) 
Examples: 
19 — 
a ee pr atee (cos F + isin +) =(Y +i¥2), 


x 
ma, Oty? Mig a\_, 
2. z=0+54, e =e' cos + isin x =F 


3. z=1-+i, ebt4xel (cos 1+ isin 1) = 0.544 i-0.83. 
z=x is areal number, e*+%—=e* (cos0+isin0)—e* is an ordinary ex- 


4. 
ponential function. 
Properties of an exponential function. 
1. If z, and z, are two complex numbers, then 
e214+23 — er1¢2s (3) 
Proof. Let 
A=, %= xX. tly, 
then 
@21+22 — ets tips) + (Mat iys) — el%rt+%a)t! (yit ys) 
= ee (cos (y, +4.) +isin(y,+y.)] (4) 
On the other hand, by the theorem of the product of two complex 
numbers in trigonometric form we will have 
e71072 = e%1t!Mse%ati¥s — e% (cOS y, + i Sin y,) e** (cos y, + i sin y,) 
= er1¢e*s [cos (4: +42) +é sin (y, + y2)] (5) 
In (4) and (5) the right sides are equal, hence the left sides are 
equal too: 
e271 +22 — e2192s 
2. The following formula is similarly proved: 
e71-73 anes (6) 


es 


* The advisability of this definition of the exponential function of a complex 
variable will also be shown later on (see Sec. 13.21 and Sec. 16.18 of Vol. II). 
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3. If m is an integer, then 
(eyn=en (7) 


For m>0, this formula is readily obtained from (3); if m<0, 
then it is obtained from formulas (3) and (6). 
4. The identity 


ext 2nt — et (8) 

holds. 

Indeed, from (3) and (1) we get 

er +2ni — eve2ni — e* (cos 2n + i sin 2m) =e” 

From identity (8) it follows that the exponential function e? is a 
periodic function with a period of 2ni. 

5. Let us now consider the complex quantity 

w =u (x) + iv (x) 


where u(x) and u(x) are real functions of a real variable x. This 
is a complex function of a real variable. 
(a) Let there exist the limits 


lim u(x) =u (x), lim v (x) =v (%») 


Then wu (Xp) + iv (x9) = W, is called the limit of the complex variable w. 
(b) If the derivatives u’(x) and v’(x) exist, then we shall call 
the expression 


w, =u’ (x) + iv’ (x) (9) 
the derivative of a complex function of a real variable with respect 


to a real argument. 
Let us now consider the following exponential function: 


w — ert ipx _.. plat if x 


where a and f are real constants and x is a real variable. This 
is a complex function of a real variable, which function may be 
rewritten, according to (1), as follows: 
w =e [cos Bx +i sin Bx] 
or 
w =e cos Bx + ie™ sin Bx 
Let us find the derivative w,. From (9) we have 
WwW; = (e** cos Bx)’ + i (e* sin Bx)’ 
=e (a cos Bx —B sin Bx) + ie* (a sin Bx + B cos Bx) 
=a [e* (cos Bx + i sin Bx)] + iB [e** (cos Bx + i sin Bx)] 
= (a+ iB) [e* (cos Bx -+ i sin Bx)] = (a+ if) e+ #)* 


234 Ch. 7. Complex Numbers. Polynomials 


To summarize then, if w=e*)*, then w’ =(a+ iB) e%*®)* or 
[e+ 48) *] aren (a + ip) elat iB) x (10) 


Thus, if & is a complex number (or, in the special case, a real 
number) and x is a real number, then 


(e*)’ = ke (9’) 
We have thus obtained the ordinary formula for differentiating an 
exponential function. Further, 
(eh*)" = [(e*)']’ = (eM)' = hte 
and for arbitrary n 
(er) = brek* 
We shall need these formulas later on. 


7.5 EULER’S FORMULA. 
THE EXPONENTIAL FORM OF A COMPLEX NUMBER 


Putting x=0 in formula (1) of the preceding section, we get 
e¥ =cosy+isiny (1) 
This is Euler’s formula, which expresses an exponential function 


with an imaginary exponent in terms of trigonometric functions. 
Replacing y by —y in (1) we get 


e-¥” =cosy—isiny . (2) 
From (1) and (2) we find cosy and siny: 
cosy ashes” te" 
(3) 


ely—e-y 


siny = oF 


These formulas are used in particular to express powers of cos@ 
and sing and their products in terms of the sine and cosine of 
multiple arcs. 


Example 1. cos? y -(- anal =+ (ef¥ +.2-+e- 2) 
=> [(cos 2y-+-i sin 2y)-+2-+-(cos 2y—i sin 2y)] 


=+ (2 cos ay +)=4 (1 -+ cos 2y) 


efpte-ly\2 eae 
2 2i 
(ee —e- Be) 1 
oT pa ig OO 





Example 2. cos? g sin? o=( 
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The exponential form of a complex number. Let us represent a 
complex number in trigonometric form: 


z=r(cosp-+i sing) 


where r is the modulus of the complex number and @ is the ar- 
gument (amplituce) of the complex number. By Euler’s formula, 


cos p+ising =el? (4) 


Thus, any complex number may be represented in the so-called 
exponential form: 
z=rel? 
Example 3. Represent the numbers |, i, —2, —i in exponential form. 
Solution. 1 = cos 2kn-+i sin 2ku= e2hrl 
ane Mein Ho! 
i= C085 +i sin 7 me 
—2=2 (cos a-+isin m) = 2et 
7 


—i=cos (—F)-+isin (-$)=<?' 


By Properties (3), (6), (7), Sec. 7.4, of an exponential function, 
it is easy to operate on complex numbers in exponential form. 
Suppose we have 
z,=7,e%, 2,=7r,e/%s 


then 
21-2, =e! -re'Ps = 7,7 ,e! (Ort Os) (5) 
jo \ 
4 _ met _ 1 6 (@,-00 (6) 
23 ree To 
zz (re!?)" = rreing (7) 
o+akn 


Vree=Wre' ™ (k=0, 1, 2, ..., n—1) (8) 


Formula (5) coincides with (3’) of Sec. 7.2; (6), with (5) of 
Sec. 7.2; (7), with (1) of Sec. 7.3; (8) with (2) of Sec. 7.3. 


7.6 FACTORING A POLYNOMIAL 


The function 
f(x) = Ayx" + Aye? 24... +A, 


where n is an integer, is known as a polynomial or a rational 
integral function of x; the number n is called the degree of the 
polynomial. Here, the coefficients A,, A,, ..., A, are real or 
complex numbers; the independent variable x can also take on 
both real and complex values. The root of a polynomial is that 
value of the variable x at which the polynomial becomes zero. 
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Theorem 1! (Remainder Theorem). Division of a polynomial f (x) 
by x—a yields a remainder equal to f(a). 

Proof. The quotient obtained by the division of f(x) by x—a 
is a polynomial f,(x) of degree one less than that of f(x), and 
the remainder is a constant R. We can thus write 


f(x)=(«—a)f,()+R (1) 


This equation holds for all values of x different from a (division 
by x—a when x=a is meaningless). 

Now let x approach a. Then the limit of the left side of (1) 
will equal f(a), and the limit of the right side will equal R. 
Since the functions f(x) and (x—a)f,(x) +R are equal for all 
x=éa, their limits are likewise equal as x—+a, that is, f(a)=R. 

Corollary. /f a is a root of tne polynomial, that is, if f (a)=0, 
then x—a divides f(x) without remainder and, hence, f (x) is repre- 
sented in the form of a product 


f (x) = (x—a) f, (*) 


where f,(x) is a polynomial. 
Example 1. The polynomial f (x)= x?—6x*-+ 11x—6 becomes zero for x= 1; 
thus, f(1)=0, and so x—1 divides this polynomial without remainder: 
x8 — 6x? + 11x—6 = (x— 1) (x? —5x+ 6) 


Let us now consider equations in one unknown, x. 

Any number (real or complex) which, when substituted into the 
equation in place of x, converts the equation into an identity is 
called a root of the equation. 

Example 2. The numbers 4= > 7 x= ot , x= 2 , ... are the roots of 
the equation cos x=sin x. 


If the equation is of the form P(x)=0, where P(x) is a poly- 
nomial of degree n, it is called an algebraic equation of degree n. 
From the definition it follows that the roots of an algebraic equa- 
tion P(x)=0 are the same as are the roots of the polynomial P (x). 

Quite naturally the question arises: Does every equation have 
roots? 

In the case of nonalgebraic equations, the answer is no: there are 
nonalgebraic equations which do not have a single root, either real 
or complex; for example, the equation e*=0.* - 


* Indeed, if the number x,—a-+ib were the root of this equation, we 
would have the identity e#+/®—0 or (by Euler’s formula) e (cos 6-+i sin 6) =O. 
But e¢ cannot equal zero for any real value of a; neither is cos 6+ isin b equal 
to zero (because the modulus of this number is VY cos®6--sin? b= 1 for any 6). 
Hence, the product e*(cos6+-isinb) #0, i.e., e¢+/60; but this means 
that the equation e~=0 has no roots. 


7.6 Factoring a Polynomial 237 


But in the case of an algebraic equation the answer is yes. This 
is given by the fundamental theorem of algebra. 

Theorem 2 (Fundamental Theorem of Algebra). Every rational 
integral function f(x) has at least one root, real or complex. 

The proof of this theorem is given in higher algebra. Here we 
accept it without proof. 

With the aid of the fundamental theorem of algebra it is easy 
to prove the following theorem. | 

Theorem 3. Every polynomial of degree n may be factored. into 
n linear factors of the form x—a and a factor equal to the 
coefficient of x". 

Proof. Let f(x) be a polynomial of degree n: 


f(x) =A.x? + Ax" +... +A, 


By virtue of the fundamental theorem, this polynomial has at 
least one root; we denote it by a,. Then, by a corollary of the 
remainder theorem, we can write 


f(x) = (x—4a,) fh (x) 


where f,(x) is a polynomial of degree n—1; f,(x) also has a root. 
We designate it by a,. Then 


hi (x) = (x—a,) fs (x) 
where f,(x) is a polynomial of degree n—2. Similarly, 
fa (x) = (x —a,) fs (x) 
Continuing this process of factoring out linear factors, we arrive 
at the relation 
fa-1(%) =(*—4,) fn 
where f, is a polynomial of degree zero, i.e., some specified num- 
ber. This number is obviously equal to the coefficient of x"; that 
vo eke of the equations obtained we can write 
f(xy)= A, (x—a,) (x—a,) ... (x—a,) (2) 


From the expansion (2) it follows that the numbers a,, a,,..., a, 
are roots of the polynomial f(x), since upon the substitution x =a,, 
x=4a,,...,x=a, the right side, and hence, the left, becomes zero. 

Example 3. The polynomial f (x)= x®—6x?+ 11x—6 becomes zero when 

x=1, x=2, x=3 


Therefore, 
x8 — 6x? + 11x —6 = (x— 1) (x — 2) (x —3) 
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No value x=a that is different from a,, a,, ..., a, can be a 
root of the polynomial f(x), since no factor on the right side of 
(2) vanishes when x=a. Whence the following proposition. 

A polynomial of degree n cannot have more than n distinct roots. 

But then the following theorem obtains. 

Theorem 4. /f the values of two polynomials of degree n, @, (x) 
and ,(x), coincide for n+ 1 distinct values a,, a,, a,, ..., a, of 
the argument x, then these polynomials are identical. 

Proof. Denote the difference of the polynomials by f (x): 


f(x) = P, (x) —@, (x) 

It is given that f(x) is a polynomial of degree not higher than 
n that becomes zero at the points a,, ..., a,. It can therefore be 
represented in the form 

F(x) = Ay (*—a,) (x—ay) «.. (Xa) 
But it is given that f (x) also vanishes at the point a,. Then f (a,) =0 
and not a single one of the linear factors equals zero. For this 


reason, A,=0 and then from (2) it follows that the polynomial 
f(x) is identically equal to zero. Consequently, , (x)—@, (x) =0 


OF Q, (x) = Qs (x). : 
Theorem 5. /f a polynomial 


P(x) = Age" + Ay? ... + Ag aX + An 


is identically equal to zero, all its coefficients equal zero. 
Proof. Let us write its factorization using formula (2): 


P (x) =A,x" + Ayx?-3+...+A,-.xX+A, = A, (x—a,)...(x—a,) (1’) 
If this polynomial is identically equal to zero, it is also equal to 


zero for some value of x different from a,, ...,a,. But then none 
of the bracketed values x—a,, ..., x—a, is equal to zero, and, 
hence, A, =0. 


Similarly it is proved that A,=0, A,=0, and so forth. 

Theorem 6. Jf two polynomials are identically equal, the coef fi- 
cients of one polynomial are equal to the corresponding coef ficients 
of the other. 

This follows from the fact that the difference between the 
polynomials is a polynomial identically equal to zero. Therefore, 
from the preceding theorem all its coefficients are zeros. 


Example 4. If the polynomial ax*-+ bx*-+-cx-+d _ is identically equal to the 
polynomial x*—5x, then a=0, b=1, c=—5, and d=0. 


7.7 THE MULTIPLE ROOTS OF A POLYNOMIAL 
If, in the factorization of a polynomial of degree n into linear 


factors 
f (x) = A, (x —a,) (x—a,) ... (x—a,) (1) 
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certain linear factors turn out the same, they may be combined, 
and then factorization of the polynomial will yield 
f (x) = A, (x—a,)" (x—a,)*2 «5. (%X— Aq) *m (1’) 
Here 
Rk, tk+...+k,=n 
In this case, the root a, is called a root of multiplicity k,, or a 
k,-tuple root, a,, a root of multiplicity &,, etc. 


Example. The polynomial f (x)=«x®—5x?-+8x—4 may be factored into the 
following linear factors: 


F (x) = (*—2) (x—2) (x—1) 
This factorization may be written as follows: 
f (x) =(x—2)8 (x—1) 
The root a,=2 is a double root, a,=1 is a simple root. 


If a polynomial has a root a of multiplicity k, then we will 
consider that the polynomial has k& coincident roots. Then from 
the theorem of factorization of a polynomial into linear factors 
we get the following theorem. 

Every polynomial of degree n has exactly n roots (real or complex). 

Note. All that has been said of the roots of the polynomial 


f(x) = Age + Art? ... +A, 
may obviously be formulated in terms of the roots of the algeb- 
raic equation 
Ax" +A, x"-1+...+A,=0 

Let us now prove the following theorem. 

Theorem. /f, for the polynomial f(x), a, is a root of multiplicity 
k,> 1, then for the derivative f’(x) this number is a root of 
multiplicity k,—1. 

Proof. If a, is a root of multiplicity &, > 1, then it follows. from 


formula (1’) that 
F(x) =(x—a,)* @ (x) 


where @ (x) =(x—a,)* ... (x—a,,)*m does not become zero at x =a,; 
that is, p(a,)0. Differentiating, we get 
P(x) = Ry (*—a,)* 7? p (x) + (4—4,)* 9’ (x) 
= (x—a,)"? [Rp (x) + (4—4,) g (x)] 


Put 
ap (x) = Ay (x) + (x—a,) 9’ (x) 
Then 
fF’ (x) = (x—a,)""* (x) 
and here 


th (2,) = Ry (€,) + (€,—4,) P (4,) = &,@ (a,) #0 
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In other words, x=a, is a root of multiplicity k,—1 of the 
polynomial f’ (x). From the foregoing proof it follows that if k,=1, 
then a, is not a root of the derivative f’ (x). 

From the proved theorem it follows that a, is a root of multi- 
plicity &,—2 for the derivative f’(x), a root of multiplicity k,—3 
for the derivative f’’’ (x) ..., and a root of multiplicity one (simple 
root) for the derivative f-(x) and is not a root for the deri- 
vative f* (x), or 

f(a) =9, fF (a,)=0, F(a.) =0, ..., f~P (a) =0 


but 
i” (a,) 40 


7.8 FACTORING A POLYNOMIAL IN THE CASE 
OF COMPLEX ROOTS 


In formula (1), Sec. 7.7, the roots a,, a,, ...,a, may be either 
real or complex. We have the following theorem. 

Theorem. /f a polynomial f (x) with real coefficients has a complex 
root a+ib, it also has a conjugate root a—ib. 

Proof. Substitute, in the polynomial f(x), a+ ib in place of x, 
raise to a power and collect separately terms containing i and 
those not containing i; we then get 


f(a+ib)=M+iN, 
where M and N are expressions that do not contain i. 
Since a+ib is a root of the polynomial, we have 
f(a+ib)=M+iN=0 
whence 
M=0, N=0 


Now substitute the expression a—ib for x in the polynomial. 
Then (on the basis of Note 3 at the end of Sec. 7.2) we get the 
conjugate of the number M+iN, or 


f (a—ib) = M—iN 
Since M=0 and N=0, we have f(a—ib)=0; a—ib is a root of 


the polynomial. 
Thus, in the factorization 


f(x) = A, (x —a,) (x—a,) Se (x—a,) 


the complex roots enter as conjugate pairs. 
Multiplying together the linear factors that correspond to a 
pair of complex conjugate roots, we get a trinomial of degree two 
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with real coefficients: 
[x—(a+ ib)] [x—(a—ib)] 

= [(x—a) — ib] [(x—a) + ib] 

= (x—a)?+0=x*?—2ax+a+0=x'?+ pxt+q 
where p=— 2a, q=a?+ Bb? are real numbers. 

If the number a-+ib is a root of multiplicity k, the conjugate 
number a—ib must be a root of the same multiplicity k, so that 
factorization of the polynomial will yield the same number of 
linear factors x—(a-+ ib) as those of the form x—(a— ib). 

Thus, a polynomial with real coefficients may be factored into 
factors with real coefficients of the first and second degree of cor- 
responding multiplicity; that is, 


f (x) = A, (x—a,)* (x—a,)" 
woe (44, )hr (x? ++ px + gy)... (x? + px + 9,)'s 


hike... +R, +b... +2 =n 


7.9 INTERPOLATION, 
LAGRANGE’S INTERPOLATION FORMULA 


Let it be established, in the study of some phenomenon, that 
there is a functional relationship between the quantities y and x 
which describes the quantitative aspect of the phenomenon; the 
function y=@(x) is unknown, but 
experiment has established the va- 
lues of this function y,, ¥,, Y2, ---» 
y, for certain values of the argu- 
MONE Hoy Hy Heh 3 wy Xe. I the 
interval (a, 5]. 

The problem is to find a func- 
tion (as simple as possible from 
the computational standpoint; for 
example, a polynomial) which will 
represent the unknown function : 
y= (x) on the interval [a, 6] either Fig. 165 
exactly or approximately. In more 
abstract fashion the problem may be formulated as follows: given 
on the interval fa, 6b] the values of an unknown function 
y= (x) atn-+1 distinct points x,, x,, ..., x,! 

Yo=P(%)s w= PUG)» -- ++ Yn =P (Xn) 
It is required to find a polynomial P(x) of degree <n that 
approximately expresses the function @ (x). 

It is natural to take a polynomial whose values at the points 

Xo, X,, Xg, «--, X, coincide with the corresponding values y,, y,, 


where 





242 Ch. 7. Complex Numbers. Polynomials 


Yo, -++» Y, Of the function (x) (Fig. 165). Then the problem, 
which is called the “problem of interpolating a function”, is formulated 
thus: for a given function p(x) find a polynomial P(x) of degree 
<n, which, for the given values of x,, x,, ..., x,, Will take on 
the values 
Yo=P (Xo), Yr =P (%1), ++ +> n=O (X) 
For the desired polynomial, take a polynomial of degree n of 
the form 
P (x) =C, (x—x,) (x —Xq) ... (X—X,) 
+C, (x—X,) (x—X,) anol (x— a 
+C, (x—x,) (x—x,) (x—x,) as (x—x,) 
+... +C, (*—%,) (x—x,) eae (*—x,,-1) (1) 
and define the coefficients C,, C,, ..., C, so that the following 
conditions are fulfilled: 


P (x,) =Yo. P(x)=%, Se P (x,) =Yn (2) 
In (1) put x=x,; then, taking into account (2), we get 


Yo = Cy (Xp —Xy) (Xp —%q) « - » (Xp —¥n) 
whence 
Give 
0 (%9—¥1) (Xo —¥—) --- (X9— Xn) 
Then, setting x=.x,, we get 
Y, = Cy (X, — Xp) (X; — Xp)». « (X,-— Xn) 
whence 
Cs ee 
1°" (%1— Xo) (41 —%a)- - «(41 — Xn) 
In the same way we find 
_ 2 
is (%g — Xo) (%g — 1) (Xp —X3). . .(Xg—Xy) 


ee © © © © © © © © © @ 2© © © « 


= (Xn—Xo) (Xn — ¥1) (¥n— Xa). - «(Xp — Xn -1) 
Substituting these values of the coefficients into (1), we get 
_  (¥— 4) (x —X9). . .(X— Xp) 
f (x) i (Xp — 1) (Xo — Xa). - -(%9— Xn) of) 
(X—Xp) (X—Xq). . -(X—Xn) 
(%1 — Xp) (41 — 4X). - (4 — Xn) 74 
(x —Xpo) (Xx— 1) (X—X3). . .(X— Xn) 
Tego) (8g — #1) (Rg — 45) = HQ) 2 
(x — Xo) (tx—%1).. (4 —Xn-1) 


figl (Xn —%o) (fn —¥1)-- «(Fn — Fn 1) (3) 
This formula is called Lagrange’s interpolation formula. 
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Let it be noted, without proof, that if p(x) has a derivative of 
the (n+ 1)th order on the interval [a, 6], the error resulting from 
replacing the function p(x) by the polynomial P(x), i. e., the 
quantity R(x)=@(x)—P (x), satisfies the inequality 


LR (x) < | (ea) (#4). (ae) ap Max |" (2) 


Note. From Theorem 4, Sec. 7.6, it follows that the polynomial 
P(x) which we found is the only one that satisfies the given 
conditions. 

There are other interpolation formulas, one of which (Newton’s) 
is considered in Sec. 7.10. 


Example. From experiment we get the values of the function y=@ (x); 
Yo=3 for xo=1, yix=—5 for xy=2, yg=4 for xg=— 4. It is required to 
represent the function y= (x) approximately by a polynomial of degree two. 

Solution. From (3) we have (for n= 2): 


__ (x—2) (x+4) (x—1) (x+4) | 
P= +9 2+ eaiera 








(x — 1) (x—2) 


Teast o) 


or 


39, 123, 252 
PW) =— 35 — 30 * + 30 


7.10 NEWTON’S INTERPOLATION FORMULA 


Suppose we ran (n+1) values of a function (x), namely 
> 41 -++, Y, for (n+ 1) values of the argument x,, x,, ..., X,- 
the values of the argument are equally spaced. We denote the 
constant difference of the arguments by h. This yields a table of 
values of the unknown function y= q(x) for respective values of 
the argument. 


Xy=Xyth Xq=Xy+ 2h | 





Let us set up a polynomial of degree not greater than n that 
takes on appropriate values for the corresponding values of x. 
This polynomial will represent the function p(x) in approximate 
fashion. 


244 Ch. 7. Complex Numbers. Polynomiats 


We introduce the following notation: 
Ay =%—Yo A¥i=Y2—H1, AYz=Y3—Ya --- 
A?y, = Y2—2Y, + Y= Ay, —Ay, A? = = Ay, — AYy, +0 
AY. = Ys — 3Y2 + 34, —Y, = A?y, —A*Y, --- 
A" = A"-ly, —A"-ly, 


These are the so-called first, second, ..., nth differences. 
We write down a polynomial that takes on the values Yo 
for x, and x,, respectively. This is a polynomial of the first degree, 


P,(x)=4,+ Ay" (1) 





Indeed 
h 
Py (x) [eax =Yor  Pilear =Yot AY FY t+ (Wi— Yo) =% 


Now write down the polynomial that takes on the values y,, 
Yi, Y, for x,, X,, X_, respectively. This is a polynomial of degree 2: 


Pa(x) = Yo Ay, at + She = (1) (2) 





Indeed, 
Pyleax=Yor Polxax,= Yr» 


Palen =Yo-+ Ayp-2-+ 9H (F—1\=y, 
A polynomial of degree three will look like this: 
Py (2) = yy + Ay, 28+ Ste 2% (1) 
j Ati =i (#41) (2542) (3) 


Finally, a polynomial of degree n taking on the values y,, y,, 
Yo, --+» Y, for the respective values x,, x,, X,, ..-, X, Will be of 
the form 


Py (1) = Wy + Ay Get Gt AG* (AGRI) +. 
eee eee) 


This can be seen at once by direct substitution. This is the Newton 

interpolation formula (or the Newton interpolation polynomial). 
Actually, the Lagrange polynomial and the Newton polynomial 

are identical for the given table of values but are written diffe- 
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rently, since a polynomial of degree not exceeding n and assuming 
(n+ 1) values for (n+ 1) given values of x is found in unique 
fashion. 

In many cases, Newton’s interpolation polynomial is more 
convenient than Lagrange’s interpolation polynomial. The peculi- 
arity of this polynomial lies in the fact that when passing from 
a polynomial of degree & to one of degree &+1 the first (k+ 1) 
terms remain unchanged, and we add one new term, which for 
all preceding values of the argument is zero. 

Note. The Lagrange interpolation formula [see formula (3), 
Sec. 7.9] and the Newton interpolation formula [see formula (4), 
Sec. 7.10] are used to determine values of a function on the interval 
X<x<x,. If these formulas are used to find values of the 
function for x <x, (this can be done for small a |), then we 
say that the table is extrapolated backward. \i the value of the 
function is sought for x > .x,, then we say that the table is extra- 
polated forward. 


7.11 NUMERICAL DIFFERENTIATION 


Suppose the values of some unknown function @(x) are given 
in tabular form, say, by the table of Sec. 7.10. It is required to 
approximate the derivative of the function. The problem is solved 
by constructing the Lagrange (or Newton) interpolation polynomial 
and then taking the derivative of that polynomial. 

Since equally spaced tables of the argument are ordinarily 
employed, we will make use of the Newton interpolation formula. 
Suppose we have three values of the function, y,, y,, yz, for the 
values x,, %,, X, Of the argument. Then write down polynomial 
(2) of Sec. 7.10 and differentiate it to get the approximate value 
of the derivative function on the interval x,.<x<x,, 


, ’ A A? _ 
9 (x) = Py (x) = He 4 She (9271) (1) 
For x=x, we have 


, ’ A A? 
@" (Xp) & P(X) = HP — 2 (2) 


If we consider a third-degree polynomial [see (3), Sec. 7.10], 
then differentiation yields the following expression for the derivative: 


g(x) & Pa(x) = Be + She (221) 


+PH(S)—6(58)42] 
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In particular, for x=x,, we get 
, , A A? 
@’ (%,) © P3 (x) =—2 S48 (4) 


Using formula (4), Sec. 7.10, we approximate the derivative for 
xX =X, as 





A A? As Af 
P(X) & Pr (X) =F — Set a GET (5) 


Note that for a function having derivatives, the difference Ay, 
is an infinitesimal of the first order, A®y, is an infinitesimal of the 
second order, A°y, is an infinitesimal of the third order, etc., re- 
lative to A. 


7.12 ON THE BEST APPROXIMATION 
OF FUNCTIONS BY POLYNOMIALS. CHEBYSHEV’S THEORY 


A natural question arises from what was discussed in Secs. 7.9 
and 7.10. If a continuous function g(x) is given on a closed in- 
terval [a, 6], can this function be represented approximately in 
the form of a polynomial P(x) to any preassigned degree of accu- 
racy? In other words, is it possible to choose a polynomial P(x) 
such that the absolute difference between p(x) and P(x) at all 
points of the interval [a, 6] is less than any preassigned positive 
number ¢? The following theorem, which we give without proof, 
answers this question in the affirmative.* 

Weierstrass’ Approximation Theorem. /f a function (x) is con- 
tinuous on a closed interval [a, b], then for every e >0 there exists 
a polynomial P(x) such that |p(x)—P(x)|< eat all points of the 
interval. 

The Soviet° mathematician Academician S. N. Bernstein gave the 
following method for the direct construction of such polynomials 
that are approximately equal to the continuous function g(x) on 
the given interval. 

Let p(x) be continuous on the interval [0, 1]. We write the 
eX pression 


B, (x) = > o(+ &) Cmem (1 ay 
Here, C7? are binomial Sereis o(=) is the value of the gi- 


ven function at the point x=. The expression B, (x) is annth 
degree polynomial called the Bernsiein polynomial. 


* It will be noted that the Lagrange interpolation formula [see (3) Sec. 7.9] 
cannot yet answer this aneton: Its values are equal to those of the function 
at the points xo, x1, X93, ..., X,, but they may be very far from the values of 
the function at other points "of the interval [a, 6}. 
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If an arbitrary e >0 is given, one can choose a Bernstein po- 
lynomial (that is, select its degree n) such that for all values of x 
on the interval (0, 1], the following inequality will hold: 


|B, (x) —@ (x) | <® 


It should be noted that consideration of the interval [0, 1], 
and not an arbitrary interval [a, 5], is not an essential restriction 
of generality, since by changing the variable x =a+t(b—a) it is 
possible to convert any interval [a, 6] into [0, 1]. In this case, 
an nth degree polynomial will be transformed into a polynomial 
of the same degree. 

The creator of the theory of best approximation of functions by 
polynomials is the Russian mathematician P. L. Chebyshev 
(1821-1894). In this field, he obtained the most profound results, 
which exerted a great influence on the work of later mathemati- 
cians. Studies involving the theory of articulated mechanisms, 
which are widely used in machines, served as the starting point 
of Chebyshev’s theory. While studying these mechanisms he arri- 
ved at the problem of finding, among all polynomials of a given 
degree with leading coefficient unity, a polynomial of least devia- 
tion from zero on the given interval. He found these polynomials, 
which subsequently became known as Chebyshev polynomials. They 
possess many remarkable properties and at present are a powerful 
tool of investigation in many problems of mathematics and engi- 
neering. 


Exercises on Chapter 7 
1. Find (845i) (4—i). Ans. 17+17i. 2. Find (6+ Ili) (7-+3i). Ans. 9+95i. 
é —t _ly. m _ 748 = $ . —_ 
3. Find i455" Ans. 7,—qji- 4. Find (4—7i). Ans. —524-+7i. 5. Find Vi. 


Ans. + a 6. Find VY —5—12i. Ans. + (2—3i). 7. Reduce the following 


V2 
expressions to trigonometric form: (a) 1+i. Ans. V2 ( cos F+isin z) » (b) 


: 7m... 7 ; = i 
1—i. Ans. VB (cos Fi sin @). 8. Find i. Ans. eeeS , —i, 
i— V 3 

2 
cos x: sin 2x, cos 2x, sin 4x, cos 4x, sin 5x, cos 5x. 10. Express the following in 
terms of the sine and cosine of multiple arcs: cos?x, cos?x, cos*x, cos® x, 
cos§ x; sin? x, sin? x, sintx, sind x. 11. Divide f (x) =x8—4x?+ 8x—1 by x-+-4. 
Ans. f (x) = (x-+4) (x?—8x-+ 40)— 161, that is, the quotient is equal to x2— 
— 8x+40; and the remainder is f (—4)=— 161. 12. Divide f (x) =x4+ 123 + 
+54x?-+ 108x-+81 by x-+3. Ans. f (x)= (x-+3) (x9+ 9x? + 27x-+ 27). 13. Divide 
f (x)=x7—1 by x—1. Ans. f (x)=(x—1) (x84 x84 x'+ 284 x2 +441), 

Factor the following polynomials into factors with real coefficients: 
14. f(x) =x!— 1. Ans. LO dae Fae 15. f(x)=x?—x—2. Ans, 
f (x)=(%—2) (n+ 1). 16. f(x) =x8-++ 1. Ans. f (x)= (x-+ 1) (x? —x+ 1). 





. 9. Express the following expressions in terms of powers of sin x and 
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17. Experiment yielded the following values of y as a function of x: 

y,=4 for x,=0 

Y2=6 for xy=1 

Yg=10 for xg=2 
Approximate the function by a second-degree polynomial. Ans. x3-+-x-+-4, 
18. Find a polynomial of degree four that takes on the values 2, 1, —1, 5, 0 


for x=1, 2, 3, 4, 5, respectively. Ans. — ft Bo Bt yy as, 


19. Find a polynomial of the lowest possible degree that takes on the va- 
lues 3, 7, 9, 19 for x=2, 4, 5, 10, respectively. Ans. 2x—1. 

20. Find Bernstein polynomials of degree 1, 2, 3 and 4 for the funetion 
y=sin mx on the interval (0, 1]. Ans. B,(x)=0, B, (x)=2x(1—x), Bg (x) = 


ee V3 (1-2), By (x)= 2x (1—x) [(2 V 2—3) 2° —(2 Y2—3) x + VQ]. 





CHAPTER 8 


FUNCTIONS OF SEVERAL VARIABLES 


8.1 DEFINITION OF A FUNCTION OF SEVERAL VARIABLES 


When considering a function of one variable we pointed out 
that in the study of many phenomena one encounters functions of 
two or more independent variables. Some examples follow. 

Example 1. The area S of a rectangle with sides of length x and y is exp- 
ressed by the formula 

S=xy. 

To each pair of values of x and y there corresponds a definite value of the 

area S. S is a function of two variables. 


Example 2. The volume V of a rectangular parallelepiped with edges of 
length x, y, 2 is expressed by the formula 


V=xy2z 
Here, V is a function of three variables, x, y, z 


Example 3. The range R of a shell fired with ‘initial velocity vg from a gun, 
whose barrel is inclined to the horizon at an angle qg, is expressed by the formula 


vp sin 2p 
& 


(air resistance is disregarded). Here, g is the acceleration of gravity. 
For every pair of values of vg and @ this formula yields a definite value 
of R; in other words, R is a function of two variables, vg and gq. 
Example 4. 
_ xttyt+294 09 
1 +x? 


Here, uw is a function of four variables x, y, 2, ¢. 


R= 


u 


Definition 1. If to each pair (x, y) of values of two independent 
variable quantities x and y (from some range D) there corresponds 
a definite value of the quantity z, we say that z is a function of 
the two independent variables x and y defined in D. 

A function of two variables is symbolically given as 


z=f (x, y), 2=F(x, y) and so forth 


A function of two variables may be represented, for example, 
by means of a table or analytically (by a formula) as in the four 
examples given above. The formula may be used to construct a 
table of values of the function for certain number pairs of the 
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independent variables. From Example | we can build the following 
table: 


S=xy 





In this table, the intersections of the lines and columns, which 
correspond to definite values of x and y, yield the corresponding 
values of the function S. 

If the functional relation z=f(x, y) is obtained as a result of 
changes in the quantity z in some experimental study of a phe- 
nomenon, we straightway get a table defining z as a function of 
two variables. In this case, the function is specified by the table 
alone. 

As in the case of a single independent variable, a function of 
two variables does not, generally speaking, exist for all values of 
x and y. 

Definition 2. The collection of pairs (x, y) of values of x and y, 
for which the function 

z=f(x, y) 


is defined, is called the domain of definition of the function. 

The domain of a function is apparent when illustrated geomet- 
rically. If each number pair x and y is given as a point M(x, y) 
in the xy-plane, then the domain of definition of the function will 
be represented as a certain collection of points in the plane. We 
shall also call this collection of points the domain of definition of 
the function. In particular, the entire plane may be the domain. 
In future we shall mainly have to do with such domains as are 
parts of the plane bounded by lines. The line bounding the given 
domain will be the boundary of the domain. The points of the do- 
main not lying on the boundary are called interior points of the 
domain. A domain consisting solely of interior points is called an 
open domain; that which includes the points of the boundary is 
called a closed domain. A domain is bounded if there exists a con- 
stant C such that the distance from any point M of the domain 
to the origin O is less than C, i.e., JOM|<C. 


Example 5. Determine the natural domain of definition of the function 
z=2x—y 
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The analytic expression 2x—y is meaningful for all values of x and y. 
Therefore, the entire xy-plane is the natural domain of the function. 

Example 6. z= WY 1—x?—y?. 

For z to have a real value it is necessary thatthe radicand be a nonnega- 
tive number; in other words, x and y must satisfy the inequality 


1—x8—y?>0, or xv8+y?< 1 


All the points M(x, y) whose coordinates satisfy the given inequality lie 
in a circle of radius | with centre at the origin and on the boundary of the circle. 
Example 7. z=In (x+y). 
Since logarithms are defined only for positive 
numbers, the following inequality must be satisfied: 


xt+ty>0 or y>—x 


This means that the natural domain of defini- 
tion of the function z is the half-plane above the 
straight line y=— x, the line itself not included 
(Fig. 166). 

Example 8. The area S of a triangle is a func- 
tion of the base x and the altitude y: 





a 
= 


The domain of this function is x >0, y > 0 (since the base of a triangle and 
its altitude cannot be negative or zero). We notice that the domain of this 
function does not coincide with the natural domain of definition of the analytic 
expression used to define the function, because the natural domain of the expres- 
sion 4 is obviously the entire xy-plane. 


It is easy to generalize the definition of a function of two va- 
riables to the case of three or more variables. 

Definition 3. If to every collection of values of the variables 
x, y, z, ..., u, ¢ there corresponds a definite value of the vari- 
able w, we shall then call w the function of the independent vari- 
ables x, y, z, ..., u, t and write w=F (x, y, z, ..., u, ft) or 
w=f (x, y, z, ..., u, t), and so on. 

Just as in the case of a function of two variables, we can speak 
of the domain of definition of a function of three, four or more 
variables. 

To take an example, for a function of three variables, the do- 
main of definition is a certain collection of number triples (x, y, z). 
Let it be noted that each number triple is associated with some 
point M(x, y, z) in xyz-space. Consequently, the domain of defini- 
tion of a function of three variables is some collection of points 
in space. 

Similarly, one can speak of the domain of a function of four 
variables u=f(x, y, z, t) as of a certain collection of number 
quadruples (x, y, z, ¢). However, the domain of a function of four 
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or a larger number of variables no longer permits of a simple 
geometric interpretation. 
Example 2 gives a function of three variables defined for alt 


values of x, y, z. 
In Example 4 we have a function of four variables. 


Example 9. w= VY 1—x?—y?—23—u?. 
Here w is a function of the four variables x, y, z, u defined for values of 
the variables that satisfy the relation 
1—x?—y?—23-—wW? >0 


8.2 GEOMETRIC REPRESENTATION 
OF A FUNCTION OF TWO VARIABLES 


We consider the function 
z=f(x, y) (1) 
defined in a domain G in the xy-plane (as a particular case, this 
domain may be the entire plane), and a system of rectangular Car- 
tesian coordinates Oxyz (Fig. 167). At each point (x, y) erect a 
a ps ia to the xy-plane and on it lay off a segment equal 
to f(x, y). 





Fig. 167 


This gives us a point P in space with coordinates 
x, Y; z=f (x, y) 


The locus of points P whose coordinates satisfy equation (1) is 
the graph of a function of two variables. From the course of ana- 
lytic geometry we know that equation (1) defines a surface in space. 
Thus, the graph of a function of two variables is a surface projected 
onto the xy-plane in the domain of definition of the function. Each 
perpendicular to the xy-plane intersects the surface z=f(x, y) at 
not more than one point. 
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Example. As we know from analytic ony the graph of the function 
z2=x%+y? is a paraboloid of revolution (Fig. 168). 


Note. It is impossible to depict a fungtion of three or more 
variables by means of a graph in space. 


8.3 PARTIAL AND TOTAL INCREMENT OF A FUNCTION 
Consider the line of intersection PS of the surface 
2 =f (x, y) 


with a plane y=const parallel to the xz-plane (Fig. 169). 

Since in this plane y remains constant, z will vary along the 
curve PS depending only on the changes in x. Increase the inde- 
pendent variable x by Ax; then 
z will be increased; this increase 
is called the partial increment 
of z with respect to x and it is 
denoted by A,z (the segment SS’ 
in the figure), so that 


A,z=f(x+Ax, y)—f(x, y) (1) 


Similarly, if x is held constant 
and y is increased by Ay, then z 
is increased, and this increase is 
called the partial increment of z 
with respect to y (symbolized by 
A,yz, the segment TT’ in the Fig. 169 


figure): 
Ayz =f (x, y+ Ay)—f (x, y) (2) 


The function receives the increment A,z “along the line” of 
intersection of the surface z=f (x, y) with the plane x=const 
parallel to the yz-plane. 

Finally, increasing the argument x by Ax, and the argument y 
by the increment Ay, we get for z a new increment Az, which is 
called the total increment of the function z and is defined by the 


formula 
Az=f(x+ Ax, y+ Ay)—f (x, y) (3) 
In Fig. 169 Az is shown as the segment QQ’. 
It must be noted that, generally speaking, the total increment 
is not equal to the sum of the partial increments, Az A,z+ Ayz. 
Example. z= xy. 
Az = (x + Ax) y—xy = yAx 
Ayz =x (y+ Ay)—xy = xAy 
Az = (x-+ Ax) (y + Ay) — xy = yAx-+xAy-+ Ax Ay 
For x=!, y=2, Ax=0.2, Ay=0.3 we have A,z=0.4, Ayz = 0.3, Az = 0.76, 
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Similarly we detine the partial and total increments of a function 
of any number of variables. Thus, for a function of three variables 
u=f(x, y, t) we have 


A,u=f(x+ Ax, Y, t)—f (x, y, t) 
A,u=f (x, y+ Ay, th—f(x, y, t) 
Ayu =f (x, Y, t+ At)—f (x, Y, t) 
Au=f(x+Ax, y+ Ay, t+ At)—f(x, y, t) 


8.4 CONTINUITY OF A FUNCTION OF SEVERAL VARIABLES 


We introduce an important auxiliary concept, that of the neigh- 
bourhood of a given point. 

The neighbourhood, of radius r, of a point My(%, Yo) is 
the collection of all points (x, y) that satisfy the inequality 
V (x—x,)? + (y—y,)? <r; that is, the set of all points that lie inside 
a circle of radius r with centre in the point 
M, (Xo, Yo): . 

If we say that a function f(x, y) pos- 
sesses some property “near the point (x,, 
y,)” or “in the neighbourhood of the point 
(Xj, Yo)” we mean that there is a circle 
with centre at (x,, y,), at all points of which 
circle the given function possesses the 
given property. 

Before considering the concept of con- 
: tinuity of a function of several variables, 

Fig. 170 let us examine the notion of the limit of a 
function of several variables. * 
Let there be a function 





z=f(x, y) 


defined in some domain G of an xy-plane. Let us consider some 
definite point M,(x,, y,) in G or on its boundary (Fig. 170). 
Definition 1. The number A is called the limit of the function 
f(x, y) as M(x, y) approaches M,(x,, y,) if for every e >0 there 
is an r>g such that for all points M(x, y) for which the ine- 


quality MM, <r is fulfilled we have the inequality 
f(x, y)--A| <e 


* We shall mainly consider functions of two variables, since three and more 
variables do not introduce any fundamental changes, but do introduce additio- 
nal technical difficulties. 
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If A is the limit of f(x, y) as M(x, y)— M,(x,, y,) then we write 
: lim f(x, y)=A 
y>ve : 

Definition 2. Let the point M,(x,, y,) belong to the domain of 
the function f(x, y). The function z=f(x, y) is called continuous 
at the point M,(x,, y,) if we have 

ji y=F(% Yo) (1) 
yr? Yo 
and M(x, y) approaches M,(x,, y.) in arbitrary fashion all the 


while remaining in the domain of the function. 
Designate x=x,+Ax, y=y,+Ay, then (1) may be rewritten 


as follows: 
lim (F Got Ax, y+ Ay) =f (x, Yo) (1’) 
Ay>0 
or 
Jim [f+ 4% Yo+ AY)—F lr, 4) =0 a’) 
Ay +0 


We set Ap =V (Ax)?+ (Ay)? (see Fig. 169). As Ax—> 0 and Ay—-0, 
Ap—0; and conversely, if Ao—0, then Ax—-0 and Ay—-0. 
Noting further that the expression in the square brackets in (1”) 
is the total increment Az of the function, (1”) may be rewritten 
in the form 
lim Az=0 (1’’’) 
Ap—>0 
A function continuous at each point of some domain is continuous 
in the domain. 

If at some point N(x,, y,) condition (1) is not fulfilled, then 
the point N (x,, y,) is called a point of discontinuity of the function 
z=f (x, y). For example, condition (1’) may not be fulfilled in the 
following cases: 

(1) z=f(x, y) is defined at all points of a certain neighbourhood 
2 ag point NM (x,, y) with the exception of the point N(x,, y,) 
itself; 

(2) the function z=f(x, y) is defined at all points of a neigh- 
bourhood of the point MV (x,, y.) but there is no limit lim f(x, y); 

X > Xo 

(3) the function is defined at all points of the neighbourhood 

of N(x,, yp) and lim f(x, y) exists, but 


¥> Yo 
Jim P(x, 9) FF (x, Y) 


¥>Vo 
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Example 1. The function 
z= x+y 


is continuous for all values of x and y; that is, it is continuous at every point 
in the xy-plane. 
Indeed, no matter what the numbers x and y, Ax and Ay, we have 


Az=[(x-+ Ax? + (y+ Ayyl— (22+ y2) = 2xdx-+ 2yAy + Ax?+ Ay? 


Consequently, 
lim Az=0. 
Ax +0 
Ay >0 
The following is an example of a discontinuous function. 
Example 2. The function 
2xy 
e+ y? 
is defined everywhere except at the point x=0, y=O (Figs. 171, 172). 


z= 





Fig. 171 Fig. 172 


Let us examine the values of z along the straight line y=kx (k=const). 
Obviously, along this line 


2kx? 2k 


=S1 A + a TLE + 7a const 


2 


This means that a function z along any straight line passing through the ori- 
gin retains a constant value that depends upon the slope & of the line. Thus, 
approaching the origin along different paths we will obtain different limiting 
values, and this means that the function f(x, y) has no limit when the point 
(x, y) in the xy-plane approaches the origin. Thus, the function is disconti- 
nuous at this point. It is impossible to redefine this function at the coordinate 
origin so that it should become continuous. On the other hand, it is readily 
seen that the function is continuous at all other points. 


We give without proof some important properties of a function 
of many variables continuous in a closed and bounded domain. 
These properties are similar to the properties of a function of one 
variable continuous on an interval (see Sec. 2.10). 
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Property 1. If a function f(x, y, ...) is defined and continuous 
in a closed and bounded domain D, then there will be at least 
one point N(x,, y,,.--) in D such that for all other points of 
the domain the relation ° 


F(X» Yo. -- +) f(x, Y, +0) 


holds true, and at least one point N(x,, y,, ---) such that for all 
other points of the domain the relation 


F(X» Yor -» DSP (KY ---) 


holds true. 

We call the value of the function f(x,, y, ...)=M the ma- 
ximum value of the function f(x, y, ...) in the domain D, and 
the value f(x,, Y, -.-)=m the minimum value. 


This property is also stated as follows. A function continuous 
in a closed bounded domain D ai least once reaches a maximum va- 
lue M and a minimum value m. 

Property 2. If a function f(x, y, ...) is continuous in a closed 
and bounded domain D and if M and m are the maximum and 
minimum values of the function in that domain, then for any 
number p that satisfies the condition m< p< M, there will be 


a point N*(x5, yo, ..-) in the domain such that the equation 
f (xs, Yo. ---) =p holds true. 
Corollary to Property 2. If a function f(x, y, ...) is continuous 


in a closed bounded domain and assumes both positive and nega- 
tive values, then there will be points inside the domain at which 
the function f(x, y, ...) vanishes. 


8.5 PARTIAL DERIVATIVES OF A FUNCTION 
OF SEVERAL VARIABLES 


Definition. The partial derivative, with respect to x, of a func- 
tion z=f (x, y) is the limit of the ratio of the partial increment 
A,z, with respect to x, to the increment Ax as Ax approaches zero. 

The partial derivative, with respect to x, of the function 
z=f(x, y) is denoted by one of the following symbols: 

, ‘, 0. 0 
aie eye ey 
Thus, by definition, 
0? _ jim 422 = lim 
Axo 4% Ax+0 


f(x-+ Ax, y)—T (x, y) 
Ax 


Similarly, the partial derivative, with respect to y, of a function 
z=f[(x, y) is defined as the limit of the ratio of the partial incre- 
ment A,z with respect to y to the increment Ay as Ay approaches 
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zero. The partial derivative with respect to y is denoted by one 
of the following symbols: 


, , O02 of 
Zys lis oy’ oy 
Thus, 
4 Ayz Z oe 
lim = lim Ley t Avie » 
oy Ay>o Ay Ay>o Ay 


Noting that A,z is calculated with y held constant, and A,z 
with x held constant, we can formulate the definitions of partial 
derivatives as follows: the partial derivative of the function z= 
= f(x, y) with respect to x is the derivative with respect to x 
calculated on the assumption that y is constant. The partial de- 
rivative of the function z=f (x, y) with respect to y is the derivative 
with respect to y calculated on the assumption that x is constant. 

It is clear from this definition that the rules for computing 
partial derivatives coincide with the rules given for functions of 
one variable, and the only thing to remember is with respect to 
which variable the derivative is sought. 


Example 1. Given the function z=x®sin y; find the partial derivatives 


o and a 
ox Oy" 
Solution. 
OF .5y sin LEE cos 
Ox Y» oy y 
Example 2. z=x. 
Here 
Oz 
—_—_= Yat 
Ox yx 
Oz 
—=xy 
oy xY Inx 


The partial derivatives of a function of any number of variab- 
les are determined say Thus, if we have a function wu of 
four variables x, y, z, ¢ 


u=f (x, Y, 2, t) 


Thus 

Oe pay LEE, 2 Sy 2st. 
Ax+0 Ax 

Oe <= Mint Ee ee , and so forth. 

y Ayo Ay 
Example 3. u=x?-+-y?-+ xtz?. 

Ou Ou Ou Ou 
ax ete, ie Fe = oat . an 
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8.6 THE GEOMETRIC INTERPRETATION OF THE PARTIAL 
DERIVATIVES OF A FUNCTION OF TWO VARIABLES 


Let the equation : 
=: f (x, y) 


be the equation of a surface shown in Fig. 173. 

Draw the plane x-=const. The intersection of this plane with 
the surface yields the line PT. For a given x, let us consider a 
certain point M(x, y) in the xy-plane. To the point M there cor- 
responds a point P(x, y, z) on the 
surface z=f (x, y). Holding x con- 
stant, let us increase the variable 
y by Ay=MN=PT"’. Then the 
function z will be increased by 
Ayz= TT" [to the point N (x, y+ Ay) 
there corresponds a point T (x, 
y+Ay, z+Ayz) on the surface 
z=f(x, y)). ae 

The ratio wh is equal to the 
tangent of the angle formed by 
the secant line PT with the posi- 
tive y-axis: 


Ayz 
a , 
ay = tan Z TPT 





Consequently, the limit 
lim 5? a= 2 
4y>e Ay oy 
is equal to the tangent of the angle B formed by the tangent line 
PB to the curve PT at the point P with the positive y-axis: 


Oz 
ay = tan B 


Thus, the partial derivative 2 is numerically equal to the tan- 


gent of the angle of inclination of the tangent line to the curve 
ue from the surface z=f(x, y) being cut by the plane 
x= const. 


Similarly, the partial derivative 2 is numerically equal to the 


tangent of the angle ef inclination « of the tangent line to the 
section of the surface z=/f(x, y) cut by the plane y=const. 
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8.7 TOTAL INCREMENT AND TOTAL DIFFERENTIAL 


By the definition of the total increment of a function z= f (x, y) 
we have (see Sec. 8.3) 


Az=f(x+Ax, y+Ay)—f (x, 9) (1) 


Let us suppose that f(x, y) has continuous partial derivatives 
at the point (x, y) under consideration. 

Express Az in terms of partial derivatives. To do this, add to 
and subtract from the right side of (1) f(x, y+ Ay): 


Az = [f(x+Ax, ytAy)—F(x, y+ Ay)] + [F(x yt Ay)—F (x, y)] 
(2) 
The expression 
F(x, y+ Ay)—F (x, 9) 
in the second square brackets may be regarded as the difference 
between two values of the function of the variable y alone (the 


value of x remaining constant). Applying to this difference the 
Lagrange theorem, we get 


Fos y+ Ay) F(x, y) = Ay LEO (3) 


where y lies between y and y+ Ay. 

In exactly the same way the expression in the first square 
brackets of (2) may be regarded as the difference between two 
values of the function of the variable x alone (the second argu- 
ment retains the same value y+ Ay). Applying the Lagrange theo- 
rem to this difference, we have 


f(x Ax, y+Ay)—f (x, y+Ay)= Ar Leyte) = — (4 


where x lies between x and x+ Ax. 
Introducing expressions (3) and (4) into (2), we get 


Az = Ax he FEM 4 Ay Te vd ¥) (5) 


Since it is assumed that the partial derivatives are continuous, 


lim Ch y-+Ay) _ of ca y) 
Ayo (6 
7 of (x, y) _ Of (x, y) : 
lim a 
Ax—>0 y oy 


ayo 


8.7 Total Increment and Total Differential 261 


(because x and y respectively lie between x and x-+ Ax, and y 
and y+ Ay, x and y approach x and y, respectively, as Ax—+0 
and Ay—+.0). Equations (6) may be rewritten in the form 
Of (x, y+Ay) _ OF (x, y) 
| 
Of (x.y) _ OF (x, y) 
oy yt 
where the quantities y, and y, approach zero as Ax and Ay 
approach zero (that is, as Ap = V Ax?+ Ay?—0). 
By virtue of (6’), relation (5) becomes 


Of (x, , : 
Az = TE) ax TEM ay ty, Ax ty Ay (5’) 


The sum of the latter two terms of the right side is an infini- 
tesimal of higher order relative to Ap =V Ax?-+ Ay?. Indeed, the 
ratio net _.0 as Av—+0 since y, is an infinitesimal and = 
3 Ax 
; rae ( Bp 
Sy eee 


(6’) 








<1). In similar fashion it is verified that 





The sum of the first two terms is a linear expression in Ax 
and Ay. For f(x, y)30 and f,(x, y)=40, this expression is the 
principal part of the increment, differing from Az by an infinite- 
simal of higher order relative to Ap =V Ax®+ Ay?. 

Definition. The function z=f(x, y) [the total increment (Az) 
of which at the given point (x, y) may be represented as a sum 
of two terms: a linear expression in Ax and Ay, and an infinite- 
simal of higher order relative to Ap] is called differentiable at the 
given point, while the linear part of the increment is known as 
the total differential and is denoted by dz or df. 

From (5’) it follows that if the function f(x, y) has continuous 
partial derivatives at a given point, it is differentiable at that 
point and has a total differential: 


dz =f; (x, y)Ax+ fy (x, y) Ay 
Equation (5’) may be rewritten in the form 
Az=dz+y, Ax+y, Ay 
and, to within infinitesimals of higher order relative to Ap, we 
may write the following approximate equation: 
Az =~ dz 


We shall call the increments of the independent variables Ax 
and Ay differentials of the independent variables x and y and we 
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shall denote them by dx and dy, respectively. Then the expres- 
sion of the total differential will assume the form 

_ of of 

dz=5,dx + 5, dy 

Thus, if the function z=f (x, y) has cqntinuous partial derivati- 
ves, it is differentiable at the point (x, y), and its total differen- 
tial is equal to the sum of the products of the partial derivatives 
by the differentials of the corresponding independent variables. 


Example 1. Find the total differential and the total increment of the func- 
tion z=xy at the point (2, 3) for Ax=0.1, Ay=0.2. 


Solution. 
Az = (x-+ Ax) (y+ Ay)— xy = y Ax+x Ay+Ax Ay 
Oz dz 
Me on or dy=ydx+xdy=y Ax-+x Ay 
Consequently, 


Az=3-0.1+2-0.2+0.1-0.2=0.72 
dz==3-0.14+2-0.2=0.7 


Fig. 174 is an iMustration of this example. 


The foregoing reasoning and definitions are appropriately genera- 
lized to functions of any number of arguments. 
Ay If we have a function of any number of 


variables 
VLE a Ay 


wy w=f(x,y,z,u,..., t) 


and all partial derivatives 2, sa any ot are 
y4z continuous at the point (x, y, z, u,..., #), 
the expression 


of of of of 
dw = 5 +5, + 342+ oes +5, at 


is the principal part of the total increment of the 
Fig. 174 function and is called the total differential. 
Proof of the fact that the difference Aw— dw is 
an infinitesimal of higher order than V (Ax)?+ (Ay)?+... + (A)? is 
conducted in exactly the same way as for a function of two vari- 
ables. 
Exa.nple 2. Find the total differential of the function u—=e**+9? sin? z of 
three variables x, y, z. 
Solution. Noting that the partial derivatives 
Ou _ pxtay? 2x sin? 2 
Ox 
Semen? Qy sin? z 


Ou : F 
re a 2sin z cos ger? +9? sin 22 


N 
N 
N 
N 
N 
N 


4r 
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are continuous for all values of x, y, z, we find that 
du =H dx 5 dy +S dz=e*"+¥" (2x sin? z dx-+- 2y sin? z dy-+-sin 2z dz) 


8.8 APPROXIMATION BY TOTAL DIFFERENTIALS 


Let the function z=f (x, y) be differentiable at the point (x, y). 
Find the total increment of this function: 


Az=f(x+Ax, y+ Ay)—f (x, y) 


whence 
F(x+Ax, y+ Ay) =F (x, y)+ Az (I) 
We had the approximate formula 
Az = dz (2) 
where 
de= Fart Fay (3) 


Substituting into formula (1) the expanded expression for dz in 
place of Az, we get the approximate formula 


Pet Ax, y+Ay) x(x, y+ 2EHar¢ LEM ay (4) 


to within infinitesimals of higher order relative to Ax and Ay. 
We shall now show how formulas (2) and (4) are used for appro- 
ximate calculations. 


Problem. Calculate the volume of material needed to make a cylindrical 
glass of the following dimensions (Fig. 175): radius of interior cylinder R, alti- 
tude of interior cylinder H, thickness of walls and bot- 
tom of glass k. 

Solution. We give two solutions of this problem: exact 
and approximate. 

(a) Exact solution. The desired volume v is equal to 
the difference between the volumes of the exterior cylin- 
der and interior cylinder. Since the radius of the exte- 
rior cylinder is equal to R+-k, and the altitude is H-+-k, 


o=n(R+k)? (H+k)—nR2H 





v=n (2RHk-+ R2k-+ Hk? -+2Rk?-+ k3) (5) 


(b) Approximate solution. Let us denote by f the 
volume of the interior cylinder, then f=2R?H. This is 
a function of two variables R and H. If we increase R and H by k, then the 
function f will increase by Af; but this will be the sought-for volume v, v=Af. 

On the basis of relation (1) we have the approximate equation 


uo = df 


of 


Fig. 175 


or 
of 


oA SH 
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But since 
oF ahs =AH= 
oR 2RRH, oA TR AR=AH=k 
we get 
v wm (2RHR-+ Rk) (6) 


Comparing the results of (5) and (6), we see that they differ by the quan- 
tity m(Hk?+ 2Rk?+-k3), which consists of terms of second and third order of 
smallness relative to k. 

Let us apply these formulas to numerical examples. 

Let R=4cm, H=20cm, k=0.1 cm. 

Applying (5), we get, exactly, 


v= (2-4-20-0.1-+ 42.0.1 + 20-0. 12+ 2-4.0.12-+-0. 18) = 17.8812 
Applying formula (6), we have, approximately, 
vw 1 (2-4-20-0.1-+ 42-0.1) = 17.60 


Hence, the approximate formula (6) gives an answer with an error less than 


3a , a 
0.3x, which is 100 » 38Tn % i.e., it is less than 2% of the measured 


quantity. 


8.9 USE OF A DIFFERENTIAL TO ESTIMATE ERRORS 
IN CALCULATIONS 


Let some quantity u be a function of the quantities x, y,z, ...,¢ 
u=f (x,y, 2,...,t) 


and let there be errors Ax, Ay, ..., At made in determining ‘the 
values of x, y, 2,...,¢. Then the value of u computed from the 
inexact values of the arguments will be obtained with an error 


Au=f(x+Ax, yt+Ay, ...,z+Az, t+ At)—f (x, y, z,..., t) 


Below we shall estimate the error Au, provided the errors 
Ax, Ay, ..., At are known. 

For sufficiently small absolute values of Ax, Ay, ..., Ad we can 
replace, approximately, the total increment by the total differen- 
tial: 

~ oF of of 
Au a Ax +5, Ay+ ene +5, At 
Here, the values of the partial derivatives and the errors of the 
arguments may be either positive or negative. Replacing them by 
the absolute values, we get the inequality 
JAuJ< of 


Sellar) -+[5|lavl+-.. + |] i ag] (1) 





If in terms of |A*x|, |A*y|, ...,|A*u| we denote the maximum 
absolute errors of the corresponding quantities (the boundaries for 
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the absolute values of the errors), it is obviously possible to take 
of 


Jaru|=|E[iarxel+|F[lartyl+ ...+[ Fl are (2) 


Examples. 

1. Let u=x-+y+z, then | A*u|=|] A*x|+|A*%y|[+] Atz|. 

2. Let u=x—y, then |A*u|=|A*x|+]At*y|. 

3. Let u=xy, then | A*u|=|x|[|Aty|+|y]| A%|]. 

4. Letu=—, then | A*u |= = |laeel+ Sliaryalellael ele are | 


5. The hypotenuse ¢ and the leg a of a right triangle ABC, determined with 
maximum absolute errors |A*c|=0.2, |A*a|=0.1, are, respectively, c= 75, 











a=32. Determine the angle A from the formula sin A=<, and determine 


the maximum absolute error |AA| in the calculation of angle A. 


1g. . a 
Solution. sin A=—, A=arcsin—, hence, 


Ot ety: OR ee ek 
da Ye@—g@' a cYc—a? 
From formula (2) we get 
—= 1 32 
AA =————————-:0.1 ™™™™=:=—=r==—:« 
Peal V (75)?— (32)2 13 V (75)? — (32) 
Thus, 


-0.2= 0.00273 radian = 9'24” 


, 32 boas 
A=aresin 7 + 9'24 


6. In the right triangle ABC, let the leg b=121.56 metres and the angle 
A= 25°21'40", and the maximum absolute error in determining the leg 6 is 
ne ve metre, the maximum absolute error in determining the angle A is 

* At 197 

{= . 

Determine the maximum absolute error in calculating the leg a from the 
formula a=b tan A. 

Solution. From formula (2) we find 


b 
| Ata|==|tan A]] Aro] + lL jasay 


Substituting the appropriate values (and remembering that |A*A| must be 
expressed in radians), we get 


121.56 12 
* AQ". | ees 
ee a a alae cos? 25°21'40” 206 265 
= 0.0237 + 0.0087 = 0.0324 metre 


The ratio of the error Ax of some quantity to the approximate 
value of x of this quantity is called the relative error of the 
quantity. Let us designate it 5x, 


Ax 
bx == 
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The maximum relative error of a quantity x is the ratio of the 
maximum absolute error to the absolute value of x and is denoted 
by |5*x|, 


\8*x| = aa (3) 


To estimate the maximum relative error of a function u, divide 
all numbers of (2) by |u|=|f(x,y,z, ..., é|: 


























af at of 
At a Ot 
etal F vrei +| Fl atylt.. +/F flat] (4) 
but 
oF ot of 
0. 
SaZinifl, P=ZInifl.- =F inif| 
For this reason, (3) may be rewritten as follows: 
|5*u| = 
] 0 0 
=| inifl|latel+[s infill Atul +--+ [Sin Flare... (5) 
or briefly, 
| 6*u| =| A* In| FI (6) 


From both (3) and (5) it follows that the maximum relative error 
of the function is equal to the maximum absolute error of the 
logarithm of the function. 

From (6) follow the rules used in approximate calculations. 

1. Let u=xy. Using the results of Example 3, we get 


te wil Le]1A*y| [Atel | [Ata] oe * 
ene bey aT [xy | Tet T Tal | 8*x| + 8*y| 


that is, the maximum relative error of a product is equal to the 
sum of the maximum relative errors of the factors. 


2. If u=—, then, using the results of Example 4, we have 
| d*u | =| 6*x|+ | 6*y| 
Note. From Example 2 it follows that if u=x—y, then 


[8% |= eerie 
|x—y| 
If x and y are close, it may happen that | 6*u| will be very great 


compared with the quantity x—y being determined. This should 
be taken into account when performing the calculations. 
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Example 7. The oscillation period of a pendulum is 


ram Vt 
g 


where I is the length of the pendulum and g is the acceleration of gravity. 
What relative error will be made in determining T when using this for- 
mula if we take a 3.14 (accurate to 0.005), /=1 m (accurate to 0.01 m), 
g=9.8 m/sec? (accurate to 0.02) m/sec?). 
Solution. From (6) the maximum relative error is 
| 6*7 |=] A*InT[ 
But 


In T =I1n 2+Inn-++ In! —+ Ing 


Calculate |A*In7|. Taking into account that a ~3.14, A*x=0.005, 
{=1 m, A*l=0.01 m, g=9.8 m/sec?, A*g=0.02 m/sec, we get 
A*x , A*l  Atg 0.005 , 0.01 , 0.02 
* = =_—_ —=—=— —_—_—_ rerio UT 
UN ag Ort op = ak PR 
Thus, the maximum relative error is 
5*T = 0.0076 =0 76% 


8.10 THE DERIVATIVE OF A COMPOSITE FUNCTION. 
THE TOTAL DERIVATIVE. 
THE TOTAL DIFFERENTIAL OF A COMPOSITE FUNCTION 


Let us assume that in the equation 


z= F(u, v) (1) 
u and v are functions of the independent variables x and y: 
u=@(x, y), v=tp(x, y) (2) 


In this case, z is a composite function of the arguments x and y. 
Of course, z can be expressed directly in terms of x, y; namely, 


z=F[p(x, y) (x, 9) (3) 
Example 1. Let 
z=U8S8tutl, u=xz+ty?, v=extv+1 

th 

i z= (At UM HIP + (At y+ 1 

Now suppose that the functions F(u, v), p(x, y), p(x, y) have 
continuous partial derivatives with respect to all their arguments. 
We pose the problem: evaluate ce and = on the basis of equ- 


ations (1) and (2) without having recourse to equation (3). 

Increase the argument x by Ax, holding the value of y cons- 
tant. Then, by virtue of equation (2), u and v will increase by 
A,u and A,v. 
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But if u and v receive increments A,u and A,v, then the func- 
tion z=F(u, v) will receive an increment Az defined by formula 
(5’), Sec. 8.7: 


OF oF 
Az= a Aut pa Av+ y,A,u + y,A,v 


Divide all terms of this equation by Ax: 


Az __ OF Ayu | OF Ayo Ayu, . Axo 
Be ~ Ou Be boo Be tae TY Be 


If Ax—0, then A,u—+0 and A,v—-0 (by virtue of the conti- 
nuity of the functions u and v). But then y, and y, also approach 
zero. Passing to the limit as Ax—+0, we get 

Az_ Oz Ayu Ou - A,o dv 


lim —=-—— ==> 


’ n= 
dx +0 Ae Ox ’ Ax +0 Ax ox Ax70 Ax ox 
lim y,=0, lim y,=0 
Ax—>0 Ax—>0 


and, consequently, 
0z__ OF Ou , OF ov 4 
ax au ox + Oo ax (4) 
If we increased the variable y by Ay and held x constant, then 


by similar reasoning we would find that 


Oz OF ou , OF ov par 
oy ~ ou ay + oo ay (#) 


Example 2. 
z=In(u2+v), usext¥?, v=x8+ty 
o_o 
du uwto’ dv w+u 
Ou Ou Ov Ov 
—aexty? —_—= 3 —_—= —_= 
oe e cay 2yex+y", Ox 2x, ey; 1 
Using formulas (4) and (4’) we find 
Oz 2u 1 2 
we Mao Tea le 
Oz 2u 1 | 
Op po HO te ae taser 


In these expressions, we have to substitute ex+¥* and x?-++y for u and vu res- 
pectively. 


Formulas (4) and (4’) are readily generalized to the case of a 
larger number of variables. 

For example, if w=F(z, u, v, s) is a function of four argu- 
ments z, u, v, s, and each of them depends on x and y, then 


8.10 The Derivative of a Composite Function 269 


formulas (4) and (4’) assume the form 
aw _ dw de, dw du, dw dv , dw as 
Ox oz 0x ' ou dx ' dv dx! Os Ox 
dw dwdz , dwdu , dw dv.. Ow ds 


Oy ~ G2 Oy * du dy! oo dy! ds dy 
If a function is given z=F (x, y, u, v), where y, u, v in turn 
depend on a single independent variable (argument) x: 
y= (x), 4u=@(x), v=H(x) 
then z is actually a function only of the one variable x, and we 
may pose the question of finding the derivative a. 
This derivative is calculated from the first of the formulas in (5): 


dz _Oz0x , Oz Oy , dz du , Ozd0 
de dxdx* 9 


(5) 


y ox | Ou dx dv ax 
But since y, u, v are functions of x alone, the partial derivatives 


become ordinary derivatives; besides oF. For this reason, 


dz__0z , Oz dy Oz du Oz du 
de ax + Gy dx t Ou de + ode 

This formula is known as the formula for calculating the total 
derivative & (in contrast to the partial derivative 5) 


Example 3. 
z=¥4Vy, y=sinx 
OF ip OE ot 
ayy a 
Formula (6), here, yields the following result: 
dz_ oz, Oz dy _ 1 Zz 1 
ame oy dx Oyy Ot ay ame 
Now let us find the total differential of the composite function 
defined by equations (1) and (2). 
Substituting the expressions = and 5, defined by (4) and (4’), 


into the formula for the total differential 


=cos x 


0 Oz ,. 
dz = 5 dx + 5 dy (6) 


we get 
__{ OF Ou OF dv OF du , OF dv 
a =(SeteE, +($ nt oo) 
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Transforming the right-hand side we get 
OF (du, , du OF (dv dv 
But 
Ou x 4 oH dy = du 
Ox oy (8) 
dv dv ad 
an OX + Gy dy = ao 


Taking into account (8), equation (7) may be rewritten thus: 


OF OF 
dz =>" du+ 5 do (9) 
. 0 0. 
dz = = du += do (9) 


Comparing (6) and (9’) we can say that the expression of the 
total differential of a function of several variables (the first diffe- 
rential) is of the same form (that is, the form of the differential 
is preserved) whether u and v are independent variables or func- 
tions of independent variables. 

Example 4. Find the total differential of the composite function 

z=u%, u=x*siny, v=xey 

Solution. By formula (9’) we have 

dz = 2uv® du +-3u2v? du = Quv8 (2x sin y dx-+- x? cos y dy) + 3u%? (3x%e¥ dx +t x3e¥ dy) 


This can be rewritten as 


dz = (2uv®.2xsin y+ 3u%v?.3x%e¥) dx + (2uv®x? cos y + 3u®v*x8ey) dy =% det dy 


8.11 THE DERIVATIVE OF A FUNCTION DEFINED 
IMPLICITLY 


Let us begin this discussion with an implicit function of one 
variable. * Let some function y of x be defined by the equation 


F(x, y)=0 
We shall prove the following theorem. 
Theorem. Let a continuous function y of x be defined implicitly 
by the equation 
F(x, y)=0 (1) 


* In Sec. 3.11, we solved the problem of differentiating an implicit function 
of one variable. We considered individual cases and did not find a general 
formula that would yield the derivative of an implicit function; likewise we 
failed to clarify the conditions for the existence of this derivative. 
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where F(x, y), Fx (x, y), Fy(x, y) are continuous functions in some 
domain D containing the point (x, y) whose coordinates satisfy 
equation (1); also, at this point F,(x, y)+40. Then the function 
y of x has the derivative ° 
»___ Fe(%, y) 
- Fy (x, y) @) 
Proof. Let the value of the function y correspond to some value 


of x. Here, 
F (x, y)=0 


Increase the independent variable x by Ax. Then the function y 
will receive an increment Ay; that is, to the value of the argu- 
ment x-+ Ax there corresponds the value of the function y+ Ay. 
By virtue of equation F(x, y)=0 we shall have 
F(x+ Ax, y+Ay)=0 
Hence 

F(x+Ax, y+ Ay)—F (x, y)=0 
The left member of this equation, which is the total increment 
of the function of two variables by formula (5’), Sec. 8.7, may 
be rewritten as follows: 


OF OF 
F(x-+Ax, y+ Ay)—F (x, y= ay Axt ay Ayt¥ Axt va Ay 


where y, and y, approach zero as Ax and Ay approach zero. Since 
the left side of this expression is equal to zero, we can write: 


OF OF 
oe Att ay Ay t wAx + yrAy =0 


Divide by Ax and calculate ae: 


OF 
Ay a “Ox tin 
Ax OF 

ran: +Y2 


Let Ax approach zero. Then, taking into account that y, and y, 
also approach zero and that 5 9 we have, in the limit 


oF 
, Ox ‘ 
oc — ar. (2’) 
“Oy 


We have proved the existence of the derivative y, of a function 
defined implicitly, and we have found the formula for calculating it. 
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Example 1. The equation 
ve x?+y?—1=0 
defines y as an implicit function of x. Here, 
OF OF 
— x2 2 pie i le ee 
F(x, y= +y—l, 5 -=2x, om 2y 


Consequently, from (1), 


It will be noted that the given equation defines two different functions 
[since to every value of x in the interval (—!, 1) there correspond two values 
of y]; however, the value that we found of yx holds for both functions. 

Example 2. An equation is given that connects x and y; 


e¥ —e* + xy=0 
Here, F (x, y) =e” —e*+ xy, 
OF 
Oe ty, 3, er +% 





Let us now consider an equation of the fort 
F(x, y, 2)=0 (3) 
If to each number pair x and y in some domain there correspond 
one or several values of z that satisfy equation (3), then this 
equation implicitly defines one or several single-valued functions 


z of x and y. 
For instance, the equation 


x?+ y?+ 22— R?=0 
implicitly defines two continuous functions z of x and y, which 


functions may be expressed explicitly by solving the equation for 
z: in this case we have 


z=VR——y and z=—VR?—8—y? 


Let us find the partial derivatives a and i of the implicit 
function z of x and y defined by equation (3). 
When we seek — we consider y fixed. And so formula (2’) is 


applicable, provided x is considered the independent variable and 
z the function. Thus, 


OF 
; “Ox 
38 — OF 
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In the same way we find 


oF 

’ oy 

2y>=— FF . 
“Oz 


It is assumed that 2 40. 
Similarly, we dstegrnine the implicit functions of any number 
of variables and find their ae derivatives. 
Example 3. x?-+ y?-+-23— R?= 
ae zoe 
‘Ox 2z~«<asC 


Differentiating this function as an explicit function (after solving the equa- 
tion for z), we would obtain the very same result. 
Example 4. e7-+ x7y-+2z+5=0. 


et 
z 


Here, 
F (x, y, z)=e?+x¥8y4+2+5 
OF _ OF og OF 
Ge ay ae 
Oz Qxy dz x 


Oe epi’ dy eT 

Note. Throughout this section we have assumed that the equa- 
tion F(x, y)=0 defines a certain function of one variable y = g (x) 
and the equation F(x, y, z)=O defines a certain function of two 
variables z=f (x, y). We now state, without proof, the condition 
that must be satisfied by the function F(x, y) so that the equa- 
tion F (x, y)=0 defines a single-valued function y=@ (x). 

Theorem. Let a function F (x, y) be continuous in the neighbour- 
hood of a point (X4, Yo) and have continuous partial derivatives 
there, and let Fj (x, *y) #0 and F(x,, y)=0. Then there exists a 
neighbourhood containing the point (X, y.) at which the equation 
F (x, y)=0 defines a single-valued function y= q (x). 

An analogous theorem is also valid for the conditions of exis- 
tence of an implicit function defined by the equation F (x, y, z)=0. 

Note. When deriving the rules for differentiating implicit func- 
tions, we made use of conditions that determine the existence of 
implicit functions. 


8.12 PARTIAL DERIVATIVES OF HIGHER ORDERS 
Suppose we have a function of two variables: 
Re! (x, y) 
The partial derivatives 2 z= he (%, y) and 2 aa T= hy (x, y) are, gene- 


tally speaking, functions of the variables x ae y. And so from 
18-—2081 
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them we can again find partial derivatives. Thus, there are four 
partial derivatives of the second order of a function of two vari- 


ables, since each of the functions = and x may be differentiated 
both with respect to x and with respect to y. 
The second partial derivatives are denoted as follows: 
Se = ty (x, y), here f is differentiated twice successively with 
respect to x; 
2. 
Seay tw (*, y), here f is differentiated first with respect to x 
and then the result is differentiated with respect 
to y; 
Rs =fix(x, y), here f is differentiated first with respect to y 
and then the result is differentiated with respect 
to x; 
Sal (x, y), here the function f is differentiated twice suc- 
cessively with respect to y. 
Derivatives of the second order may again be differentiated 


both with respect to x and y. We then get partial derivatives of 
the third order. Obviously, there will be eight of them: 
Oz 08z 08z 08z Pz 08z 08z 08z 


ee — ee eee eee se eee eee 


Generally speaking, a partial derivative of the nth order is the 
first derivative of the derivative of the (n—1)th order. For exam- 


ple, ee, is a derivative of the nth order; here the function 


z was first differentiated p times with respect to x, and then 
n—p times with respect to y. 

For a function of any number of variables, the higher partial 
derivatives are determined in similar fashion. 


Example 1. Compute the second partial derivatives of the function 
f(x, y=xry+y 


Solution. We find successively 


Lee eo SE mat + ay, 





Ox 
OF PF __ O(2xy) _ OF __9 (x? + 3y%) _ a i 
ast" Seay dy Syox ax Gy OY 


Pz Ct eer er 2 
Example 2. Compute Oat dy and Oy ox® if z= y%ex + x2y3-+ 1, 
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Solution. We successively find 
oz oz 08z 











= y3, ‘ oS es 2s 2 
Oe Ye + 2x4*, at yee + 24%, Ox dy 2ye* + by 
Oz as oz 3 ° ez 7 
Bye eet y*, apart Oe . dy Ox? = 2Qye* + 6y' 
Example 3. Compute ae ie if u=2%ex+y? 
. Ox? dy Oz : 
Solution. 
Ou Box +y2 Ou 2 Pu 2 O4u 2 
—= y —— = 220% +. = 2ox+y —_——_ = +y 
ae age ee © Sgagy uee  e  Baayar 


The natural question that arises is whether the result of differ- 
entiating a function of several variables depends on the order of 
differentiation with respect to the different variables; in other 
words, will, for instance, the following derivatives be identically 
equal: 
: oF 
Ox Oy 


Cd 
and 379% 
or 


Of (x, y, t) Of (x, y, t) 
“maya 39d ~ aay 


and so forth. It turns out that the following theorem is true. 
Theorem. /f a function z=f (x, y) and its partial derivatives 
fer fy fey and fj, are defined and continuous at a point M(x, y) 
and in some neighbourhood of it, then at this point 
axdy Oy Ox (Fry = fix) 





Proof. Consider the expression 

A= [f(x+Ax, ytAy)—f(x+Ax, y)]—[F (x, yt Ay)—F( y)] 

If we introduce an auxiliary function g(x) defined by 

p(x) =F (x, yt Ay)—f (x, y) 
then A may be written in the form 
A= 9 (x + Ax) —@ (x) 
Since it is assumed that f, is defined in the neighbourhood of 
the point (x, y), it follows that (x) is differentiable on the 
interval [x, x-+-Ax]; but then, applying the Lagrange theorem, 
we get 7 
A= Axg’ (x) 

where X lies between x and x-+ Ax. But 


18* 
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Since fj, is defined in the neighbourhood of the point (x, y), 
fi. is differentiable on the interval [y, y+ Ay]; and so by applying 
once again the Lagrange theorem (with respect to the variable y) 
to the difference obtained, we have 


where 7 lies between y and y+ Ay. 
Consequently, the original expression of A is 


A=Ardyfiy(%, 9) (1) 


Changing the places of the middle terms in the original expres- 
sion for A, we get 


A= [f(x+Ax, y+Ay)—f (x, yt+Ay)] —[f(x+Ax, y)—f (x, 9)] 
Introducing the auxiliary function 
~(y) =F(x+Ax, y)—f (x, 9) 
we have 
A=(y+Ay)—¥(y) 
Again applying the Lagrange theorem we get 
A= Ayy' (y) 
where y lies between y and y+ Ay. But 
Pw W=f(x+4x, D—fy(* #) 
Again applying the Lagrange theorem, we get 
fy(xtAx, W—fy(e, y)=Axfinlx, y) 
where x lies between x and x-+ Ax. 
Thus, the original expression of A may be written in the form 
A= Ay Axfi, (%, ¥) (2) 
The left members of (1) and (2) are equal to A, therefore the 
right ones are equal too; that is, 
Ax Ayfiy (x, y) = Ay Axfis (X, 9) 
whence 
fry (x, Y) = fy (%, y) 
Passing. to the limit in this equality as Ax—+0 and Ay—0O, 
we get 
aim fu 9) = lim fox (* ¥) 
Ay>0 4y70 
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Since the derivatives f,, and fj, are continuous at the point (x, y), 
we have lim fiy(x, y)=fiy(*, y) and lim fi. (x, y)=fix(%, y). 
Ax+>0 ao 


fey (%, 9) =fix (x, y) 


Ay—>0 
And finally we get 


as required. 
A corollary of this theorem is that if the partial derivatives 


SEF and ed are continuous, then 
Ly SA pe al ee 
Oxk oyn-k aa Oy" axk 
A similar theorem holds also for a function of any number of 
variables. 


Example 4. Find if u=e*¥ sin z. 


Pu and Ou 
Ox Oy Oz Oy Oz Ox 
Solution. 


a =yerY sin z, Os gy sin z+ xye*x sin z =e*Y (1+-xy) sinz 


‘Ox axdy 
Bu du : Pu 
——— er Ou oxy - 
iedyoz (l-+xy) cos2, Go —xery sin 2, 5-5 = xe%Y cos 2 
Ou 
dy dz Ox > ised cos z+ xye*Y cos z=e*Y (1 -+-xy) cos z 
Hence, 


Cu Pu 
Ox Oydz Oy OzOx 


(also see Examples 1 and 2 of this section). 


8.13 LEVEL SURFACES 
In a space (x, y, 2) let there be a region D in which the function 
u=u(x, y, 2) (1) 


is defined. In this case we say that a scalar field is defined in the 
region D. If, for example, u(x, y, z) denotes the temperature at 
the point M(x, y, z), then we say that a scalar field of tempera- 
tures is defined; if D is filled with a liquid or gas and u(x, y, z) 
denotes pressure, we have a scalar field of pressures, etc. 
Consider the points of a region D in which the function wu (x, y, z) 
has a fixed value c: 
u(x, y, Z)=C (2) 


The totality of these points forms a certain surface. If a different 
value of c is taken, we obtain a different surface. These surfaces 
are called level surfaces. 
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Example 1. Let there be given a scalar field 


xz 2 23 
u(t, y J=ZtE4 Se 


Here, the level surfaces are 
2 


ihe oa 
or ellipsoids with semi-axes 2V¥c, 3Vc, 4Yc. 
If the function uw is a function of two variables x and y, 
u=u(x, y) 
then instead of level surfaces we have lines on the xy-plane: 
u(x, y)=c (2’) 


which are called level lines. 
If we plot values of uw on the z-axis: 


z=u(x, y) 


the level lines in the xy-plane will be projections of lines obtained 
at the intersection of the surface z=u(x, y) with the planes z=c 
(Fig. 176). Knowing the level 
lines, it is easy to study the cha- 
racter of the surface z=wu(x, y). 





Fig. 176 Fig. 177 


Example 2. Determine the level lines of the function z=1—x?—y?. They 
are lines with equations 1—x?—y?=c, which are (Fig. 177) circles with radius 


V 1—c. In particular, when c=0 we get the circle x?+ y?=1. 


8.14 DIRECTIONAL DERIVATIVE 


In a region D, consider the function u=u (x, y, z) and the point 
M(x, y, z). Draw from M a vector S whose direction cosines are 
cosa, cosB, cosy (Fig. 178). On the vector S, at a distance As 
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from its origin, let us consider a point M,(x-+ Ax, y+Ay, z+ Az). 
Thus, 
As=V Ax?+ Ay? + Az? 


We shall assume that the function u(x, y, z) is continuous and 
has continuous derivatives with respect to their arguments in the 
region D 





Fig. 178 


As in Sec. 8.7, we will represent the total increment of the 
function as follows: 


Au=S Ax 4% = Ay +32 = Az +e,Ax+e,Ay+e,Az (1) 


where e,, e, and e, oe zero as As—+0. Divide all terms of 
(1) by As: 
ae Ou Ax Ou Ay Ou Az Ay Az 
="ox As ' oy ae ae at eaete, is ta (2) 


It is sete that 


Ax _ Ay _ Az 
Ae = cosa, Fr = cos B, As = COSY 
Consequently, re oy may be rewritten as 


= a cosa + 4 = cosB +5 <= cos p+ €,cosa+e,cosB+e,cosy (3) 
The limit of the ratio = as As—+0 is called the derivative of 
the function u=u(x, y, 2) at the point (x, y, z) along the direction 
of the vector § and is denoted by =; i.e., 


Au Ou 
tt Ag ae (4) 
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Thus, passing to the limit in (3), we get 
ais cos +5 cos B+ cos p (5) 


From formula (5) it follows that if we know the partial derivatives 
it is easy to find the derivative along any direction S. The partial 
derivatives themselves are a particular case of a directional deri- 


vative. For instance, when a=0, p=s, w= we get 


Ou Ou Ou nu Ou nm Ou 
Fs = Dy COS O+ GF C08 | + | COS Toh 
Example. Given a function 
u=x+ y2+ 2? 
Find the derivative sa at the point M(1, 1, 1): (a) along the direction of 
s the vector S;=2i+f+3k; (b) along the di- 
rection of the vector §,=i+J-+2e. 
Solution. (a) Find the direction cosines of 
the vector §,: 
cos sa z 
VY 4+1-+49 14 
1 3 
cos B=——, cos p=—— 
RW ae 
Hence, 
ou du 2, du 1, du 3 
Os, Ox Y14 OY YW 14 | Oz VW 14 
The partial derivatives 
Ou Ou Ou 


Be By ah Be 





at the point M(l, 1, 1) are 


Ou Ou Ou 
(ae lu=® (ae )ue® (Ge hem? 


Thus, 
Ou “2 1 3 12 
—=2. 4 2. — 4 2. — = 
0s; Vit V ras Vi4 yr 


(b) Find the direction cosines of the vector Sq: 


1 1 1 
cos @== —— , cos P= -——— , COS P= -—— 
V 3 B V 3 q 3 
Hence, " ' F 
ue 1 
a= 2- —— 2 - —— 4-2. — ee = = = 2 V I 
OS, vat Vat V3 Y3 


12 


Vi 


We note here (and it will be needed later on) that 2V°3 > (Fig. 179). 
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8.15 GRADIENT 


At every point of the region D, in which the function u=u (x, y, z) 
is given, we determine the vector whose projections on the coor- 


dinate axes are the values of the partial derivatives =. e & 
of this function at the appropriate point: 


0 0 0 
gradu=sit+si+ak (1) 


This vector is called the gradient of the function u(x, y, z). We 
say that a vector field of gradients is defined in D. Let us now 
prove the following theorem which establishes a_ relationship 
between the gradient and the directional derivative. 

Theorem. Given a scalar field u=u(x, y, 2); in this field, let 
there be defined a field of gradients 


Ou Ou Ou 


The derivative 2 along the direction of some vector § is equal to 


the projection of the vector gradu on the vector S. 
Proof. Consider the unit vector S°, which corresponds to the 
vector S: 
S°=icosa+Jjcosp+kcosy 


Find the scalar product of the vectors grad u and S°: 


a 0 0 
grad u-S°= cosa + cos B + 5 cos y (2) 
The expression on the right is the derivative of the function 
u(x, y, 2) along the vector S. Hence, we can write 


grad u-$° = St 
If we designate the angle between the vectors grad uw and S° by 
g (Fig. 180), we can write 


| grad u|cosp = (3) 
or 


projection S° grad u = & (4) 
and the theorem is proved. 

This theorem gives us a clear picture of the relationship between 
the gradient and the derivative, at a given point, along any 
direction. Referring to Fig. 181, construct the vector gradu at 
some point M(x, y, z). Construct a sphere for which grad u is 
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the diameter. Draw the vector S from M. Denote by P the 
point of intersection of S with the surface of the sphere. It is 
then obvious that MP =|grad u|cosq, if @ is the angle between the 


directions of the gradient and the segment MP (here, g< 5) , or 


MP =%. Obviously, when the direction of the vector S is reversed, 


the derivative changes sign but its absolute value remains unchanged. 





Fig. 180 Fig. 181 


Let us establish certain properties of a gradient. 

(1) The derivative at a given point along the direction of the 
vector § has a maximum if the direction of S coincides with that 
of the gradient; this maximal value of the derivative is equal to 
| grad w]. 

The truth of this assertion follows directly from (3): “ will be 


a maximum when g=0, and in this case 
Ou 
35 =I erad u| 


(2) The derivative along the direction of a vector that is perpen- 
dicular to the vector grad u is zero. 
This assertion follows from formula (3). Indeed, in this case, 


=F, cos pg =0 and % — | grad u|cosp =0 
Example 1. Given the function 
u=O+ Pz 


(a) Determine the gradient at the point M(1, 1, 1). The expression of the 
gradient of this function at an arbitrary point is 


grad n= 2xi-+ 2yjf-+ 2zk 


(grad u) y= 2i+2f+2k, | gradu|y=2 V3 
(b) Determine the derivative of the function u at the point M/(I, 1, 1) 
along the direction of the gradient. The direction cosines of the gradient are 


Hence, 


2 1 1 1 
cos @ = ———————————— = —— , cosB =—— , cos y= ——. 
V2t2to V3 B V3 Vs 
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Ou 1 1 1 
= ==2 2—— + 2—— =2 V 3 
8 YS VSO VS 
or e 
Ou 
95 al erad u| 


Note. If the function u=u(x, y) is a function of two variables, 
then the vector 


du, , a 
gradu=sitay 


lies in the xy-plane. We shall prove that 
grad u is perpendicular to the level line 
u(x, y)=c lying inthe xy-plane and passing 
through the corresponding point. Indeed, the 
slope k, of the tangent to the level line 





x 


u(x, y)=c will equal k=—S. The slope Fig. 182 
y 


k, of the gradient is Rk, =“t . Obviously, &,k, = —1. This proves our 


assertion (Fig. 182). A similar property of the gradient of a func- 
tion of three variables will be established in Sec. 9.6. 





2 2 
Example 2. Determine the gradient of the function w=>t+5 (Fig. 183) 


at the point M (2, 4). 
Solution. Here 


Hence 
gradu=2i-+ > J 


The equation of the level line (Fig. 184) passing through the given point is 
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8.16 TAYLOR’S FORMULA FOR A FUNCTION 
OF TWO VARIABLES 


Suppose we have a function of two variables 
z=f (x, y) 


which is continuous, together with all its partial derivatives up 
to the (n+ 1)th order inclusive, in some neighbourhood of the 
point M (a, b). Then, like in the case of one variable (see Sec. 4.6) 
represent the function of two variables as a sum of an nth degree 
polynomial in powers of (x—a) and (y—b) and some remainder. 
It will be shown below that for the case of n=2 this formula has 
the form 


F(x, y)=Ay+D (x—a)+E(y—6) 
+5 [A (x—a)* + 2B (x—a) (y—b) + C yY—1)'] +R, (1) 
where the coefficients A,, D, E, A, B, C are independent of x and y, 
and R, is the remainder, the structure of which is similar to. the 
structure of the remainder in the Taylor formula for a function 
of one variable. 
Let us apply the Taylor formula for a function f(x, y) of the 


variable y and assuming x to be constant (we shall confine ourselves 
to second-order terms): 


f(x, y= ; 
—b , _— a —6 nee 
=F (%, V+ Be, DEY pi, D+ ESF Pe ay (2) 
where yn, = 6+ 0, (y—b), 0<0,<1. We expand the functions f (x, 5), 


fy (x, 6), fay (x, 6) in a Taylor’s series in powers of (x—a), confining 
ourselves to mixed derivatives up to the third order inclusive: 


F(x, 6) 
= f(a, 6) +77" f(a, ’) + fr, (a, 6) 4+ 45% pene, 8) (3) 


where §&, =x+0,(x—a), 0<0,< 1; 
F(x 0) =F, (a, 6) +25 fix (a, 1) +2" poe, 6). (4) 

where & =x+6,(x—a), 0<0,< 1; 
Fou (%, ©) = Foy (2, 6) +=" foie Ea» 2) (5) 

where §&,=x+0,(x—a), (<0, <1. 
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Substituting expressions (3), (4) and (5) into formula (2), we get 
Fx, y) =F (a, 0) +254 f(a, 4) +2" F(a, 8) 
+o bet 14+ [fla + 2F 2 eelas 6) 
+S hiielbs o) ee Ta [fev (as ©) +=" Fie Ea ®) | 


—b 
+Eor 9. F Fovy (Xs) 














Arranging the numbers as indicated in formula (1), we get 
f(x, y) =f (a, 6) + (x—a) f(a, 6) + (y—b) fy (a, b) 
+3 [(e—a)* fe (a, 8) +2 (x—a) (y—b) fe, (a, 6) 
+ (y—b)}* fy (a, 8) + [(x—a)? Fee (Ex, ) 


+3 (x—a)? (y—b) firey (Ea, 5) +3 (x—a) (y—b)? fryy (Bs, 5) 
+ (y—) Fyyy (a, 7,)) (8) 


This is Taylor’s formula for n=2. The expression 
Ry =a [(e—a)? fete (Bry )-+ 3 (x—a)* (y—) foxy (Eas 8) 
+3 (x—a) (y—b)? fryy (Es, 5) + (¥— 2)? Foy (2s 14)] 
is called the remainder. Further, let us denote x—a= Ax, y—b = Ay, 
Ap =V (Ax)?+ (Ay)?. Transform R,: 
l AY gore 
Ri=3r [ gar [eee +3 Heal 6) 
+3555 oot Fray (Ea. 5) +55 Ap? LS fvy (a, n,)] Ap? 


Since | Ax| < Ap, | Ay| < of and the third derivatives are bounded 
(this is given), the coefficient of Ap* is bounded in the domain 
under consideration; let us denote it by a. 

Then we can write 


R,=a,Ap? 


In this notation, Taylor’s formula (6) will, for the case n=2, 
take the form 


F(x, y)=F(a, 6)+Axf, (a, 6) + Auf, (a, 6) 
+s [Av fix (a, 6) + 2AxAyfi, (a, 6)+ Ay'fiy (a, 6)]+2,Ap? (6’) 


Taylor’s formula is of a similar form for arbitrary xn. 
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8.17 MAXIMUM AND MINIMUM OF A FUNCTION 
OF SEVERAL VARIABLES 


Definition 1. We say that a function z=f (x, y) has a maximum 
at a point M,(x,, y,) (that is, when x=x, and y=y,) if 


F(X» Yo) > F(x, y) 


for all points (x, y) sufficiently close to the point (x,, y,) and 
different from it. 

Definition 2. Quite analogously we oy, that a function z=f (x, y) 
has a minimum at a point M,(x,, y,) if 


F(Xo» Yo) < F(x, 9) 


for all points (x, y) sufficiently close to the point (x,, y,) and 
different from it. 

The maximum and minimum of a function are called extrema 
of the function; we say that a function has an extremum at a given 
point if it has a maximum or minimum at the given point. 

Example 1. The function 

z= (x—1)?+(y—2)?—1 


attains a minimum at x=1, y=2; i.e., at the point (1, 2). Indeed, f(1, 2)=—1, 
and since (x—1)? and (y— 2)2 are always positive for x # 1,y # 2, “it follows that 


(x—1)?-+(y—2)?—-1 >—1 
F(x, y) > FL, 2) 


The geometric analogy of this case is shown in Fig. 185. 


that is, 


Z=(z-1) *+/y-2)?- 1 





z-4-sin(a%+y?) 


Example 2. The function 
z= —sin (x2 + y?) 


for x=0, y=0 (coordinate origin) attains a maximum (Fig. 186). 
Indeed, 


£0, 0) => 
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Inside the cirtle Ap ytat take a point (x, y) different from the point 
(0, 0). Then for 0 < x2-+y2< * 


sin (x?-++ y?) > 0 
and therefore 


F., => —sin (x? + y?) < > 


or 
F(x, y) < FO, 0) 


The definition, given above, of the maximum and minimum of 
a function may be rephrased as follows. 
Let x=x,+Ax, y=y,+Ay, then 


f(x, y)—f (X, Yo) = F (% + Ax, y+ Ay)—f (%, y) =Af 


(1) If Af <0 for all sufficiently small increments in the independ- 
ent variables, then the function f(x, y) reaches a maximum at the 
point M(x,, y). 

(2) If Af > 0 for all sufficiently small increments in the independ- 
ent variables, then the function f(x, y) reaches a minimum at the 
point M(x, Yo). 

These formulations may be extended, without any change, to 
functions of any number of variables. 

Theorem 1. (Necessary Conditions for an Extremum). /f a function 
z=f (x, y) attains an extremum at x=x,, y=Y, then each first 
partial derivative with respect to z either vanishes for these values 
of the arguments or does not exist. 

Indeed, give the variable y a definite value y=y,. Then the 
function f(x, y)) will be a function of one variable, x. Since at 
x=x, it has an extremum (maximum or minimum), it follows 
that (Fenn is either equal to zero or does not exist. In exactly 

Y=VYo 
the same fashion it is possible to prove that (FE eon is either 
¥=Yo 
equal to zero or does not exist. 

This theorem is not sufficient for investigating the extremal 
values of a function, but permits finding these values for cases 
in which we are sure of the existence of a maximum or minimum. 
Otherwise, more investigation is required. 


For instance, the function z=:x?—y? has derivatives 22 4 2x, $2 __oy, 


which vanish at x=0 and y=O. But for the given values, this function has 
neither maximum nor minimum. It is equal to zero at the origin and takes on 
both positive and negative values at points arbitrarily close to the 
origin. Hence, the value zero is neither a maximum nor a minimum (Fig. 187). 
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Points at which % 0 (or does not exist) and %_o (or does 


not exist) are called critical points of the function z=/f (x, y). lf 
a function reaches an extremum at some point, then (by virtue 
of Theorem 1) this can occur only at 
a critical point. 

For investigation of a function at 
critical points, let us establish sufficient 
conditions for the extremum of a 
function of two variables. 

Theorem 2. Let a function f (x, y) 
have continuous partial derivatives up 
to order three inclusive in a certain 

Fig. 187 domain containing the point M, (Xo, Yo); 
in addition, let the point M, (Xo. Yo) 
be a critical point of the function f (x, y); that is, 


Of (%o, Yo) __ Of (Xo, Yo) __ 
Tage EO ye 





Then for x=%, y=Yp: 
(1) f(x, y) has a maximum if 


9*F (Xr Yo) OF (Xo, Yo)__ (O7F (or yo) \? OF (x9, Yo) - 
tt Ss o_( peat) > 0 and aS 0 


(2) f(x, y) has a minimum if 
07f (Xo, Yo) , ca 7) (AL f (Xo, al >0 and of Ess Yo) >0 
ix é 


(3) f(x, y) has neither maximum nor minimum if 


Of (Xo, Yo)  97F (xo, Yo) _ (97 (Xo, Yo) \? 
Ta. o_( a) <0 
-p OF (xo, Of (to, Of (Xp, 2 
(4) if FE, os) : Le to)__( Prod =0, then there may 


or may not be an extremum (in this case, an additional inves- 
tigation is required). 

Proof. Let us write the second-order Taylor formula for the 
function f(x, y) [Formula (6), Sec. 8.16]. Assuming 


a=X%, b=y, X=Xy+Ax, y= y+ Ay, 
we will have 


Fo + Ax, Yo+ Ay) =F (%o» yo) + Lee Ho) vx + Wt vo) oF (sy Yo) Ay 4 
by 

$y [APKa 40 nar 4 9 ME or Uo) Ay Ay 4 2 er te ay] vactaae 

where Ap =V Ax?+ Ay? and a, approaches zero as Ap — 0. 
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It is given that 
Of (Xo, Yo) __ Of (Xo, Yo) __ 

ate Ho —0, St =0 
Hence ° 


Af =f (% + Ax, yo + Ay)—f (Xos Yo) 
F) 
= x [5 40 +2505 Ax byt 5 5a Ay? |-+% (Ap)? (1) 


Let us now denote the values of the second partial derivatives 
at the point M,(x,, y,) in terms of A, B, C: 


2 2 
(3) 4 (se07 )u, = 2: (SF Jue =C 
Denote by @ the angle between the direction of the segment M,M, 
where M is the point M(x,+ Ax, y,+Ay), and the x-axis; then 
Ax=Apcosg, Ay= Apsing 
Substituting these expressions into the formula for Af, we find 


Af= + (Ap)? [A cos? p+ 2B cos sing+C sin? p+ 2a, Ap] (2) 


Suppose that A +0. 


Dividing and multiplying by A the expression in the brackets, 
we have 


1 in ©)? — B?)sin2 
Af =+ (Ap)? [S cos p-+8B sin wv + (AC — B?)sin 2+ 2a9A0 | (3) 


Let us now consider four possible cases. 
(1) Let AC— B? + 0, A <0. Then in the numerator of the fraction 
we have a sum of two ‘jhonnegative quantities. They do not vanish 


simultaneously because the first term vanishes for tan p= — 


while the second vanishes for sing = 0. 
If A<O, then the fraction is a negative quantity that does not 
vanish. Denote it by —m?; then 


Af = 5 (Ap)? [—m* + 20,,Ap] 


where m is independent of Ap, a,Ap—>0 as Ap—+0. Hence, for 
sufficiently small Ap we have 


Af <0 


F(x, + Ax, Yo + Ay) —f (%o, Yo) < 0 


But then for all points (x,+Ax, y,+ Ay) sufficiently close te 
the point (X%9, Y)) we have the inequality 


19-2081 F(X +Ax, Yot Ay) <f(%» Yo) 


B’ 


or 
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which means that at the point (x, y,) the function attains 
a maximum. 

(2) Let AC—B*>0, A> 0. Then, reasoning in the same way, 
we get 


Af= + (Ap)? [m? + 2a,Ao] 
or 
F(X + Ax, Yo+ Ay) > Ff (%, Yo) 
that is, f(x, y) has a minimum at the point (x,, y). 
(3’) Let AC—B?<0, A>O. In this case the function has 
neither a maximum nor a minimum. The function increases when 
we move from the point (x,, y,) in certain directions and decreases 


when we move in other directions. Indeed, when moving along 
the ray p=0, we have 


Af = (Ap)? [A + 2a, Ap] > 0 


When moving along this ray the function increases. But if we 
move along a ray p=q, such that tan m=—4, then for A > 0 


we have 


Af= 3 (Ap)s| = sin? g, + 2a, Ao | <0 


When moving along this ray the function decreases. 

(3”) Let AC—B? <0, A <0. Here the function again has neither 
a maximum nor a minimum. The investigation is conducted in the 
same way as for 3’. 

(3’’’) Let AC—B? <0, A=0. Then BO, and (2) may be 
rewritten as follows: 


Af= > (Ap)? [sin g (2B cos p+ C sin g) + 2a,Ap] 





For sufficiently small values of g the expression in the parentheses 
retains its sign, since it is close to 2B, while the factor sing 
changes sign depending on whether » is greater or less than zero 
(after the choice of g >0 and g <0 we can take p so small that 
2a, will not change the sign of the whole square bracket). Conse- 
quently, in this case, too, Af changes sign for different op, that 
is, for different Ax and Ay; hence, in this case too there is neither 
a maximum nor a minimum. 

Thus, no matter what the sign of A we always have the follow- 
ing situation: 

If AC—B? <0 at the point (x,, y,), then the function has nei- 
ther a maximum nor a minimum at this point. In this case, the 
surface, which serves as a graph of the function, can, near this 
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point, have, say, the shape of a saddle (see Fig. 187). The func- 
tion at this point is said to have a minimax. 

(4) Let AC-+B?=0. In this case, by formulas (2) and (3), it 
is impossible to- decide about the sign of Af. For instance, when 
A¥0 we will have 


i 2 
Af= x (dp [Fetes oF + 2,A0| 


When g = arctan —$), the sign of Af is determined by the sign 


of 2a,; here, a special additional investigation is required (for 
example, with the aid of a higher-order Taylor formula or in some 
other way). Thus, Theorem 2 is fully proved. 


Example 3. Test the following function for maximum and minimum: 
2=x9— xy + y2+3x—2y+1 
Solution. (1) Find the critical points 


% oxy +3, se tty —2 
Solving the system of equations 
2x— y+3=0 
—x-+2y—2=0 \ 
we get 
4 1 


sami Ta) 


(2) Find the second-order derivatives at the critical point (-}. z) 


and determine the character of the critical point: 
az = 0®z a2z 


A =on 2, BS osag 1, Saat 
AC — B? = 2-.2—(—1)?=3 >0 
Thus, at the point (-¢ ; 5) the given function has a minimum, namely 
4 
27min = — 3 


Example 4. Test for maximum and minimum the function z=x3-+ y?—3xy. 
Solution. (1) Find the critical points using the necessary conditions of an 
extremum; 


Ce ee ee 
ae 3y=0 


Oz _ai3 = 


Whence we get two critical points: 
x= 1, y=! and %=0, ys=0 
19* 
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(2) Find the second-order derivatives: 
022 072 0*z 
ast Seay ay 


(3) Investigate the character of the first critical point: 
Oz 0?2z 
A=($a) 178 B= (357 ei c= (Fa) .178 
y=1 y=l =1 
AC — B?=36—9=27>0, A>0 
Hence, at the point (1, 1) the given function has a minimum, namely: 


6y 


oz 


2nin= —1 


(4) Investigate the character of the second critical point M, (0, 0): 
A=0, B= —3, c=0, AC— B?= —9 < 0 


Hence, at the second critical point the function has neither a maximum nor 
a minimum (minimax). 

Example 5. Decompose a given positive number a into three positive terms 
so that their product is a maximum. 

Solution. Denote the first term by x, the second by y; then the third will 
be a—x—y. The product of these terms is 


u=X-y (a—x—y) 
It is given that x > 0, y > 0, a—x—y > 0, that is, x+-y < a, u > 0. Hence, 
% and y can assume values in the domain bounded by the straight lines x=0, 


y=0. xt+y=a. 
Find the partial derivatives of the function u: 


Ou 
ae (a—2x—y) 
Ou 
iad (a—2y—x) 


Equating the derivatives to zero, we get a system of equations: 
y (a—2x—y)=0, x(a—2y—x)=0 
Solving this system, we get the critical points: 
x,=0, y,=0, M,(0, 0) 
xX3=0, yYys=a, M,(0, a) 
X= 4a, Ys =0, Ms (a, 0) 


a a aoa 
“=F “=z M, (+. 3) 
The first three points Me on the boundary of the region, the last one, inside. 
On the boundary of the region, the function u is equal to zero, while inside 
bess We : aa F , 
it is positive; consequently, at the point 3° +) , the function u has « maxi- 


mum (since it is the only extremal point inside the triangle). The maximum 
value of the product 


ue = 2 2 (og 4 4\_@ 
max 3 3 3 3) 2 
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Investigate the character of the critical points using the sufficiency condi- 
tions. Find the second partial derivatives of the function u: 


Ou Ou Ou 
axe OY peop FT ass 


Ou O*u Ou 
Ga” B= aay C= FAH? 
AC — B?= —a? < 0. Hence, at the point M, there is neither a maximum nor 
et . Ou _ Ou 
a lk At the point M, (0, a) we have A=sa= —2a, cae TT 
Cc Sn AC — B? = —a? < 0. Which means that at the point M, there is nei- 
ther a maximum nor a minimum. At the point Mg (a,0) we have A=0, B= —a, 
C=—2a, AC— B?=—a* <0. At Msg too there is neither a maximum nor a 


At the point M,(0,0) we have A= 





=-—-a, 


Bag : aa _ 2a , a peste 
minimum. o pet a m(3 5] we have A=—-7F B= -F: C=- 5, 
Ac— pai © >0, A <0. Hence, at M, we have a maximum. 


Note. The theory of maxima and minima of a function of se 
veral variables serves as the basis for a method of obtaining for 
mulas for representing functional relationships on the basis of 
experimental findings. This problem is examined in Sec. 8.19. 


8.18 MAXIMUM AND MINIMUM OF A FUNCTION OF SEVERAL 
VARIABLES RELATED BY GIVEN EQUATIONS 
(CONDITIONAL MAXIMA AND MINIMA) 


In many problems on maxima and minima, one has to find 
the extrema of a function of several variables that are not inde- 
pendent, but are related to one another by side conditions (for 
example, they must satisfy given equations). 

By way of illustration let us consider the following problem. 
Using a piece of tin 2a in area it is required to build a closed 
box in the form of a parallelepiped of maximum volume. 

Denote the length, width and height of the box by x, y, and z. 
The problem reduces to finding the maximum of the function 


= xyz 


provided that 2xy+2xz+2yz=2a. The problem here deals with 
a conditional extremum: the variables x, y, z are restricted by the 
condition that 2xy+ 2xz-+ 2yz=2a. In this section we shall con- 
sider methods of solving such problems. 

Let us first consider the question of the conditional extremum 
of a function of two variables if these variables are restricted by 
a single condition. 
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Let it be required to find the maxima and minima of the func- 


tion 
u =f (x, y) (1) 
with the proviso that x and y are connected by the equation 
p(x, y) =0 . (2) 


Given condition (2), of the two variables x and y there will be 
only one which is independent (for instance, x) since y is defined 
from (2) as a function of x. If we solved equation (2) for y and 
put into (1) the expression found in place of y, we would obtain 
a function of one variable, x, and would reduce the problem to 
one that would involve testing for maximum and minimum a func- 
tion of one independent variable, x. 

But the problem may be solved without solving equation (2) 
for x or y. For those values of x at which the function uw can have 
a maximum or minimum, the derivative of u with respect to x 
should vanish. 


From (1) we find e, remembering that y is a function of x: 


du_9f , df dy 
dean Ou dx 


Hence, at the points of the extremum 


Of , Of dy _ 

ax Oy dx (3) 
From equation (2) we find 

Op, Op dy _ 

ax + dy dx —9 (4) 


This equation is satisfied for all x and y that satisfy equation (2) 
(see Sec. 8.11). 

Multiplying the terms of (4) by an (as yet) undetermined coef- 
ficient 4 and adding them to the corresponding terms of (3), we 
have 


(3+ 30) 4.9, (22 498 28) <0 
(E4052) + (24252) Y= re 


The latter equation is fulfilled at all extremum points. Choose A 
such that for the values of x and y which correspond to the extre- 
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mum of the function u, the second parentheses in (5) should 
vanish: * 

OF 1 4 Op 
ay th eed 2 


But then, for these values of x and y, from (5) we have 


It thus turns out that at the extremum’ points three equations 
(in three unknowns x, y, A) are satisfied: 


of op 

ath st=0 

of Op 6 

ay tay =° o 
p(x, y) =0 


From these equations determine x, y, and A; the latter only played 
an auxiliary role and will not be needed any more. 

From this conclusion it follows that equations (6) are necessa- 
ry conditions of a conditional extremum; or equations (6) are sa- 
tisfied at the extremum points. But there will not be a conditional 
extremum for every x and y (and A) that satisfy equations (6). 
A supplementary investigation of the nature of the critical point 
is required. In the solution of concrete problems it is sometimes 
possible to establish the character of the critical point from the 
statement of the problem. It will be noted that the left-hand sides 
of equations (6) are partial derivatives of the function 


F (x, 9, =F (x, y)+AQ(x, ¥) (7) 


with respect to the variables x, y and i. 

Thus, in order to find the values of x and y which satisfy con- 
dition (2), for which the function u=f (x, y) can have a condi- 
tional maximum or a conditional minimum, one has to construct 
an auxiliary function, (7), equate to zero its derivatives with re- 
spect to x, y, and A, and from the three equations (6) thus 
obtained determine the sought-for x, y (and the auxiliary factor 4). 
The foregoing method can be extended to a study of the condi- 
tional extremum of a function of any number of variables. 

Let it be required to find the maxima and minima of a function 
of n variables, u=f(x,, x,, ..., X,), provided that the variables 


* For the sake of definiteness, we shall assume that at the critical points 


ag 
ay *° 
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Xy, Xg, +++, X, are connected by m(m<_n) equations: 


GF (x1, Xo, sees x,) =90 
(Bie fay vos My) =0 (8) 


Pm (Xis Xa, +++) X,) =O 
In order to find the values of x,, *,, ..., x,, for which there 
may be conditional maxima and minima, one has to form the 
function 
F (Xin Ray od Kage Mee aay We) HT Bi aay, Ky EA is eeu KH) 
Hee (Xr «2 0y Xa) t eee tM Pe (Xp, 2-09 Xp) 


equate to zero its partial derivatives with respect to x,, X%,...,%,: 


of op Om _ 
Bx tng ts the oe = 
of i) On _ 
i te + +n 3 =O | (9) 


af i 201 0m _ 
get ae oka The 5 = 
and from the m+n equations (8) and (9) determine x,, x,,..., x, 
and the auxiliary unknowns A,, ..., 4,,. Just as in the case of a 
function of two variables, we shall, in the general case, leave 
undecided the question of whether the function, for the values 
found, has a maximum or a minimum or has neither. We will de- 
cide this matter on the basis of additional reasoning. 
Example 1. Let us return to the problem formulated at the beginning of 
this section: to find the maximum of the function 
v= xyz 
provided that 
xy-+xz-+yz—a=0 (x > 0, y > 0, z > 0) (10) 
We form the auxiliary function 
F (x, y, A)=xyz+h (xy +x2+ yz—a) 
We find its partial derivatives and equate them to zero: 
y2z-+A(y+z)=0 
xz-+A(x+2)=0 (11) 
xy + (x+y)=0 
The problem reduces to solving a system of four equations (10) and (ea)) 
in four unknowns (x, y, z and A). To solve this system, multiply the first of 


equations (11) by x, the second by y, the third by z, and add; taking (10) 


3xyz 


into account, we find that A=—- Putting this value of A into equations 
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(11) we get 
ve [1-Fw+2) |=0 


xz [ ~H e+ 2)| =0 
xy [!-e+n| =0 


Since {t is evident from the statement of the problem that x, y, z are diffe- 
rent from zero, we get from the latter equations . 


ew ta=l, Het y=1, Zety=! 


From the first two equations we find x=y, from the second and third equa- 


tions, y=z. But then from equation (10) we get x =y=z= > . 
This is the only system of values of x, y and z, for which there can be a 
maximum or a minimum. 

It can be proved that the solution obtained yields a maximum. Inciden- 
tally, this is also evident from geometrical reasoning (the statement of the 
problem indicates that the volume of the box cannot be big without bound; 
it is therefore natural to expect that for some definite values of the sides the 
volume will be a maximum). 

Thus, for the volume of the box to be a maximum, the box must be a 


cube, an edge of which is equal to =: 

Example 2. Determine the maximum value of the nth root of a product of 
numbers x1, %_, ..., ¥, provided that their sum is equal to a given number a. 
Thus, the problem is stated as follows: it is required to find the maximum of 


the function u= V x. ..%, on the condition that 
Xy+Xy+...+%,—a=0 (x1 > 0, x2 > 0, ..., X, > 0) (12) 
Form an auxiliary function: 
——s= 
F (x1, 0.05 Xp, A= W X20. Xp EA (ty ote +... fq —a) 
Find its partial derivatives: 





; 1 XgX%3.. x lu 

fe => Ses a he or u=—nx, 
(%1..+%n) * 

lu _ 

Fi=awett=o or u=—ndx, 
Fe BG 0 or w=—nhe 

n NX,' e " 

From the foregoing equations we find 
Xy HSH Xqg=... = Xy 


and from equation (12) we have 


a 
MH Mg She 
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By the meaning of the problem these values yield a maximum of the func- 
tion WV x. .%_ equal to 2. 
n 





Thus, for any positive numbers x,, %, ..., X, connected by the relation- 
ship x,-+%2.+...+x,=a, the inequality 





VW i. in (13) 


is fulfilled (since it has already been proved that = is the maximum of this 


function). Now substituting into (13) the value of a obtained from (12), 
we get 
we Th dn (14) 


XXq.. Xn n 


This inequality holds for all positive numbers x, xg, ..., %,. The expression 
on the left-hand side of (14) is called the geometric mean of these numbers. 
Thus, the geometric mean of several positive numbers is not greater than their 
arithmetic mean. 


8.19 OBTAINING A FUNCTION ON THE BASIS OF EXPERIMENTAL 
DATA BY THE METHOD OF LEAST SQUARES 


Suppose that in an experiment it is required to establish a func- 
tional relationship between y and x: 


¥=9 (x) (1) 
The experiment, let us say, has yielded n values of the function 


y for corresponding values of the argument. The results are tabu- 
lated as follows: 





The form of the function x=@(x) is obtained either from theore- 
tical reasoning or on the basis of how the points corresponding to 
the experimentally found values (we will call them experimental 
points) are located on a coordinate plane. Let us suppose that the 
experimental points are located as shown in Fig. 188. Since expe- 
rimental errors are almost inevitable, it is natural to suppose that 
the desired function y=q@(x) may be sought in the form of a 
linear function y=ax-+b. 

If the experimental points are located as in Fig. 189, it is na- 
tural to seek the function y=q(x) in the form y=ax’, and so 
forth. 
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For the chosen form of function y=@Q(x, a, 6, c, ...) it re- 
mains to select the parameters a, b, c, ... so that the function 
describes the process at hand in the best possible fashion. 

A widely used method for solving this problem is the method 
of least squares. It consists in the following. We consider the sum 





eee Ty 





er, fy 





een wenn -~ 01 





XZ 2% 


Fig. 188 Fig. 189 
of the squares of the differences between the experimentally obtai- 


ned values y; and the function (x, a, 6, c, ...) at. the approp- 
riate points: 


S (a, 5, ¢, = 2 [y:i— 9 (x;, a, 6, c, ...))? (2) 
We choose the parameters a, b, c, ... so that this sum is a 
minimum: 


S(a, 6, ¢, )= 2 [y:—@ (x; a, 6, c, ...)]?=min (3) 


The problem thus reduces to finding the values of the parameters 
a, b, c, ... for which the function S(a, b,c, .:.) is a minimum. 

From Fheorem 1, Sec. 8.17, it follows that these values a. b, 
c, ... satisfy the system of equations 


Sy ee ee (4) 


or, expanded, 


: 0 is OKC 6d4 
p> [yi— P(X), a, b, Cc, ses )] SP (i oO 9 


n 

pa Op (x;, a, b, c, ...) 
S* fy; 4, 0,0) -c2,.2) ee 0 
i=l ly; #( ) 0b (5) 


a 
DY [H:—9 (ee a, be, ...)) SEES oe) 9 
i=l oc 


300 Ch. 8. Functions of Several Variables 


Here, the number of equations equals the number of unknowns. 
In each instance, an investigation is made of the existence of a 
solution to the system of equations (5) and of the existence of a 
minimum of the function S(a, b, c, ...). 

We consider some cases in determining the function y= 
= @(x, a, b,c, ...). 

I. Let y=ax+0. The function S (a, 6) in this case is of the form 
[see expression (2)] 


S(a, )= 3 ty, (ar, +9) (6) 


This is a function in two variables a and 6 (x; and y; are given 
numbers; see table on pee 298). Hence, 


= —2 > [y;—(ax; +5)] x= 


$=? 3 [y,— (ax; + 6)] = 
The system of equations (5) then becomes 
n na n 
> y;x;—a Y 3b x, = 0 
i=l i=l i=1 


an n 
dD y¥—4 LY xj—bn=0 
i=1 i=l 


We have a system of two linear equations in two unknowns a 
and 6. It is obvious that the system has a definite solution and 
that for the values a and 6 thus found the function S(a, 6) has 
a minimum.* 

II. For the approximating function we take the quadratic tri- 
nomial 


(7) 


y=ax?+bx-+c 


* This is also feeally established on the basis of sufficient conditions (see 
Theorem 2, Sec. 8.17). Indeed, here 


n 
as ars 0*s 
Bn2 3 a was? 24 api en 
and so 


dat ap (Saab) >> OD) me p> Gray > 0, FE > 0 


id; 
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Then expression (2) has the form 


S(a, 6, = ¥ [yi (at pox +0)" 8) 


This is a function of three variables a, 6, c. The system of equa- 
tions (5) assumes the form 
) 


>> [y;— (ax? + bx; + c)]x? =0 


>» [y;—(ax} + bx; + c)] x; =0 


ie 


[y;— (ax? + bx;-+c)] =0 


or, expanded, 


a n n n 

D yxi—a > x —b DY —ce DY 9 =0 
f=1 t=1 i=1 i=1 

a 


n n n 
D yixi—a Y —b DY x7? -—c DY x, =0 (9) 
i=1 i=! t=1 


i=! 


a. a a 
D yi—a DY 3b Y x,—cn =0 | 
i=l i=l t=1 ) 


We obtain a system of linear equations for determining the 
unknowns a, 6, c. From the nature of the problem it follows that 
the system has a definite solution and that for the values a, 5, c 
obtained, the function S(a, 6, c) is a minimum. 


Example. Suppose an Hat yields four values of the desired function 
y=g (x) for four values of the argument (n= 4), which are tabulated as follows: 





We seek the function @ in the form of a linear function y=ax-+b, and set up 
the expression for S (a, 5): 


4 
S(a, b= >) tyi—(axi +o) 
i=] 
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To set up system (7) in order to deter- 
mine the coefficients a and 6 we first 
compute 


System (2) has the form 
21—39a— 11b=0 
10—1lla—46=0 


Solving this system, we get a and 6b: 
a—=—26/35, 56= 159/35. The desired straight line (Fig. 190) is 





Fig. 190 


8.20 SINGULAR POINTS OF A CURVE 


The concept of a partial derivative is used in investigating 
curves. 
Let a curve be given by the equation 
F (x, y)=0 


The slope of the tangent to the curve is determined from the 
formula 


OF 
dy Ox. 
‘de —COOF 

Oy 


(see Sec. 8.11). 
If at a given point M(x, y) of the curve under consideration, 


at least one of the partial derivatives = and = does not vanish, 


then at this point either oe or i is completely determined. The 


curve F(x, y)=0 has a very definite tangent line at this point. 
In this case, the point M(x, y) is called an ordinary point. 
But if at some point M,(x,, y,) we have 


ae ) age ant (5 Ja? 
Y=) Y=Vo 


then the slope of the tangent becomes indeterminate. 
Definition. If at the point M,(x,, y,) of the curve F(x, y)=0, 


both partial derivatives - and 777 vanish, then such a point is cal- 
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led a singular point of the curve. Thus, a singular point of a curve 
is defined by the system of equations 


OF OF 
F=0, ay =: wy 
Naturally, not every curve has singular points. For example, 
for the ellipse 


0 


2 2 
$4 $10, 
obviously, 


OF 2 OF _ x 


2 
F (x, y=344 l, a” a Oy 


a 
. : OF OF : 

the derivatives ae and oa vanish only when x =0, y+0, but these 
values of x and y do not satisfy the equation of the ellipse. 
Consequently, the ellipse does not have any singular points. 

Without undertaking a detailed investigation of the behaviour 
of a curve near a singular point, let us examine some examples 
of curves that have singular points. 

Example 1. Investigate the singular points of the eurve 

y*— x (x —a)*=0 (a > 0) 


Solution. Here, F (x, y)=y?— x(x—a)* and therefore 


OF OF 
Oe 4) (a— 3x), Ope 
Solving. the three equations simultaneously, 
OF OF 
F (x, y)=0, ede 5 aia 


we find the only system of values of x and y that satisfies them: 
Xo=4, Yo=0 


Consequently, the point M, (a, 0) is a singular point of the curve. 

Let us investigate the behaviour of the curve near the singular point and 
then construct the curve. 

Rewrite the equation in the form 


y= (x—a) Vx 
From this formula it follows that the curve: (1) is defined only for x>>0; 
(2) is symmetrical about the x-axis; (3) cuts the x-axis at the points (0, 0) and 


(a, 0). The latter point is singular, as we have pointed out. 
Let us first examine that part of the curve which corresponds to the plus 


sign: 
y=(x—a) Vx 
Find the first and second derivatives of y with respect to x: 
,. 3x—a ~_ 3x+a 








Ep YS aes 
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For x=0 we have y’=oo. Thus, the curve touches the y-axis at the origin. 
For r= we have y’=0, y” >0, which means that for => the function 


y has a minimum: 


On the interval 0 < x < a we have y < 0; for x > + y’ >0; as x—+ 00 y—> oo. 
For x=a we have y’= V a, which means that at the singular point M, (a, 0) 
the branch of the curve y=-+ (x—a) V x has a tangent 


y= V a(x—a) 


Since the second branch of the curve y=—(x—a) V x is symmetrical with 
the first about the x-axis, the curve has also a second tangent (to the second 
branch) at the singular point 


=— V a(x—a) 
The curve passes through the singular point twice. Such a point is called a 


nodal point. 
The foregoing curve is shown in Fig. 191. 


presicast [ 


y 





Fig. 191 Fig. 192 


Example 2. Test for singular points the curve. (semicubical parabola) 
y2—x8=—0 


Solution. The coordinates of the singular points are determined from the 
following set of equations: 


yi—2=0, 3x2=0, 2y=0 


Consequently, My (0, 0) is a singular point. 
Let us rewrite the given equation as 


y=t VO 
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To construct the curve let us first investigate the branch to which the plus 
sign in the equation corresponds, since the branch of the curve corresponding 
to the minus sign is symmetric with the first about the x-axis. 

The function y is defined only for x20, it is nonnegative and increases 
as x increases. bs 


Let us find the first and second derivatives of the function y= Vx: 


,_3 , 3 t 
Y=zVe =z 


Vx 


For «=0 we have y=0, y’=0. And so the given branch of the curve has a 


tangent y=0 at the origin. The second branch of the curve y=—Y)x® also 
passes through the origin and has the same tangent y=0. Thus, two different 
branches of the curve meet at the origin, have the same tangent, and are situ- 
ated on different sides of the tangent. This kind of singular point is called a 
cusp of the first kind (Fig. 192). ; 

Note. The curve y2—x?=0 may be regarded as a limiting case of the curve 
y*=x(x—a)*=0 (considered in Example 1) as a—+0; that is, when the loop 
of the curve is contracted into a point. 

Example 3. Investigate the curve (y— x*)?— x5=0. 


Solution. The coordinates of the singular points are defined by the following 
set of equations: 





—4x (y—x*)—5x4=0, 2(y—x*)=0 


which has only one solution: x=0, y=0. Hence, the origin is a singular point. 
Rewrite the given equation in the form 


y= t V8 


From this equation it follows that x can take on values from 0 to +0. 
Let us determine the first and second derivatives: 


ya ws VR, art P Ve 


Investigate, separately, the branches of the curve corresponding to plus and 
minus. In both cases, when x=0 we have y=0, y’=0, which means that for 
both branches the x-axis is a tangent. 

Let us first consider the branc 


y=n+Ve 
As x increases from 0 to o, y increases from 0 to o. 


The second branch 
y=e— VR 


cuts the x-axis at the points (0, 0) and (1, 0). 
For *=5p the function y=x®— V x> has a maximum. If x—+-+ 00, then 
y—+— ©. 


Thus, in this case the two branches of the curve meet at the origin; both 
branches have the same tangent and are situated on the same side of the tan- 


20—-2081 
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gent near the point of tangency. This kind of singular point is called a cusp 
of the second kind. The graph of this function is shown in Fig. 193. 

Example 4. Investigate the curve y2—x‘4-+ x6=0. 

Solution. The origin is a singular point. To investigate the curve near this 
point rewrite the equation of the curve 
in the form 


y=+xX2°V1—x# 
Since the equation of the curve con- 
tains only even powers of the variables, 





y=aeya5 





Fig. 193 Fig. 194 


the curve is symmetric about the coordinate axes and, consequently, it is suf- 
ficient to investigate that part of the curve which corresponds to the positive 
values of x and y. From the latter equation it follows that x can vary over 
the interval from 0 to 1, that is, O<x<l. 
Let us compute the first derivative for that branch of the curve which is 
a graph of the function y=+ x? Y 1— x2: 
y’ _* (2— 3x?) 


V 1—# 
For *=0 we have y=0, y’=0. Thus, the curve touches the x-axis at the 
origin. 

For x=1 we have y=0, y’=0; consequently, at the point (1, 0) the tan- 
gent is parallel to the y-axis. For x= Ve the function has a maximum 
(Fig. 194). 

At the origin (at the singular point) the two branches of the curve corres- 
ponding to plus and minus in front of the radical sign are mutually tangent. 
A singular point of this kind is called a point of osculation (also known as 
tacnode or double cusp). 

Example 5. Investigate the curve 


y?§— x? (x—1)=0 
Solution. Let us write the system of equations defining the singular points: 
y? —x* (x—1)=0 
—3x2+42x=0, 2y=0 


This system has the solution 'x=0, y=0. Therefore, the point (0, 0) is a 
singular point of the curve. Let us rewrite the given equation in the form 


y=+x Vx—1. It is obvious that x can vary from | to --o and also take 
the value 0 (in which case y=0), 
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Let us investigate the branch of the curve corres- y 
ponding to the plus sign in front of the radical. As x 





increases from 1 to oo, y increases from 0 to o. The y?=x(x-1) 
derivative 6 
,_ _3x—2 
2yVx-—1 


’ 


When x=1 we have y’=oo; hence, at the point 
(1, 0) the tangent is parallel to the y-axis. 


The second branch of the curve corresponding to @Q 1 z 
the minus sign is symmetric with the first about the 
x-axis. ; 


The point (0, 0) has coordinates that satisfy the 
equation and, consequently, belongs to the curve, but 
near it there are no other points of the curve (Fig. 195). 
This kind of singular point is called an isolated sin- 
gular point. 





Fig. 195 
Exercises on Chapter 8 
Find the partial derivatives of the following functions: 
1. z=x?sin?y. Ans. $2 ox sin? y, sal sin 2y. 2. z=x*, Ans. 
22 — yt, Se = att. 2y Inx. 3. usex*t+y?+2*, Ans, Ot oxesteute st 
Ou Ou Ou 
a Qyex? +¥? +27, Fp me teen teat, 4. u=V x?@+ y2+22. Ans. x7 
s x a OB Re > 
Sa 5. z=arctan (xy). Ans. ae Tig’ Sy Ta 
+y+ 
= y oz_ —y oz x = x4 y?—x 
6. z= arctan ra Ans. eo ey? oy 7. z=I1n Vette : 
x z x 
Ans. Lee Le ee . 8 used +eF, fee 
Ox xe+yt’ 8 y Vx?+y3 ox sy . 
Ou x22 duo ol = P dz 
dy ye” ~ ae’ mo ye: 9. z=arcesin(x+y). Ans. 52= 
—y? 2 
= Seca eed . 10. z=<arctan Vo . Ans. Lene ee , 
Vi-(e+y? 9 ty Ox x Vxt—yi 
Ro SV, 
Vay 


Find the total differentials of the following functions: 
Ik. z= x?-+-xy?-+sin y. Ans. dz = (2x-+ y*) dx-+(2xy-+-cos y) dy. 12. z=In (xy). 
Ans. ae S49. 13. z=e**+9?, Ans. dz=2e**+? (xdx+ydy). 14.u= 


3dx 1 
a an seat ee Reon ae paayreneareae Serene +2 
tan (8x—y)+6"+2. Ans. du coat aeaait aot aT In 6 )x 
F dx—x dy 
Xdy+6’+ZIn6dze. 15. w=aresin=. Ans, do=—YO—*PY 
¥ lylVy—? 


20* 
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16, Evaluate f;(2, 3) and fy(2, 3) iff(x, yy=x2-+y%. Ans. fz(2, 3) =4, 
fy (2, 3) = 27 

17. Evaluate df (x, y)forx=1, y=0, d= it, dy=z if f(x, y= 
= V x?+-y3. Ans. >. 


18. Set up a formula which, for small absolute values of the quantities x, y 


and z, yields an approximate expression for V TEGHITS: Ans.1 + 


+4 y—2). 

19. Do the same for V ets: Ans. +4 e—y—2). 

20. Find 2 and x if z=u+v8, u=x8+siny, v=In(x+y). Ans. 
oe. == 2x +20GtD, Fi =cos y+2—2%0H) aety. 

21 Find & if z= PEW | y= — cos 2,000 2. Ans, em —1 


x 
2 
2 cos 5) 


22. Find and 5 it z=e4-20, y—sin x, v=x8+y?. Ans. 92 _gu-10 x 


X (cos x— 6x3), Fe mento (0O—2-2y) = — 4ye"-2", where sin x and x3-+ y? have 


to be substituted for u and v. 
23. Find the total derivatives of the given functions: z=arcsin (u+v), 


u=sin x cosa,v=cos x sina. Ans. Sta 1 if 2kn— > < xta< kas, ae 
== ti x ew) a 
=—! if kn +5 <eta< k+l)a+>. 2 u= @ar° Uae 
z=cos x. Ans. Su — eax sin x. 25, z=In(1—x*), x= Vsin@. Ans. Ge = 


=—2 tan @. 
r Find the derivatives of implicit functions of x given by the following equa- 
ions: 





26 H+ 4-1-0 Ans. HF. 27. 5-H. Ans. woo H. 
28. yX =x. Ans. wn eee 29. sin (xy)—e*” —xty=0. Ans. on 
ee eo eee 
=F, t= ~ oe . 31. u—v tanaw=0, snd 2 a 2 Ans. SO ae 
de sina 32. atin V y?—z?, show that x? = Hs: <= 


oo Ls oz Cz : 5 2 
=F ( x ) » Show that x ys yn” no matter what the differentiable func 
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Compute the second partial derivatives: 
34. z= x9 — 4x2y-+ 5y?. Ans OS SS exca8y OE Bl gy Oe 210: 
: . “ax ’ oy ox * oy? 


i : 02 * siny O82  e* , cosy 
35. z=e* Iny-+sin yInx. Ans. ja =O Iny-- = aray pet es F 
022 ee, \ 
age = gr sing In x. 
: 1 Otu , Ou , Ou 
36. Prove that if “= Tea Pome re) £ then wa toa t ar 
« , xty? orz @2z 4 a 
37. Prove that if oy then x at Yacag ox’ 


2. 
38. Prove that if z=In(x?++y%), then srt San. 


az O82 
if z= => ; eaten i 
39. Prove that if z= (y+ax)+p(y—arx), then a Oy ~ Ox =0 for any 


twice differentiable @ and ». 
40. Find the derivative of the function z= 3x*— xy+y° at the point M (1, 2) 


uVy3 
oo 
41. Find the derivative of the function z=5x?—3x—y—1 at the point 
M (2, 1) in the direction from this point to the point N (5, 5). Aas. oa94, 
42. Find the derivative of the function f(x, y) in the direction of: (1) the 


. 1 / of , Of). 
bisector of the quadrantal angle Oxy. Ans. Vi (+3 | ; (2) ihe negative 


of 


x-axis. Ans. ———. 
Ox 


in the direction that makes an angle of 60° with the x-axis. Ans. 5+ 





43. f(x, y)=23+ 3x? 4-4xy+-y?. Show that at the point M (5. -5) the 


derivative in any direction is equal to zero (the “function is stationary”). 

44. Of all. triangles with the same perimeter 2p, determine the triangle with 
greatest area. Ans. Equilateral triangle. 

45. Find a rectangular parallelepiped of greatest volume for a given total 


surface S. Ans. A cube with edge s 


6 
46. Find the distance between two straight lines in space whose equations 
x—-l_ yz x_y iz V2 
are an eae Sees 3 TTT . Ans. a 


Test for maximum and minimum the functions: 
47. z= x8y* (a—x—y). Ans. Maximum z at =o, y=5- 


48. z= tay typo . Ans. Minimum z at 1-5 . 
fu mt F 
=, O<y SF). Ans. Maximum 


49. z=sinx-+sin y+sin (x+y) (o<x< 5) 


z at x=y== 
=y=5- 
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50. z=sinxsinysin(x+y) (0<x<n, OS y<can). Ans. Maximum z at 
saya. 

Find the singular points of the following curves, investigate their character 
and form equations of the tangents at these points: 

51. 8+ y3—3axy=0. Ans. My (0, 0) is a node, x=0, y=0 are the equa- 


tions of the tangents. 
52. aty? = x4 (a2— x), Ans. A double cusp at the origin, the double tangent 


y?=0. 
53. Y=r—: Ans. Mg (0, 0) is a cusp of the first kind, y2=0 is a tangent. 


54. y2=x? (9—x?). Ans. My (0, 0)-is a node, y= + 3x are the equations of 
the tangents. 

55. x4—2ax®y—axy?+a*x?=0. Ans. M,(0, 0) is a cusp of the second kind, 
y*=0 is a double tangent. 

56. y? (a? + x?) =? (a2?—x?). Ans. My (0, 0) is a node, y= + x are the equa- 
tions of the tangents. 

57. 62x24 a2y2 = x2y?, Ans. My (0, 0) is an isolated point. 

58. Show that the curve y=xInx has an end point at the coordinate ori- 
gin and a tangent which is the y-axis. 


59. Show that the curve y= 





has a nodal point at the origin and that 





1 


I+e* 
the tangents at this point are: on the right y=0, on the left y= x. 


CHAPTER 9 


APPLICATIONS OF DIFFERENTIAL CALCULUS 
TO SOLID GEOMETRY 


9.1 THE EQUATIONS OF A CURVE IN SPACE 


Let us consider the vector OA=r whose origin is coincident 
with the coordinate origin and whose terminus is a certain point 
Aix, y, 2) (Fig. 196). A vector of this kind is called a radius 
vector, 

Let us express this vector in terms of the projections on the 
coordinate axes: 


r=xi+yj+zk (1) 
Let the projections of the vector r be functions of some parameter f: 
x= 9 (t) 
y= (t) (2) 
z= x(t) 
Then formula (1) may be rewritten as follows: 
r=o(titp(tit+xk (1’) 
or, in abbreviated form, 
r=r(t) (1") 


As ¢ varies, x, y, and z vary; and the point A (the terminus of 
the vector r) will trace out a line in space that is called the 
hodograph of the vector r=r(t). Equation (1’) z 
or (1") is called the vector equation of the line A(zyz) 
in space. Equations (2) are known as the para- 
metric equations of the line in space. With the 
aid of these equations, the coordinates x, y, z 9 
of the corresponding point of the curve are de- 
termined for each value of ¢. .7 

Note. A curve in space can also be defined Fig. 196 
as the locus of points of the intersection of 
two surfaces. It can therefore be given by two equations of two 
surfaces: 


OD, (x, y, z)=0 
@, (x, y, z)=0 \ (3) 
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Thus, for example, the equations 
+ y?+27=4, z=1 


are the equations of a circle obtained at the intersection of a 
sphere and a plane (Fig. 197). 

Thus, a curve in space may be represented either by paramet- 
ric equations (2) or by two surface equations (3). 

If we eliminate the parameter ¢ from equations (2) and get two 
equations connecting x, y, z, we will thus make the transition 


z 





Fig. 197 


from parametric representation of a line to the surface represen- 
tation. And conversely, if we put «=@(t), where p(t) is an ar- 
bitrary function, and find y and z as functions of ¢ from equations 


®, [p(t), y, 2] =0, ®, [p(t), y, 2] =0 


we will then make the transition from representation of a line by 
means of surfaces to its parametric representation. 


Example 1. The equations 
x=4t—1, y=3t, z=t+2 


are parametric equations of a straight line. Eliminating the parameter ¢, we 
get two equations, each of which is an equation of a plane. For instance, if 
rom the first equation we subtract, termwise, the second and third, we get 
x—y—z=— 3. But subtracting (from the first) four times the third we get 
x—4z=—9. Thus, the given straight line is the line of intersection of the 
planes x—y—z+3=0 and x—4z+9=0. 

Example 2. Let us consider a right circular cylinder of radius a, whose 
axis coincides with the z-axis (Fig. 198). Onto this cylinder we wind a right 
triangle C,AC so that the vertex A of the triangle lies at the point of inter- 
section of the generator of the cylinder with the x-axis, while the leg AC, is 
wound onto the circular section of the cylinder lying in the xy-plane. Then 
the hypotenuse will generate on the cylinder a line that is called a helix, 
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Let us write the equation of the helix, denoting by x, y, and z the coor- 
dinates of its variable point M and by ¢ the angle AOP (see Fig. 198). Then 


x=acost, y=asint#, z= PM=AP tan®0 
e 


where ®@ denotes the acute angle of the triangle C,AC. Noting that AP =at, 
since AP is an arc of a circle of radius a corresponding to the central angle ¢, 





Fig. 198 


wi denoting tan @ by m, we get the parametric equations of the helix in the 
orm 


x=acost, y=asint, z=amt 
(here ¢ is the parameter), or in the vector form: 
r=ltacost+Jasin t+ kamt 


It is not difficult to eliminate the parameter ¢ from the parametric equa- 
tions of the helix: square the first two equations and add. We find x*-+ y?=a?, 
This is the equation of the cylinder on which the helix lies. Then, dividing 
termwise the second equation by the first and substituting into the obtained 
equation the value of ¢ found from the third equation, we find the equation 
of another surface on which the helix lies: 


2 
4 —tan fate; 
x am 


This is the so-called helicoid. It is generated as the trace of a half-line paral- 
lel to the xy-plane if the end point of this half-line lies on the z-axis and if 
the half-line itself rotates about the z-axis at a constant angular velocity, and 
rises with constant velocity so that its extremity is translated along the z-axis. 
The helix is the line of intersection of these two surfaces and so can be rep- 
resented by two equations: 


x? y2=a?, £Htan _— 
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9.2 THE LIMIT AND DERIVATIVE 
OF THE VECTOR FUNCTION OF A SCALAR ARGUMENT. 
THE EQUATION OF A TANGENT TO A CURVE. 
THE EQUATION OF A NORMAL PLANE 


Reverting to the formulas (1’) and (1”) of the preceding section, 
we have 


r=9()itp(s+y(k 
or 
r=r(t) 


When ¢ varies, the vector r varies in the general case both in 
magnitude and direction. We say that r is a vector function of 
the scalar argument ¢. Let us suppose that 


Ay, \, jm P(t) =Q, 
lim » (t) =P, 
li t)= 

heed. )=%o 






.) 


* y Then wesay that the vector r, = Q,4 + J + Xk 
Fig. 199 is the limit of the vector r=r(t) and we 
write (Fig. 199) 
lim r(t)=r, 


t+ ty 
From the latter equation follow the obvious equations 
lim |r ()—r9|= lim VIpQ)—o)* + OW) + [x — xo}? = 0 


and 
lim Ir ()|=Ir,| 


Let us now take up the question of the derivative of the vector 
function of a scalar argument, 


riy=pitp(tyit+xOk (1) 


assuming that the origin of the vector r(¢) lies at the coordinate 
origin. We know that the latter equation is the equation of some 
space curve. 

Let us take some fixed value ¢ corresponding to a definite point 
M on the curve, and let us change ¢ by the increment Aft; we 
then gei the vector 


rttAth=T(t+Atitp(t{+Ads+y(¢+Abe 
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which defines a certain point M, on the curve (Fig. 200). Let us 
find the increment of the vector 
Ar =r (t+At)—r(?t) ‘ 
= [p(¢+At)—g@(t)]é 
+ [p(t+At)—p(t)] J 
+ [x(¢+At)—yx(d)] & 


__In Fig. 200, where OM=r(t), 
OM,=r(t+At), this increment is g 
shown by the vector MM, = Ar (?). 


‘ ~. Art 
Let us consider the ratio ae of Fig. 200 
the increment in the vector func- 
tion to the increment in the scalar argument; this is obvio- 


usly a vector collinear with the vector Ar(¢), since it is obtained 
1 


from the latter by multiplication by the scalar factor =. We can 
write this vector as follows: 
Ar(t)_ p¢+A)— ot), , pt+AH—pt), , x(¢+AN)—x(t) 
at At it At J+ Mt k 





r(t+dt) 





If the functions p(t), p(t), ~(¢) have derivatives for the chosen 
value of ¢, the factors of é, 7, & will in the limit become the de- 
rivatives p’ (t), p’ (¢), x’ (t) as At-—+0. Therefore, in this case the 


limit of 4% as At—+0 exists and is equal to the vector g’ (t)i+ 


At 
+0 Ite Ok 
din ar =o (OLY (DI+K (OR 


The vector defined by this equation is called the derivative of 
the vector r(¢) with respect to the scalar argument ¢. The deri- 


vative is denoted by the symbol & or r’. 


Thus, 
fear aq (N+ OIF (OR (2) 
or 
Patt bitge (2’) 


Let us determine the direction of the vector 4, 


Since as At—+0 the point M, approaches M, the direction of 
the secant MM, yields, in the limit, the direction of the tangent. 
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Hence, the vector of the derivative o lies along the tangent to 


the curve at M. The length of the vector Es is defined by the 
formula* 

d Tew? s¥#)12 1. fab’ 77\72 1 Tar? SF\D2 

\F|=Viv OF + OF OF (3) 

From the results obtained it is easy to write the equation of 
the tangent to the curve 
r=xityj+zk 

at the point M(x, y, z), bearing in mind that in the equation of 
the curve x=qQ(t), y= p(t), z=4(¢). 


The equation of the straight line passing through the point 
M(x, y, z) is of the form 





where X, Y, Z are the coordinates of the variable point of the 
straight line, while m, n, and p are quantities proportional to the 
direction cosines of this straight line (that is to say, to the pro- 
jections of the directional vector of the straight line). 
On the other hand, we have established that the vector 

dr dx dy, , dz 

a alt ad + a 
is directed along the tangent. For this reason, the projections of 
this vector are numbers that are proportional to the direction 
cosines of the tangent, hence also to the numbers m, n, p. Thus, 
the equation of the tangent will be of the form 

X—x Y-y Z-z (4) 


=O 





Example 1. Write the equation of a tangent of the helix 
x=acost, y=asint, z=amt 
1 


for an arbitrary value of ¢ and for t= rn 


Solution. 


am 


dx 7 dy | dz 
an asin t, df 2 008 t, oT 


* We shall assume that at the points under consideration \F| #0. 
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From formula (4) we have 


X—acost Y—asint Z—amt 

















—asint  acost  . am 
: nm 
In particular, for i=, we get 
aVy2 aVy2 n 
x— 5 7 Y— 5 Baie y 
aV2 aV2 am 
2 2 


or 
gt y_2V2 z——nam 


er es eer 


Just as in the case of a plane curve, a straight line perpendi- 
cular to a tangent and passing through the point of tangency is 
called a normal to the space curve at the given point. Obviously, 
one can draw an infinitude of normals to a given space curve at 
a given point. They all lie in the plane perpendicular to the 
tangent line. This plane is the normal plane. 

From the condition of perpendicularity of a normal plane to the 
tangent (4), we get the equation of the normal plane: 


G(X—) +4 (Y—p + (Z—2)=0 (5) 





Example 2. Write the equation of the normal plane to a helix at a point 
bi 
for which f=7.- ; 
Solution. From Example | and formula (5) we get 


aV2 aV2 = 7 
—(x-242)\ 4 (v2) 4m Y2 (2am) =o 
or 
—X+¥+mV2 Z=am* = V2 
Let us now derive the equation of the tangent line and the 


normal plane of a space curve for the case when this curve is 
given by the equations 


®, (x, y, z)=0, O,(x, y, z2)=0 (6) 


We express the coordinates x, y, z of this curve as functions 
of some parameter ?¢: 


x=p(t), y= p(t), z= x(t) (7) 
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We shall assume that p(t), p(t), x(¢) are differentiable functions 


of ¢. 
Substituting into equations (6), in place of x, y, z, their values 
for the points of the curve expressed in terms of ¢, we get two 


identities in ¢: 
®, (p(t), P(t), x(4)] =0 (8a) 
®, (p(t), P(Z), x(t)] =0 (8b) 


Differentiating the identities (8a) and (8b) with respect to ¢, we 
get 


oo, dx om, dy 0, dz 

“ox dit Oy dit oe at —° (9) 
OD, de | I, dy | Ay de __ 4 

ox di! oy dt' dz dt 


From these equations it follows that 
dx 00,00, 00,00, dy 00,00, 940,00, 


dt Oy oz Oz oy ‘dt Oz Ox Ox Oz (1 0) 


Here, we naturally assume that the expression tt 
+0; however, it may be proved that the final formulas (11) and 
(12) (see below) hold also for the case when this expression is 
equal to zero, provided that at- least one of the determinants in 
the final formulas differs from zero. 

From equations (10) we have 


de dy de 
dt dt dt 


Oy Oz Oz oy Oz Ox Ox Oz Ox Oy Oy Ox 


Consequently, from formula (4) the equation of the tangent line 
will have the form 
X—x Y—y Z—z 


es SS 


00,0, 00,00, 


— — —- — —_— = —. —— —_—_— 


Oy oz oz oY Oz Ox Ox Oz ox Oy Oy Ox 


or, using determinants, 


X—x = Y—y Z—z 
“]0®,0®, |]  |00,00,| |00,00, | 
“Oy Oz “Oz Ox “Ox Oy (11) 
a®, dO, dO, OM, d®, OD, 
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The normal plane is represented by the equation 


d®, a0, 40, 00, aD, a, 
“Oy dz dz Ox 3, | ox Oy 

(X—x) 20, 00, + (¥—y) 20, 00, + (22) ao, 0,|=9 (12) 
Oy oz oz Ox ox oy 


These formulas are meaningful only when at least one of the 
determinants involved is different from zero. But if at some point 
of the curve all three determinants 


81901) 9D, 9D] 9, 00, 
“Oy Oz dz Ox ax dy 
GD, 9Dq|" | 8D, Dy]? | 9D, Dy 
Oy dz Oz Ox Ox Oy 


vanish, this point is called a singular point of the space curve. 

At this point the curve may not have a tangent at all. as was 

the case with singular points in F 

plane curves (see Sec. 8.20). 
Example 3. Find the equations of 

the tangent line and the normal plane to 


the line of intersection of the sphere 
e+y?+22=4r2 and the cylinder 
x?+y?—2ry at the point M(r, r, r V2) 
(Fig. 201). 
Solution. 
a, (x, y, 2) = x2 + y?-+ 2? 47? 
®, (x, y, 2) =x? + y2—2ry 
a0; OO, OD, _ 


Op Ope ek ot 
OD, OO, oD, 
or el ad) Oy =2y—2r, a oe 


The values of the derivatives et the given 
point M will be 





ao, 00, 
We Soe 
OD, _ 9, IDs _ 
Ox * oy 








The equation of the normal plane is 
V 2W—r)—(Z—rV 2)=0 or VY 2Y—Z=0 
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9.3 RULES FOR DIFFERENTIATING VECTORS 
(VECTOR FUNCTIONS) 


As we have seen, the derivative of a vector 


r(iy=e(Hitp(Qs/+xOer (1) 
is, by definition, equal to 
r’(t)h=@' (Qity “)J+x OR (2) 


From this it follows directly that the basic rules for differen- 
tiating functions hold for vectors as well. Here, we shall derive 
the formulas for differentiating a sum and a scalar product of 
vectors; the other formulas we shall write down and leave their 
derivation for the student. 

I. The derivative of a sum of vectors is equal to the sum of the 
derivatives of the vectors. 

Indeed, let there be two vectors: 


ri ()=9, “)i+h. OJ+xu (Ok \ 


1. (t) =z (t) E+ Pa (t)F+%0 (t) 8 (3) 


Their sum is 
ri (t) +r, (t)= [9.1 (4) +2 ()] 2+ fh (+ 2 (4) J+ [ts (A) + x2 ()] & 


By the definition of a derivative of a variable vector, we have 
Ara Ore ON Fp, (t)+ 2 (BY E+ (0, (hs (ON H+ Da (a (8)) 8 
or 


Ate Ere OV fps (t+; (O) E+ [i + OLI+ x (OF GO) A 
= [ei (eee (t)S+% (t) R] + [92 (t)é+ 3 (t) J+ % (t) R] =rit+r, 


Hence, 
d{ry Otel. “a 34 hs (1) 


II. The derivative of a scalar product of vectors is expressed by 
the formula 
d(rifs) _ _ dry 


di 
= rte (II) 


Indeed, if r,(¢), r.(¢) are defined by formulas (3), then, as we 
know, the scalar product of these vectors is equal to 


F(t) 72 (t) = 9192+ Piha + Xi%e 
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For this reason 


d Aira) = Pi Pe +P, 3+ Phe + pp, + Make + XaXe 


= (PiP2+ Pitpe + ¥iX2) + (9.93. + Pie + Xa%e) 
= (Pil + P+ 48) (Pad + Pod + Kak) + (Pid + VEPs (val +1pi+ xok) 
a 
ah, TAG 
The theorem is proved. 
From formula (II) we have the following important corollary. 
Corollary. /f the vector e is a unit vector, that is, |e|=1, then 


its derivative is a vector perpendicular to it. 
Proof. If e is a unit vector, then 


ee=1 


Let us take the derivative, with respect to ¢, of both sides of 
the equation: 


et de 
eat ae=0 
or 
de 
2e a 0 
that is, the scalar product 
de 
e at =0 


But this means that the vector “ is perpendicular to the vector e. 


Ill. /f f(¢) isa scalar function ana r(t) is a vector function, then 
the derivative of the product f(t) r(t) . es by the formula 


d(fr) _ a 
on r+fo =r (IIT) 


Proof. If the vector r(¢) is defined by formula (1), then 
FArO=FHeOMétfOvpOsI+(Ox)k 
By formula (2) we get 
eer) _ (Toth ge li+(tet+i a)i*(a rth a) 
=f ott wim tt (Si4+ 2 i+ 4a) br 5 


IV. A constant numerical factor can : taken outside a sign of 
the derivative: 





d(a-r(t)) 


= =ar' (t) (IV): 


21—2081 
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This follows from III if f(¢)=a=const. Hence, Ao. 
V. The derivative of a vector product of vectors r,(t) and r,(t) 
is determined by the formula 


d(r, X fe) dr; 
dt dE 


The proof is similar to that of formula II. 


Xfetr, Xx as (V) 


9.4 THE FIRST AND SECOND DERIVATIVES OF A VECTOR WITH 
RESPECT TO ARC LENGTH. THE CURVATURE OF A CURVE. 
THE PRINCIPAL NORMAL. THE VELOCITY AND ACCELERATION 
OF A POINT IN CURVILINEAR MOTION 


The arc length * of a space curve M,A=s (Fig. 202) is deter- 
mined just as in the case of curves in a plane. When a variable 
point A(x, y, z) moves along a curve, the arc length s varies; con- 
versely, when s varies, the coordinates x, y, z of the variable point A 
lying on the curve also vary. Therefore, the coordinates x, y, z of 
the variable point A of the curve may be regarded as functions of 
the arc length s: 


x =@(s) 
y = p(s) 
z= (s) 


In these parametric equations of the curve, the arc length s is 
the parameter. The vector OA=r is, accordingly, expressed as © 
r= (s)i+p(s)J+x(s)k 

or 
r=r(s) (1) 
Thus the vector r is a function of the arc length s. 
Let us find out the geometrical meaning of the derivative £.. 
As is evident from Fig. 202, we have the following equations: 
M,A=s, AB=As, M,B=s-+ As 
OA=r(s), OB=r(s+As) 
AB =Ar=r(s+As)—r (s) 
+_B 


As 4B 


* The arc length of a space curve is defined in exactly the same way as 
the arc length of a plane curve (see-Sec. 6.1 and Sec. 12.3). 
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We have already seen in Sec. 9.2 that the vector ==, lim Ar is 


+9 As 
in the direction of the tangent to the curve at the point A towards 


increasing s. On the other hand, we have the equation lim |=! 





Fig. 202 Fig. 203 


[the limit of the ratio of the chord length to the arc length *]. 
Hence, £ is a unit vector in the direction of the tangent; let us 
denote it by o 

OE cag (2) 


If the vector r is represented by the projections 


r=xity/+zk 
then 


o= F144 W i4E (3) 


dx \3 dy \3 dz\a 
(ata) ta) =) 
Let us now examine the second derivative of the vector function, 
La , that is, the derivative with respect to x , and determine its 


and 


* In Sec. 6.1, we mentioned this relation for a plane curve. It also holds for 
a space curve: r(ij=p(td + (t) J+x(¢) & if the functions g (¢), sp (¢) and x (#) 
have continuous derivatives that do not vanish simultaneously. 
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geometric meaning. From formula (2) it follows that 
@r dfdr]_ do 
dst ~ ds [=| ~ “ds 


Consequently, we have to find lim a 
As +0 


From Fig. 203 we have AB = As, AL =o, BK =o-+ Ao. Draw from 
the point B the vector BL,=o. From the triangle BKL, we find 


BK = BL,+1,K 
or —_ 
o+Aco=0+L,K 


Thus, L,K=Ao. Since, by what has been proved, the length of 
the vector o does not change, |o|=|o-+ Aco]; hence, the triangle 
BKL, is an isosceles triangle. 

The angle Ag at the vertex of the triangle is the angle through 
which the tangent to the curve turns from the point A to the 
point B; in other words, it corresponds to the increment in the 
arc length As. From the triangle BKL, we find 


L,K=|A0|=2|o||sin52|—2| sin 52 


(since |o| = 1). 
Divide both sides of this equation by As: 




















We now pass to the limit on both sides of this equation as As— 0. 
On the left side we have 





tim [82] =|22| 
As +0 As ds 
Then 
sin AP 
lim |——2-}=1 
As +0 “e 


since irt this case we consider curves such that there exists a limit 


lim nad and, consequently, Ag — 0 as As— 0. Thus, after passing 
As +0 
to the limit we have 





x (4) 





As +0 
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The ratio in absolute value of the angle of turn Aq of the tangent, 
when the point A goes to the point B, to the length As of the 
arc AB is called (just as it is in the case of a plane curve) the 
average curvature of the given curve on the section AB: 





A 
average curvature =/—5% 





The limit of the average curvature as As—-0 is called the curva- 
ture of the curve at the oh A oa is denoted by K: 


= lim | 
As +0 

But then from (4) it follows that |S |=K, which means that the 
length of the derivative of a unit vector* of a tangent with res- 
pect to the arc length is equal to the curvature of the line at the 
given point. Since the vector o is a unit vector, its derivative eo 
is perpendicular to it (see Sec. 9.3, Corollary). 

Thus, the vector a is equal, in length, to the curvature of the 
curve, and, in direction, is perpendicular to the vector of the 


tangent. 

Definition. The straight line that has the same direction as the 
vector ca and passes through the corresponding point of the curve 
is called the principal normal of the curve at the given point. We 


denote by n the unit vector of this direction. 
Since the length of the vector &s is equal to K, which is the 


curvature of the curve, we have 
So Kn 
The reciprocal of the curvature is called the radius of curvature 


of the curve at the given point and is denoted by R, R=R. 
So we can write 


B-a"k (5) 
From this formula it follows that 
1 re) 

w= (a) (6) 


* Tt should be remembered that- the derivative of a vector is a vector and 
for this reason we can speak of the length of the derivative, 
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But 
Sp-Gi+ hit Ge 
Hence, 
-VEee «© 


This formula enables us to compute the curvature of a curve at 
any point provided that the curve is represented by parametric 
equations in which the parameter is the arc length s (i. e., provided 
the radius vector of the variable point of the given line is expressed 
as a function of the arc length). 

Let us consider the case where the radius vector r is expressed 
as a function of an arbitrary parameter ?: 


r=r(t) 


In this case the arc length s will be regarded as a function of 
the parameter ¢. Then the curvature is computed as follows: 


dr dr ds 
a as (7) 
Since 
=| —|* 
ds 
we have 


dr \2 ds \2 
(@)'=(%) 8) 
Differentiating the right and left sides of (8) and dividing by two, 
we get 


a de® ~ dt dp (9) 
Further, from formula (7) it follows that 
dr _ dr | 
ds dt ds 
dt 
Differentiate, with respect to s, both sides of this equation: 
ds 
ar dr 1 dr df 
dst ~ di? (/ds\s dt /ds\8 
(z)* (@) 


* This equation follows from the fact that |e |= tim | x. But Ar isa 


As > 


chord subtending an arc of length As. Therefore 





Ar 
xz| approaches | as As —+ 0, 


9.4 The Curvature of a Curve. The Principal Normal 327 


or 


Substituting into formula (6) the expression obtained for or 


@s 743 
1 |@r iil dr dt? 3 
wl Gy “Gl 
dt } dt 
Clee eae 
diz ) \at di? dt dt dt?" \ dt dia 
=. ds \6 
(z) 
ds 


Expressing 4 and ra by formulas (8) and (9) in terms of the 
derivatives of r(t¢), we get * 


@r\? (dr ee 2 
ai ) dt a) 


we get 


1 
RT dr 2)3 (10) 
\(3)} 
Formula (10) may be rewritten as follows: ** 
dr _d*r|? 
een cera (11) 


Rf fap \3\8 

\(a)} 

We have obtained a formula that enables us to calculate the 

curvature of a given curve at any point for an arbitrary paramet- 
ric representation of the curve. 


If in a particular case the curve is a plane curve and lies in 
the xy-plane, then its parametric equations have the form 


x= (t) 
y= (t) 
z=0 


Putting these expressions of x, y, z into formula (11), we get the 
earlier derived (in Ch. 6) formula that yields the curvature of a 


6 a)3 
* We transform the denominator as _ follows: ($) ={( zr) } = 


dt at 
dr \?\° ; dr \6 dr \* : 
={(3) y Here we cannot write (F) . By (F) we mean the scalar 
2)3 2 
square of the vector aes bv {() \ the third power of (4) . The ex- 


pression it is meaningless. 


** We utilized the identity a26%— (ab)? =(axb6)? whose validity is readil 
recognizable if one rewrites the identity as follows: a*b2— (ab cos @)* = (ab sin g)*. 
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plane curve represented parametrically: 
caw Ov d-v Oe Ol 
{lp P-+EY ey 
Example. Compute the curvature of the helix 
r=iacost+Jjasint+Ramt 
at an arbitrary point. 
Solution. 
dr , 
—==—iasint+jacost+hkam 


dt 
dr . 
qe $acost—Jjasint 
i J k 
2 
CLO a —asint acost am|=iamsint—Ja%mcost+ka® 
dt “* dt? ‘ 
—acost —asin# 0 








dr _dr\?_, 
(Fx ar) =a‘ (m*+ 1) 
dr \? ; 
rT = a* sin? ¢ + a? cos? ¢ + a®? = a? (1 -++ m?) 
Consequently, 
1 a4 (m3 + 1) 1 


RP [a (t-fa)P a (1-Fm 
whence 
R=a(1-+m?)=const 
Thus, the helix has a constant radius of curvature. 


Note. If a curve lies in a plane, then without violating genera- 
lity, we can assume that it lies in the xy-plane (this can always 
be achieved by transforming the coordinates). Now if the curve 


lies in the xy-plane, then z=0; but then 7 =0 also and, conse- 


quently, the vector m likewise lies in the xy-plane. We thus con- 
clude that if a curve lies in a plane, then its principal normal 
lies in the same plane. 

The velocity of a point in curvilinear motion. Let a moving 
point at time ¢ be at point M defined by the radius vector OM =r (ft) 
(see Fig. 200), and at time ¢+ At at point M, defined by the ra- 
dius vector OM,=r (t+ At). Then the vector MM, is called the 
displacement vector of the point. The ratio of the displacement vec- 
tor MM, to the associated time increment At is called the average 
velocity of the point during the time interval: 
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The vector of the average velocity is also directed along the 
chord MM, (see Fig. 200, page 315) in the direction of motion 
of the point (in rectilinear motion, its direction is that of the 
trajectory). 
cae velocity of the point at a given instant of time is defined 
thus: 

Ar__dr 
v= Jim » (Pa) = lim ag = a 
that is, 


d 
v=5 (12) 


We can therefore say that the velocity of a point at a given time 
is equal to the first derivative of the radius vector of the point with 
respect to the time. 

By formula (2’), Sec. 9.2, it follows that the projections of the 
velocity on the coordinate axes are 


dx __ dy dz 
= Uy = at? Uh 


The modulus of the velocity is found from formula (3), Sec. 9.2: 


v= V (FY +4) +( Gp) +(#) (13) 


If we irftroduce the arc length s, as was done at the beginning 
of this section, and consider s as a function of time ¢, then for- 
mula (12) may be written 


=# __ dr ds 
=a (14) 


where v=% is the absolute value of velocity and o is the unit 


vector directed along the tangent line in the direction of motion. 

Acceleration of a point in curvilinear motion. As was defined 
in Sec. 3.25, the acceleration of a point w in curvilinear motion 
is the derivative of the velocity vector with respect to time: 


d 
| -4 09 
But v= r and so 
ad 
W= Th (16) 
If we proceed from formula (14), then we get 
do__d(v-o) 
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Expanding this derivative, by formula (III), Sec. 9.3, we get 
du do 


Transform the derivative pa using formulas (7) and (5): 


Substituting into (17), we finally get 


d 
w=Fotey (18) 


Here, o is a unit vector directed along the tangent line in the 
direction of motion and # is a unit vector along the principal 
normal. 

In words, formula (18) may be stated thus: 

The projection of the acceleration of a point on the tangent line 
is equal to the first derivative of the absolute value of the velocity, 
and the projection of the acceleration on the principal normal is 
equal to the square of the velocity divided by the radius of curvature 
of the trajectory at the given point. 

Since the vectors o and m are mutually perpendicular, the mo- 
dulus of acceleration is given by the formula 


Tav\2 (ve \2 
o-V (a) +(z) 9 
9.5 OSCULATING PLANE. BINORMAL. TORSION 


Definition 1. The plane passing through the tangent line and the 
principal normal to a given curve at a point A is called the oscu- 
lating plane at the point A. 

For a plane curve, the osculating plane coincides with the plane 
of the curve. But if the curve is not a plane curve, and if we 
take two points on it, P and P,, we get two different osculating 
planes that form a dihedral angle ». The bigger the angle p, the 
more the curve differs in shape from a plane curve. To make this 
more precise, let us introduce another definition. 

Definition 2. The normal (to a curve) perpendicular to the oscu- 
lating plane is called a binormal. 

On the binormal let us take a unit vector 6 and make its di- 
rection such that the vectors o, n, 6 form a triple with the same 
orientation as the unit vectors i, j, R lying on the coordinate 
axes (Figs. 204, 205). 
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By virtue of the definition of a vector product and scalar pro- 
duct of vectors we have 


b=0 Xn, bb=1 (1) 
We find the derivative of o.. By formula V, Sec. 9.3, 
db _d(axn)_ do an 
de ae ede ee (2) 
But 22 = % (see Sec. 9.4), therefore 
oR . 9.4), 
do, 1 = 
a Xha=Rnxn =0 
and formula (2) takes the form 
db dn 
=IXG (3) 


From this it follows (by the definition of a vector product) that 


o. is a vector perpendicular to the vector of the tangent line o. 


4 
k b 
Nes S 
o 
J : n 
Fig. 204 Fig. 205 


On the other hand, since 6 is a unit vector, = is perpendicular 
to b (see Sec. 9.3, Corollary). 

This means that the vector a is perpendicular both to o and 
to 6; that is, it is collinear with the vector n. 

Let us denote the length of the vector &. by +: 


ie|-+ 
then 
E-T* (a 


The quantity $ is the torsion of the given curve. 


The dihedral angle p between the osculating planes that corres- 
pond to two points of the curve is equal to the angle between 
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the binormals. By analogy with formula (4), Sec. 9.4, one can 


write 
—|= hm 7 
|Z as +o | As] 





To summarize, then, the torsion of a curve at a point A is 
equal, in absolute value, to the limit which is approached 
(as As—+0) by the ratio of the angle » between the osculating 
planes at the point A and the neighbouring point B to the length 
|As| of the arc AB. 

If the curve is plane then the osculating plane does not change 
its direction and, consequently, the torsion is equal to zero. 

From the definition of torsion it is clear that it is a measure 
of the deviation of a space curve from a plane curve. The quan- 
tity T is called the radius of torsion of the curve. 

Let us find a formula for computing torsion. From (3) and (4) 
it follows that 


1 dn 
pFRra=Oxy 


Forming the scalar product of both sides by n, we get 
an =n ( x =) 
On the right side of this equation we have the so-called mixed 


(or triple) product of three vectors n, o and % In a_ product 
of this kind the factors, as we know, may be circularly permuted. 
In addition, taking into consideration that azn =1, we rewrite the 
latter equation in the following form: 
1 dn 

T =O (= x n) 
or 

dn 
=—o(nx 2) (5) 


* dr 
But since n= Raz , we have 


dn ar  dRd@r 
a Rwt nat 


and 
(nx) =RaEx (REE EH) 


ne (Sede) +0 Sod 
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But since the vector product of a vector into itself is equal to zero, 
ar dr 


Thus, 


Noting that ont and reverting to (5), we get 
1 dr (fr _ dr 
Fak (Xa) (6) 


If the vector r is expressed as a function of an arbitrary para- 
meter ¢, it may be shown,* much like was done in the preceding 


f 


* Indeed, 
dr _drds 
dt ds dt 
Differentiating once again with respect to ¢, we get 
dir _d (dr ds ds, dr dPs_dr ( ds" dr Ps 
df? ds \ds / dt dt 'dsdt® ds? \ dt} "ds df 
Differentiate it once more with respect to ?: 
Be (ee ea eee a a ae a 
dt? ds \ds? di) ast? at de® as \as ) dt dt ds a8 
@r /ds\* , dr ds d*s_ dr ds 
=i (a) +8ae aan eae 
Let us now form a triple product: 
dr (ir @r 
at ae * as 
dr ds d’r (ds \* | drd?s ar / ds\3 d’r ds d*s , dr d3s 
aa {lar (a) tara |* [ae (ar) +3 Gant eal | 
Expanding this product by the rule for multiplying polynomials, and disre- 


garding those terms that contain two identical vector factors (since the triple 
product of three factors where at least two are equal is zero), we get 


(ae Fm (a as) (a) 


dt \ de * as )=as \ at * ass) \ ae 


Finally, noting that 


or 


we obtain the required equation. 
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section, that 


dr(@r_ @r 
ie(er,er) alas * ar) 
ds \ ds® “ass ) ~ dr\*\8 

\(a) f 


Putting this expression into formula (6) and replacing R? by its 
expression from formula (11), Sec. 9.4, we finally get 


dr (Or | Pr 

WD de Nd dP 

T fdr_ @r\? (7) 
(Xa) 


This formula makes it possible to compute the torsion of the 
curve at any point if the curve is represented by parametric 
equations with an arbitrary parameter ¢. 

Concluding this section, we note that the formulas which express 
the derivatives of the vectors o, 0, m are called Serret-Frenet 
formulas: 


do_2 db_n dn__o _ 6 
ds R’d T’ ds KR T 
The last one is obtained as follows: 
n=bxo 
dn __d(bxo) db do_ in n 
BoB Ta KOT OX GH FXO TOXE 
1 1 
=pAxo+Zoxn 
but 
nxo=—b, bxn=—@O 
therefore 
dn_ o_o 
ds 7 R 


Example. Compute the torsion of the helix 
r=tacost+jasint+kamt 





Solution. 
—asint acos¢ am 
a a xo )= —acost —asint 0 |=a'm 
: asinf —acost 0 
3 
(axa) =at (1m?) (see Example, Sec. 9.4). 
Consequently, 


pao +m) a (i+?) 
am m . 
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9.6 THE TANGENT PLANE 
AND THE NORMAL TO A SURFACE 
e 


Let there be a surface given by an equation of the form 
F (x, y, z)=0 (1) 
We introduce the following definition. 


Definition 1. A straight line is a tangent to a surface at some 
point P(x, y, z) if it is tangent to some curve lying on the surface 
and passing through P. 

Since an infinitude of different curves lying on the surface pass 
through the point P, then, generally speaking, there will also be 
an infinitude of tangents to the surface pas- 
sing through this point. 

We introduce the concept of singular and 
ordinary points of a surface F(x, y, z)=0. 

If at the point M(x, y, z) all three deri- 
vatives . ay? oF are equal to zero, or at 
least one of these derivatives does not exist, 
then Mis called a singular point of the sur- 
face. If at M (x, y, z) all three derivatives 
, oo of exist and are continuous, and at 
least one of them differs from zero, then M is an ordinary point 
of the surface. 

We can now formulate the following theorem. 


Theorem. All tangent lines to a given surface (1) at an ordinary 
point of it P lie in one plane. 


Proof. Let us consider, on a surface, a certain curve L (Fig. 206) 
passing through a given point P of the surface. Let this curve be 
represented by parametric equations: 


x=9(t), y=H(t), z=x (2) (2) 


A tangent to the curve will be a tangent to the surface. The 
equations of this tangent have the form 





Fig. 206 





If we put expressions (2) into equation (1), the latter will be- 
come an identity in ¢, since the curve (2) lies on the surface (1). 
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Differentiating it with respect to ¢, we get * 
OF dx , OF dy , OF dz 


ax dt tay at + 2 at ° (3) 

Let us further examine the vectors N and a that pass through P: 
OF OF ., OF 

=q, +a, J+ a" (4) 
OF OF OF 


The projections of this vector, =~, 5-. 3,» depend on x, y, z, which 
are the coordinates of P; it will be noted that since P is an ordi- 
nary point, these projections do not simultaneously vanish at the 
point P and therefore 
‘OF \? OF \2 OF \3 
Ivi= V (ae) +(3,) + (32) #9 

The vector 

dr dx dy , , dz 

a atta it aP (5) 
is tangent to the curve passing through the point P and lying on 
the surface. The projections of this vector are computed from 
equations (2) with the value of the parameter ¢ corresponding to 
the point P. Let us compute the scalar product of the vectors N 


and Le which product is equal to the sum of the products of 


like projections: 
dr OF dx , OF dy , OF dz 
Nata toy at a dt 

On the basis of (3), the expression on the right is equal to 

zero; hence 
dr 
NZ=0. 

From this equation it follows that the vector N and the tangent 
vector & to the curve (2) at the point P are perpendicular. The 
foregoing reasoning holds for any curve (2) passing through the 
point P and lying on the surface. Therefore, every tangent to the 
surface at the point P is perpendicular to one and the same vector N 
and for this reason all these tangents lie in a single plane that 
is perpendicular to the vector N. The theorem is proved. 


* Here we apply the rule for differentiating a composite function of three 
variables. This rule is applicable here since all the partial derivatives . 
x 
OF OF 


ay ° a are, as stated, continuous. 
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Definition 2. The plane in which lie all the tangent lines to the 
curves on the surface passing through the given point P is called 
the tangent plane to the surface at the point P (Fig. 207). 

It should be noted that a tangent plane may not exist at the 
singular points of the surface. At such points, the tangent lines 
to the surface may not lie in one plane. For instance, the vertex of 
a conical surface is a singular point. 
The tangents to the conical surface at 
this point do not lie in one plane (they 
themselves form a conical surface). 

Let us write the equation of the tan- 
gent plane to a surface (1) at an ordi- 
nary point. Since this plane is perpen- 
dicular to the vector (4), its equation 
has the form 





oF (X—x) +5 (¥—y + (Z—2) =O (8) 


If the equation of the surface is given in the form 


z=f(x, y) or z—f(x, y)=0 
then 
OF of OF Of OF 


ax Ox’ Oy Oy’ Oz 
and the equation of the tangent plane is then of the form 
7) 0 t 
Z—2=$ (X— + $Y —y) 6") 


Note. If in formula (6’) we put X—x=Ax, Y—y=Ay, then 
this formula will take the form 


__ Of of 
Z— z=5, Ax + 5, Ay 


Its right side is the total differential of the function z=f (x, y). 
Therefore, Z—z—=dz. Thus, the total differential of a function of 
two variables at the point M(x, y), which differential corresponds 
to the increments Ax and Ay of the independent variables x and y, 
is equal to the corresponding increment in the z-coordinate of 
the tangent plane to the surface which is the graph of the given 
function. 

Definition 3. The straight line drawn through the point P (x, y, z) 
of surface (1) perpendicular to the tangent plane is called the normal 
to the surface (Fig. 207). 


22—2081 
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Let us write the equations of the normal. Since its direction. 
coincides with that of the vector N, its equations will have the 
form 

X—x Y-y_ Z-z 
OF OF OF (7) 
ox oy Oz 





If the equation of the surface is given in the form z=f (x, y), or 
z—f[(x, y)=0 
then the equations of the normal have the form 





Note. Let the surface F(x, y, z)=0 be the level surface for some 
function of three variables u=u(x, y, z); that is, 


F (x, y, 2)=u(x, y, z)—C=0 
Obviously, the vector N, defined by formula (4) and in the direction 
of the normal to the level surface F=u(x, y, z)—C=0, will be 
Ou Ou, , Ou 
N=5,! +3zIt+H* 
that is, 
N=gradu 


We have thus proved that the gradient of the function u(x, y, 2) 
is in the direction of the normal to the level surface passing through 
the given point. 


Example. Write the equation of the tangent plane and the equations of the 
normal to the surface of the sphere x?-++-y?+z7=14 at the point P(1, 2, 3). 


Solution. Ai ae ie 
= 2 2 = —_= —_—= —_= 
F (x, y, 2)=x8+y?+27—14=0, 7 2x, iy 2y, ae 2z 


For x=1, y=2, 2=3 we have 


Therefore, the equation of the tangent plane will be 
2(x—1)+4 (y—2) +6 (23) =0 or x+2y4+3z—14=0 


The equations of the normal are 


or 
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Exercises on Chapter 9 
Find the derivatives of the following vectors: 
= an cere u =je-t 
1. r=tcot!+farctant. Ans.r sat) tT Ee 2. r=de-t+ jot+ 


+kint. Ans. r= —te-t42j4-% 3. ra —L 48 ans r'=2n4 do —4 


4. Find the vector of the tangent, the equations of the tangent and ie 
equations of the normal plane to the curve r=#i+ f+ 8k at the point 


(3, 9, 27). Ans. r’=i+6f/+27h; tangent; *—2—¥—9 2-27 


ae ee) i 
plane: x+ 6y-+ 272 = 786. 
5. Find the vector of the tangent, the equations of the tangent and the 


equation of the normal plane to the curve r= i cos? > : = ssin t-+sin + 


normal 








Ans. ray isin t+yJcost +4 bcos ; the hee of the tangent 
t 1 t 
—cos? — SS gj —sin — 
X— cos 5 Y 7 sint Z—sin 


=a et the equation of the normal plane: 


+ Xsint—Y cos t—Z cos += xsint—y cos t—zcos +, where x, y, 2 are 


the coordinates of that point of the curve at which the normal plane is drawn 


2 
6. Find the equations of the tangent to the curve x=/—sin?#, y=1—cos#, 


z=4sin 4 and the cosines of the angles that it makes with the coordinate 


that is, x=cost et, y= sin t, z=sin 5) 





2 
axes. Ans XoXo Phe cos a= sin? 2, cos B= sin fo, 
bo to to 
sin 5 cos 5 cot 5 
sy cost 
v= 2 . 


7. Find the equation of the normal plane to the curve z=x®—y?, y= x at 
the origin. Hint. Write the equations of the curve in parametric: form. Ans. 


x+y=0. 
8. Find o, 2, 6b at the point t= for the curve r=é (cos ¢-+ sin? ¢) + 


jenttlieoa Ne Dis parse! Sack 
+Jjsini(l1—cost)—&cost. Ans. o= 75 i+j+k), a= Vu P 
p =! 2st 3k 
Via 
9. Find the equations of the principal normal and the binormal to the 
4 3 a 
curve rt, oy =o at the point (x, Yo, 2). Aas. Te 
Y—Yo z—2o X— X%_Y¥—Yo__2—2o 


Sg a ee ——S=— SS = 
. 
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10. Find the equation of the oscutating plane to the curve y2=x, x?=z at 
the point M(I, 1, 1). Ans. 6x—8y—z+3=0. 

11. Find the radius of curvature for a curve represented by the equations 
x? y?4 22—4=0, x+y—z=0. Ans. R=2. 

12. Find the radius of torsion of the curve r=écost+Jjsin¢+&sht. 


Ans. T = —cht. 
13. Find the radius of curvature and the torsion of the curve r= 7d -+ 2187. 


Ans. R=S t (149092, T=. 
14. Prove that the curve r=(a,t?+ 6t-+-c,) $+ (aol? + bot+co) f+ 
+ (agt?-+ bst-+cs3) Rk is plane. Ans. r’’’=0, therefore the torsion is equal to 


zero. 
15. Find the curvature and torsion of the curve x=et, y=e-', z=1 V2. 





Ans. The curvature is aa , the torsion is arr: 
16. Find the curvature and torsion of the curve x=e-'sint, y=e-'cosf#, 


z=e-', Ans. The curvature is V2 the torsion is i 
3 3 


; 17. Find the equation of the tangent plane to the hyperboloid 
Xx 2 ; 4X 242 
a-ha! at the point (4, yz, 21). Ans. “i OY Aa. 

18. Find the equation of the normal to the surface x?—4y?-+ 222=6 at the 
point (2, 2, 3). Ans. yt4x=10, 3x—z=3. 

19. Find the equation of the tangent plane to the surface z= 2x?-+ 4y? at 
the point M(2, 1, 12). Ans. 8x+8y—z= 12. 

20. Draw to the surface x?+2y?+z2?=1 a tangent plane parallel to the 
plane x—y+2z=0. Ans. x—y+2z=4+ . 


CHAPTER 10 


THE INDEFINITE INTEGRAL 


10.1 ANTIDERIVATIVE AND THE INDEFINITE INTEGRAL 


In Chapter 3 we considered the following problem: given a func- 
tion F(x), find its derivative, that is, the function f(x) =F’ (x). 

In this chapter we shall consider the reverse problem: given a 
function f(x), it is required to find a function F(x) such that its 
derivative is equal to f(x), that is, 

F’ (x) =f (x) 

Definition 1. A function F(x) is called the antiderivative of the 
function f(x) on the interval [a, 6] if at all points of the inter- 
val F’ (x) =/ (x). 


Example. Find the antiderivative of the function f (x)= x?. 
From the definition of an antiderivative it follows that the function 


Fi =e is an antiderivative, since 5 = x3, 
It is easy to see that if for the given function f(x) there exists 


an antiderivative, then this antiderivative is not the only one. 
In the foregoing example, we could take the following functions 


as antiderivatives: F()=241, F()=5—7 or, generally, 


F(x) =S4C (where C is an arbitrary constant), since 
Bad , 
(s+¢) =<" 


On the other hand, it may be proved that functions of the form 
*+C exhaust all antiderivatives of the function x?. This is a 


consequence of the following theorem. 
Theorem. /f F,(x) and F,(x) are two antiderivatives of a func- 
tion f(x) on an interval [a, 6], then the difference between them 


is a constant. 
Proof. By virtue of the definition of an antiderivative we have 


Fi (x) = F(x) \ 
F, (2) = F(x) a 
for any value of x on the interval [a, 6]. 
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Let us put 
F, (x) —F, (x)= 9 (4) (2) 
Then by (1) we have 
Fy (x)—F, (x) =f (x)—f (x) =0 
or 
Q’ (x) = [F, (x) —F, (x)]’ =0 


for any value of x on the interval {a, 6]. But from 9’ (x)=0 it 
follows that g(x) is a constant. 

Indeed, let us apply the Lagrange theorem (see Sec. 4.2) to the 
function g(x), which, obviously, is continuous and differentiable 
on the interval {a, 6]. No matter what the point x on the interval 
[a, b], we have, by virtue of the Lagrange theorem, 


p (x) —@ (a) = (x —a) 9’ (§) 
where a<&< x. 
Since g’ (&) =0, 
g (x) — (a) =0 


9 (x) = @ (a) (3) 


Thus, the function p(x) at any point x of the interval [a, 6] 
retains the value g(a), and this means that the function (x) is 
constant on fa, 6]. Denoting the constant (a) by C, we get, 
from (2) and (3), 


or 


F, (x)—F, (x) =C 


From this theorem it follows that if for a given function f(x) 
some one antiderivative F(x) is found, then any other antideri- 
vative of f(x) has the form F(x)+(C, where C =constant. 

Definition 2. If the function F(x) is an antiderivative of f(x), 
then the expression F(x)+C is the indefinite integral of the 
function f(x) and is denoted by the symbol | F(xde. Thus, by 


definition 
| F(x)dx =F (x) +C 
if 
F’ (x) =f (x) 
Here, the function f(x) is called the integrand, f (x) dx is the element 


of integration (the expression under the integral sign), and y is 


the integral sign. 
Thus, an indefinite integral is a family of functions y=F (x)+C. 
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From the geometrical point of view, an indefinite integral is a 
collection (family) of curves, each of which is obtained by trans- 
lating one of the curves parallel to itself upwards or downwards 
(that is, along the y-axis). ° 

A natural question arises: do antiderivatives (and, hence, inde- 
finite integrals) exist for every function f(x)? The answer is no. 
Let us note, however, without proof, that if a function f(x) is 
continuous on an interval [a, b], then this function has an antide- 
rivative (and, hence, there is also an indefinite integral). 

This chapter is devoted to working out methods by means of 
which we can find antiderivatives (and indefinite integrals) for 
certain classes of elementary functions. 

The finding of an antiderivative of a given function f(x) is 
called integration of the function f(x). 

Note the following: if the derivative of an elementary function 
is always an elementary function, then the antiderivative of the 
elementary function may not prove to be representable by a finite 
number of elementary functions. We shall return to this question 
at the end of the chapter. 

From Definition 2 it follows that: 

1. The derivative of an indefinite integral is equal to the in- 
tegrand, that is, if F’(x)=f(x), then also 


(§ Fide) =(F (+0) =F (0. (4) 


This equation should be understood in the sense that the deriva- 
tive of any antiderivative is equal to the integrand. 

2. The differential of an indefinite integral is equal to the 
expression under the integral sign: 


d(§ f(x)dx) =f(x)dx (5) 


This results from formula (4). 
3. The indefinite integral of the differential of some function is 
equal to this function plus an arbitrary constant: 


( dF (x) =F (x) +C 


The truth of this equation may easily be checked by differentia- 
tion [the differentials of both sides are equal to dF (x)]. 


10.2 TABLE OF INTEGRALS 


Before starting on methods of integration, we give the following 
table of integrals of the simplest functions. 

The table of integrals follows directly from Definition 2, Sec. 10.1, 
and from the table of derivatives (given in Sec. 3.15). (The truth 
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of the equations can easily be checked by differentiation: by estab- 
lishing that the derivative of the right side is equal to the 
integrand.) 


1. (x¢dx= "4 (a #—1). (Here and in the formulas that 
follow, C stands for an arbitrary constant.) 


2. {Z=in|x|+C¢. 











3 { sin xdx=—cosx+C. 

4 fc osxdx=sinx+C. 

5. (aga tanx+C. 

6. \ sary = cote $C. 

7. { tan xdx = — In| cosx|+C. 
8 | cot xdx=In|sinx|+C. 
9. | etdx=e+C 

10. fardv= Fo +C 


11. \ fa =aretanx+C. 
11’. Jagan arctan +C, 











dx n| 2% 
12. {ae a aa! nfotel+C. 
13. | Se = atesin e+. 


, dx ° x 
13’. | pees atesin 3 +. 
14. | yaeea =e VP Eel +. 


Note. The table of derivatives (Sec. 3.15) does not have 
formulas corresponding to formulas 7, 8, 11’, 12, 13’ and 14, 
poner differentiation will readily prove the truth of these as 
we 

In the case of Formula 7 we have 
—sinx 


cosx. tanx 





(— In| cos x |)’ = — 


consequently, § tan x dx = —In|cosx|+C. 
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In the case of Formula 8 


cos x 
sin x 





(In| sin x |)’ = = ¥ 


Consequently, y cot xdx = In| sinx]+C. 
In the case of Formula 12, 


(z1n] tz) = =z [In}a+x|—In| a—x|]’ 
ae 


a. ee 
a— xi 





therefore, 








In [S42] + 


a—x 


It should be noted that the latter formula will also follow from 
the general results of Sec. 10.9. 
In the case of Formula 14, 


oer cl 1 x 12 I 
(nl VER rea (+ yea) VES 


hence, 


Fenty rEal+c 


This formula likewise wilt tottow from the general results of 
Sec. 10.10. 

Formulas 11’ and 13’ may be verified in similar fashion. These 
formulas will later be derived. from formulas 11 and 13 (see Sec. 10.4, 
Examples 3 and 4). 


10.3 SOME PROPERTIES OF THE INDEFINITE INTEGRAL 


Theorem 1. The indefinite integral of an algebraic sum of two 
or more functions is equal to the algebraic sum of their integrals 


(fh +h Wotde=J f,(det | f(x de (1) 


To prove this, find the derivatives of the left and right sides 
of this equation. On the basis of (4) of the preceding section we 
have 


(f [f. (*) + fe (x)] dx) =f, (x) + fs (x) 
(\ A(xdet | fy (x) dx) 
=(J Ade) + (Sf de) =A) +h (9 
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Thus, the derivatives of the left and right sides of (1) are equal; 
in other words, the derivative of any antiderivative on the left- 
hand side is equal to the derivative of any function on the right- 
hand side of the equation. Therefore, by the theorem of Sec. 10.1, 
any function on the left of (1) differs from any function on the 
right of (1) by a constant term. That is how we should understand 
equation (1). 

Theorem 2. A constant factor may be taken outside the integral 
sign; that is, if a=const, then 


{ af (x)dx = aS f(x) dx (2) 


To prove (2), let us find the derivatives of the left and right 
sides: ; 
({ af (x) dx) = af (x) 
(a y f (x)dx) =a (f f (x) dx) = af (x) 
The derivatives of the right and left sides are equal, therefore, 
as in (1), the difference of any two functions on the left and 
right is a constant. That is how we should understand equation (2). 


When evaluating indefinite integrals it is useful to bear in mind 
the oe rules. 
I. ] 


| f()dx=F (x) +C 
then 


{ F(ax)de= =F (ax) +C (3) 
Indeed, differentiating the left and right sides of (3), we get 
(\ f(axydx) =f (ax) 
(4 F(ax)) =F (ax) => F (ax) a =F’ (ax) = F (ax) 


The derivatives of the right and left sides are equal, which is 
what we set out to prove. 
II. I 


J Fax =F (x) +C 
then 
| f(e+-b)de=F (x46) +C (4) 
Ill. If 
( F(x)dx =F (x) +C 
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then 
VF (ax+6)dx=—F (ax +b) +C (5) 
Equations (4) and (5) are proved by differentiation of the right 


and left sides. 
Example 1. 


{ (29—3sin x45 Vx) dx = (209 de—(3sinzdr+(5 V xdx 


moh ede—3 sinxde ts ( sPa 














1 
st! 
41 2 
= 257-3 (—c0s 2) +54 +C=zxt$3eos xt Lx V«+c 
yt! 
Example 2. 
3 1 -F 1 -> + 
4/- = 3 JI 2 4 
A aera Ae) ae) we Rl 
-y41 , -ytl Sat 9 4 
: a = 
=3-— +5 — +3 4C=5 8+ Vat5* VYxte 
“gree gr ae 
Example 3. 
Ges c 
§ Spain 314 
Example 4. 
‘cos 7x dx= + sin 7x+C 
Example 5. 


§ sin (2x—6) dx =— + cos (2x6) +C 


10.4 INTEGRATION BY SUBSTITUTION 
(CHANGE OF VARIABLE) 


Let it be required to find the integral 
fF (x) ax; 


we cannot directly select the antiderivative of f(x) but we know 


that it exists. 
Let us change the variable in the expression under the integral 


sign, putting 
: += (t) (1) 
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where @(¢) is a continuous function (with continuous derivative) 
having an inverse function. Then dx=@g’'(t)dt; we shall prove 
that in this case we have the following equation: 


{ Fax =F [p(] o Wat (2) 


Here it is assumed that after integration we substitute, on the 
right side, the expression of ¢ in terms of x on the basis of (1). 

To establish that the expressions to the right and left are the 
same in the sense indicated above, it is necessary to prove that 
their derivatives with respect to x are equal. Find the derivative 
of the left side: 


(SF (dx). =F) 


We differentiate the right side of (2) with respect to x as a com- 
posite function, where ¢ is the intermediate argument. The de- 


pendence of ¢ on x is expressed by (1); here, Hag’ (¢) and by 


the rule for differentiating an inverse function, 
dt 1 


dx g(t) 
We thus have 
(Stem) e Mat) =(f Fle @le de) s 
=e Ole Oom=lleOl=he) 


Therefore, the derivatives, with respect to x, of the right and left 
sides of (2) are equal, as required. 

The function x=q(t) should be chosen so that one can evaluate 
the indefinite integral on the right side of (2). 

Note. When integrating, it is sometimes better to choose a 
change of the variable in the form of t=(x) and not x=@(t). 
By way of illustration, let it be required to calculate an integral 
of the form 

tp’ (4) dx 
p (x) 


Here it is convenient to put 
p(x) =t 
wp’ (x) dx = dt 


pi(x)dx dt ac 
alae w= (Hn |t|+C= In] p(x) |4+C 


The following are some instances of integration by substitution. 


then 
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Example 1. y V sin x cos x dx=? We make the substitution #=sin x; then 


1 
dt=cosxdx and, consequently, { V sink cosadi= | V tdt ={¢ 24 = 


*/ 
==, : ay te=5 sin’/*x+C, 








= =1-+4!, =x d: xdx 
Example 2. Fes =? We put ¢=1-+x%, then dé 2x dv and (“T= 
=+ aporrenpmenic 
Example 3. jare mare "ath We put t=; then dx=adt, 
+(3) 
dx | dt dt 
\atana nes ears ite ghee 
dx x 
Example 4. \ya=a “Seay V( We put i=} then 


= arcsint+C= 


ante at ay = 


= arcsin =+¢ (it is assumed that a > 0). 


Examples 3 and 4 illustrate the derivation of formulas 11’ and 
13’ given in the Table of Integrals (see above, Sec. 10.2). 


Example 5. Fans Sa Put ¢=In.x; then a=, Sans Z = 
sae Aaa 


Example 6. Jee = 2x dx, \ = sJmae 


= J arctan t +C=—aretan x®4C 














The method of substitution is one of the basic methods for cal- 
culating indefinite integrals. Even when we integrate by some 
other method, we often resort to substitution in the intermediate 
stages of calculation. The success of integration depends latgely 
on how appropriate the substitution is for simplifying the given 
integral. Essentially, the study of methods of integration reduces 
to finding out what kind of substitution has to be performed for 
a given element of integration. Most of this chapter is devoted 
to this problem. 
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10.5 INTEGRALS OF SOME FUNCTIONS CONTAINING 
A QUADRATIC TRINOMIAL 

I. Let us consider the integral 

I Nate 

1 ) ax?+bx+c 
We first transform the trinomial in the denominator by represen- 
ting it in the form of a sum or difference of squares: 


ax?+bx+c=a [e+oe+4] 


where i 
c 
rene ere 
The plus or minus sign is taken depending on whether the expres- 
sion on the left is positive or negative, that is, on whether the 
roots of the trinomial ax?+ 6x-++c are complex or real. 


Thus, the integral /, will take the form 
Le= de dx 

=| aero a \ [(«+%) 2#] 
a 


In this integral we make a change of variable 
xtee=t, de=dt 


We then get 
_! 
s\aoe + k2 
These are tabular integrals (see Formulas 11’ and 12) 


Example 1. Calculate the integral 
| of 
2x? + 8x +20 


Solution. 
= r={ eo UES oe f iad as 
~~ ) 2x? +8x+20 2 ees 
dx 
=a 5) epee 4-2 | EES 
Let us make the substitution x+2=¢, dx=dt. Putting it into the integral, 
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we get the tabular integral 

1 1 t 

> — = arctan Cc 

PVE yet 
Substituting in place of ¢ its expression in terms of x, we finally get 


5 = 7 arctan vet’. 

II. Let us consider an a of a more general form: 
Ax+B 

L=\artet bx peo 


Perform the identity transformation of the integrand: 
Ab 
a Ax+B d _\2 2a Gar +0)+(B-3) 

2 J axttoxte ir ax? + bx+c “ 


Represent the latter integral in the form of a sum of two inte- 
grals. Taking the constant factors outside the integral sign, we 
get 





l= 





i A 2ax+b dx+(B— Ab\ dx 


2°" "9a ) ax? bx-+e 2a | ax? bx+c 
The latter integral is the integral /,, which we are able to eva- 
luate. In the first integral make a change of variable: 
ax?+bxtc=t, (2ax+b)dx=dt 
Thus, 


2ax + b) d dt 
ee =| FHIn[t|+C=Inlat+bx+el4+C 


And we finally get 
I, = $y In|axt-+ox+e|+(B—2) I, 


Example 2. Evaluate the integral 


=|." x+3 
i= foo 


Applying the foregoing technique we have 


1 1 
7 ex—2)+(34+52) 
x43 5) 2 
ie “tae —2x—5 a 
(2x —2) dx 


x? —2x— e—ox—5t4 Jats 
=> 2__ Oy ——,— 
=— In| x? —2x at =% 


l V6—(x—1) 


oi 2 2x—5 arg a 
ea one 
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III. Let us consider the integra! 


\ aS 
By means of transformations considered in Item I, this integral 
reduces (depending on the sign of a) to tabular integrals of the 
form 
fora<0 











dt dt 
(i for a>0O o | = 3 


which have already been examined in the Table of Integrals (see 


formulas 13’ and 14). 
IV. An integral of the form 


Ax+B at TB yy 
V ax? + bx+c 
is evaluated by means of the following transformations, which 
are similar to those considered in Item IT: 
A Ab 
gq (20r+0)-+( B+ ) 
V ax?+ bx +c 


_ A __2ar+0 fg Ab\¢ de 
- Vax? +box-+c dx+(B 2a )f V ax? + bx +e 


Applying substitution to the first of the integrals obtained, 
axtt+toxte=t, (2ax-+b)dx=dt 


Ax+B _Ax+B ay -| 
V ax? + bx +c 


we get 
_(2ax-+6) dx e ~ = eee 
Vaxt-poxte =\Fr — = 2V §+C =2Vax?+bx+c+C 
The second integral was considered in Item III of this section. 
Example 3. 
“pee +4) +(3— 10) 


_ 5e+3 de 
Vitter V x2? +4x+ 10 


2. Qx+4 ax—7( dx 
V t+4x4+ 10 V (x+2)7+6 
=5 VxtF4x+ 10—7 In| x+2+ V(x+2"+6/+C 
=5 Vxt+4x4 10—7 In| x+2+ VxP+4x4+10/4+C 


10.4 INTEGRATION BY PARTS 


Let uw and v be two differentiable functions of x. Then the 
differential of the product uv is found from the following formula: 


d(uv) =udu+udu 
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Whence, by integration, we have 


uu == { udu+ { vdu 
or * 


{ udv =uv—S ode (qd) 


This formula is called the formula of integration by parts. It is 
most frequently used in the integration of expressions that may 
be represented in the form of a product of two factors u and du 
in such a way that the finding of the function v from its differen- 
tial dv, and the evaluation of the integral | vdu should, taken 
together, be a simpler problem than the direct evaluation of the 


integral { udo. To become skilled at breaking up a given element 


of integration into the factors u and dv, one has to solve 
problems; we shall show how this is done in a number of cases, 


Example 1. { xsin xdx=? We let 


u=x, dv =sinxdx 
then 
du=dx, v=—cosx 
Hence, 


{ xsin xdx=— x cos x +( cos xdx=— x cosx-+sinx+C 


Note. When determining the function v from the differential 
dv we can take any arbitrary constant, since it does not enter 
into the final result [this can be seen by putting the expression 
v+C into (1) in place of v]. It is therefore convenient to con- 
sider this constant equal to zero. 

The rule for integration by parts is widely used. For example, 
integrals of the form 


y x* sin ax dx, y x® cos ax dx 
| xke* dx, y x* Inxdx 


and certain integrals containing inverse trigonometric functions 
are evaluated by means of integration by parts. 


Example 2. It is required to evaluate { arctan x de. Letting u=arctan x, 
dx 
1+ x?’ 


arctan x dx =x arctan x — 





dy=dx, we have du= v=x. Thus, 


x dx 
1+ x? 





=x arctan x — Inj 1-+x?]+C 
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Example 3. It is required to evaluate { ex dx. Let us put u==x?, 
du =e* dx; then du—2x dx, u=e*, 


{ x2ex dx = x%ex —2 y xe* dx 


We again integrate by parts the latter integral, letting 
uy =x, du, =dx 
du, =e* dx, vu, =e* 
Then 


{ xe* dx xox —{ eX dx—xex—e# + C 
Finally we get 
y x7e* dx = x2e¥ —2Q (xe¥ —e*) 1+ C = x%e*% —Qxe* + ex + C = e* (x? —2x4-2)4-C 


Example 4. It is required to evaluate y (x?-+7x—5) cos 2xdx. We let 
u==x°+7x—5; du=cos 2x dx; then 



































du = (2x-+7) dx, yn 
(+7e—5) cos eae re 6) pi —[ ee +7) a oar 
Apply integration by parts to the latter integral, letting aot , du, = 
= sin 2x dx; then 
cos 2x 
du, = dx, y= 3 
2x+-7.. 2x7 cos 2x “= 
§ 7 sin 2x dx = 5) (- 5 -S(- 5 dx 
2x+-7) cos 2x , sin 2x 
act Px tT) cost ame 7 +e 
Therefore, we finally get 
Vt+72—5) Soa ede te Te Bee gt (ae+-7) MS ca te 
= (2x24 Mx—11) S84 4 (ae +7) e828 4 





Example 5. 1= Va—xide=? 


Perform identity transformations. Multiply and divide the integrand by 
V a®—x?; 


Ss a? — x2 x? dx 
[verte een? yaa | yee 


x dx 


Varn 


= a®arcsin a x 
a 
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Integrate the last integral by parts, letting 
u=x, du=dx 
__ ¥dx -_ Ia 
00 ae », v=— Vea —xX 
x? dx x dx =; ——; 
a = | * SS = — Vt? a? — x2 dx 
VYa—xt Va—xa V oA Vv 
Putting this result in the earlier obtained expression of the given integral, 


we have 
V a®—x? dx= a? arcsin=+-x Va—a—| V a&—x? dx 


Transposing the integral from right to left and performing elementary transfor- 
mations, we finally get 


2 
V a&—x? dr arcsin =+44 V@—+C 
Example 6. Evaluate the integrals 


I= { e#* cos bx dx and I,= \ e9% sin bx de 


Then 





Applying integration by parts to the first integral, we get 


ue, du = ae®* dx 
du = cos bx dx, v= sin bx 
(eae cos bx dx = t eo sin bx— = i e@* sin bx dx 
Again apply the method of integration by parts to the latter integral: 
u=e%, du = ae®* dx 
du = sin bx dx, v=—+ cos bx 


e@* sin bx de=— + e2* cos bx += ens cos bx dx 
Putting the expression obtained into the preceding equation gives us 


2 
\ e2* cos bx dx—= 1 eax sin ete e2* cos bx | eos cos bx dx 


From this equation let us find /, 
ea (ens cos bx dx = e4* af sin ox+< cos bx +C i 
B b B 63 


whence 
e@* (6 sin bx-+-a cos bx 
y= {eos cos bx dx= op ee 


Similarly we find 
: e* (a sin bx —b cos bx) 
I= fens sin bx ca ae 


23 
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10.7 RATIONAL FRACTIONS. 
PARTIAL RATIONAL FRACTIONS AND THEIR INTEGRATION 


As we shall see below, not every elementary function by far 
has an integral expressed in elementary functions. For this reason, 
it is very important to separate out those classes of functions 
whose integrals are expressed in terms of elementary functions. 
The simplest of these classes is the class of rational functions. 

Every rational function may be represented in the form of a 
rational fraction, that is to say, as a ratio of two polynomials: 








Q(x) Byx"™-}- Bx! + By 
F(x) Ayx? -p Apt! +A, 


Without restricting the generality of our reasoning, we shall 
assume that these polynomials do not have common roots. 

If the degree of the numerator is lower than that of the deno- 
minator, then the fraction is called proper, otherwise the fraction 
is called improper. 

If the fraction is an improper one, then by dividing the nume- 
rator by the denominator (by the rule for division of polyno- 
mials), it is possible to represent the fraction as the sum of a 
polynomial and a proper fraction: 

F (x) 


Q(x) _ F(x) 
fa OTe 
Fe 


Here M(x) is a polynomial, and Tix) is a proper fraction. 
Example 1. Given an improper rational fraction 
x$—3 
x? -f 2x. 1 
Dividing the numerator by the denominator (by the rule for division of 
polynomials), we get 


Since integration of polynomials does not present any difficul- 
ties, the basic barrier when integrating rational fractions is the 
integration of proper rational fractions. 

Definition. Proper rational fractions of the form: 

A 
Lae 


oF (k a positive integer > 2), 


’ 


Ax+B 
Pe oe) 
is, —-q< 0) 5 


Ill (the roots of the denominator are complex, that 
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Ax+B ope ; 
. ————. (k a positive integer >2; the ro 
Paper ( p ref 2 roots of the 
denominator are complex) are called partial fractions of types I, 
II, III, and IV. ° 
It will be proved below (see Sec. 10.8) that every rational 
fraction may be represented as a sum of partial fractions. We 
shall therefore first consider integrals of partial fractions. 
The integration of partial fractions of types I, II and III does 
not present any particular difficulties so we shall perform their 
integration without any remarks: 


I. ee ea 
un. ( ~dx = A {(x—ay"*de = Agra 





—k+1 
_ A 
; , “(para t © 
- Pp 
Ill (iio ges (ee) 
"ba? 4 pxrg alae 
_A 2x-+p p\ dx 
Pt prta! ss cae, ‘in 
dx 
=F In|xt+px+ql+(B- 2 \ ea 
*)) Gaye 08 
ce Ae 0-5) 
A in|xt+ t pee ical 
=—S px+q|-+ arctan ————— +C (see 


w= V4gqg—p* 
Sec. 10. 5). 


The integration of partial fractions of type IV requires more 
involved ae Suppose we have an integral of this type: 
Vv. | Ax+B 
( 


xe petah 
Perform the transformations: 


A Ap 
\ jets srt ale), 
(+ peak (x? -+px-+q)* 
_A 2x-+p ( A f 
=— | —————_ dx pare eee aches 
fa pore v 7) (x? + px+q)* 


The first integral is taken via the substitution, x?+ px+q=t, 
(2x-+ p)dx =dt: 


2x-+p 2, ev iis ~k+1 
lace” Vi tk =i a 1—k ne 
1 +C 


~ (=a) (+ peg 
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We write the second integral (let us denote it by /,) in the form 
I \ dx ={ dx = ( dt 
k~\ ie ko p\2 p?\)2 1 (42+ m2)k 
(8+ pxtq) [(«+4)*+(4-4)| J (+m) 
setting ; 
x+$=t, dx =dt, q— =m 
(it is assumed that the roots of the denominator are complex, 
and hence, ie 0). We then do as follows: 
(t?-+ m?)—#? 
ha | aap (?+ ae ma (02+ m?)k 


t 
=3\ pe =) Rea” 2 


We transform the last integral: 





dt a tt dt 

\ eras ear 
cd (ett mt) 1 ta( 1 
Oo ) 4m DES (22 m2ye-1 


Integrating by parts we get 





ee ee [ Pea! ( pee eee 
Vas m?)k 2Q(k—1) | (¢2-+-m2)k-2 | 
Putting this expression into (1), we have 


Be, (jee. Seer eee. 
| pee | BEA 


1 1 t 
aE ere | 
= t 2k—3 dt 
= eS) eeS a5 eS 


On the right side is an integral of the same type as /,, but the 
exponent of the denominator of the integrand is less by unity 
(k—1); we have thus expressed /, in terms of /,-,. 

Continuing in the same manner we will arrive at the familiar 
integral 
dt 


N= \ ayaa 


1 t 
=>, arctan Bore 


Then substituting everywhere in place of ¢ and m their values, we 
get the expression of integral IV in terms of x and the given 
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numbers A, B, p, q. 
Example 2. 


dx 


1 

j aati j 5 (2x+-2)e+(—1—1) 
+e pap (pepe 
_ i 2x-+2 dx—2 dx 
2) (P+ 2x43)" (x? 2x3) 
1 1 9 dx 

2 (x8 2x3) ~ J (x? 2x43)? 

We apply the care ae to the last ee 

ig dt (f@42)—# 
j aE aa @+yF 7 a 


aa— oy | eae aye 
1? dt 


vate as (2-28 


dt 


= J —— arctan 
iV 


Let us consider the last nie 


t2 dt td td (t? +2) 2. ie 
\eam-r) eo x sh) 
1 
= “telat A+B 
i — — arctan 


t 
TP ERT ra V2 


(we do not yet write the arbitrary constant but will take it into account in 
the final result). 
Consequently, 





dx 
= —— arctan ~— = 


(2x3 9 ve" 7s 
poe oe (ee x+1 x+1 
r | -saepera tay a 73 eee 7 
Finally we get 
x—1 = x+2 V2 a+] 6 
Gp oxpape ~ 2 (x? 2x43) 4 V2 aT 





10.8 DECOMPOSITION OF A RATIONAL FRACTION 
INTO PARTIAL FRACTIONS 


We shall now show that every proper rational fraction may be 
decomposed into a sum of partial fractions. 
Suppose we have a proper rational fraction 
F (x) 
f (x) 
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We shall assume that the coefficients of the polynomials are 
real numbers and that the given fraction is in lowest terms (this 
means that the numerator and denominator do not have common 
roots). 

Theorem 1. Let x=a be a root of multiplicity k of the deno- 
minator; that is f(x) -=(x—a)*f,(x), where f, (a) «0 (see Sec. 7.6). 


Then the given proper fraction re may be represented in the form 
of a sum of two other proper fractions as follows: 
F (x) F, (x) (1) 


A 
Tx) @aak + aki, 


where A is a nonzero constant, and F,(x) is a polynomial of degree 
less than the degree of the denominator (x—a)*~"f, (x). 
Proof. Let us write the identity 


F(x) A F (x) — Af, (x) 
f(x) (xa) x (x —a)® fF, (x) (2) 


(which is true for every A) and let us define the constant A so that 
the polynomial F (x)— Af, (x) can be divided by x—a. To do this, 
by the remainder theorem, it is necessary and sufficient that the 
following equation hold: 


F (a) — Af, (a) =0 
Since [,(a)40, F(a)0, A is uniquely defined by 


_ F (a) 
a= fi (@) 





For such an A we shall have 
F (x) — Af, (x) = (x—a) F, (x) 
where F, (x) is a polynomial of degree less than that of the poly- 
nomial (x—a)*-!f, (x). Cancelling (x—a) from the fraction in for- 
mula (2), we get (1). 
Corollary. Similar reasoning may be applied to the proper ra- 


tional fraction 
F, (x) 


(x—a)F-* Fy (x) 
in equation (1). Thus, if the denominator has a root x=a of 
multiplicity &, we can write 








F(x) A Ay Ap~1 F, (x) 
Fe) aaa t Gamage th teat RG 
where F&) is a proper fraction in lowest terms. To it we can 





fi (x) 
apply the theorem that has just been proved, provided f, (x) has 


other real roots. 
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Let us now consider the case of complex roots of the denomi- 
nator. Recall that the complex roots of a polynomial with real 
coefficients are always conjugate in pairs (see Sec. 7.8). 

When factoring a polynomial into realefactors, to each pair of 
complex roots of the polynomial there corresponds an expression 
of the form x?-+px+q. But if the complex roots are of multi- 
plicity p, they correspond to the expression (x*+-px-+q)*. 

Theorem 2. /f f(x) =(x?+px+q)*@,(x), where the polynomial 
9, (x) is not divisible by x*-++px-+q, then the proper rational 








fraction ei) may be represented as a sum of two other proper 
fractions in the following manner: 
F (x) = Mx+N a , (x) (3) 
F(x) (x®--px+agye © (x? + pxt-aq)e-*qi (x) 


where @,(x) is a polynomial of degree less than that of the poly- 
nomial (x* +- px + q)*~* p, (x). 
Proof. Let us write the identity 
F(x) F (x) au Mx--N 1 F (x) —(Mx-N) 1 (2) (4) 
F(x) (x? px) gi (x) (x? pxrgyh ' (x? px+ 4) gi (x) 
which is true for all M and N, and let us define M and WN so 
that the polynomial F (x) —(Mx + N) q, (x) is divisible by x?-+ px+q. 
To do this, it is necessary and sufficient that the equation 


F (x) —(Mx + N) Q, (x) =0 
have the same roots a+if as the polynomial x?+ px+q. Thus, 
F (a + iB) —[M (a + (B) +N] @, (@ +r tB) = 0 








or 
: __ F(a+ip) 

M (a+ iB) +N = cari) 
But er is a definite complex number which may be written 
in the form K-+iL, where K and L are certain real numbers. 
Thus, 

M(a+ip)+N=K-+iL 
whence 

Ma+N=K, MB=L 
or 


L _ Kp—Le 
pee 

With these values of the coefficients M and N the polynomial 
F (x) —(Mx+N)@,(x) has the number a+ iB for a root, and, 
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et 


hence, also the conjugate number a—if. But then the polynomial 
can be divided, without remainder, by the differences x—(a +- iB) 
and x—(a—ip), and, therefore, by their product, which is x?-++ px+q. 
Denoting the quotient of this division by , (x), we get 


F (x) — (Mx +N) @y (x) = (x2 + px +9) 1 (x) 


Cancelling x? px-+q from the last fraction in (4), we get (3), 
and it is clear that the degree of @,(x) is less than that of the 
denominator, which is what we set out to prove. 


Now applying to the proper fraction a the results of Theo- 


rems | and 2, we can obtain, successively, all the partial fractions 
corresponding to all the roots of the denominator f(x). Thus, from 
the foregoing the result follows that 
/ 
f (x) = (x—a)?. . .(x—0)8 (x? + pxt-q)t...(x?+lx+5), 
then the fraction a can be represented as follows: 


F (x) A 
Fe) @—ayt Ga rte +e 





eo © © © © © © © © © © © © © © © 8 ee lel lll 


By-1 
Tao “at aah +. ae a yah 


4 Mx-+-N is Myx+N, ba El ot aL (5) 
(xe? pxtq)y © (x?-+-pxtqyert ' + px+q 
PrtQ PxtQi__, Piatt Quay 
tortie t Gf isbspst tc Pak ae 


The coefficients A, A,, ..., B, B,, ... may be determined by 
the following reasoning. This. equality is an identity; and for this 
reason, by reducing the fractions to a common denominator we 
get identical polynomials in the numerators on the right and left. 
Equating the coefficients of the same degrees of x, we get a system 
of equations for determining the unknown coefficients Pin as woes 
B, B,, ... . This method of finding coefficients is called the 
method of undetermined coef ficients. 

Besides, to determine the coefficients we can take advantage of 
the following: since the polynomials obtained on the right and 
left sides of the equation must be identically equal after reducing 
to a common denominator, their values are equal for all particular 
values of x. Assigning particular values to x, we get equations 
for determining the coefficients. 
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We thus see that every proper rational fraction may be repre- 
sented in the form of a sum of partial rational fractions. 
x22 


Example. Let it be required to decompose the fraction into 


partial fractions. From (5) we have 


fe Stan eee pee? ne seen OH pe 
@& FI (x—2) =F wr a x— = 
Reducing to a common denominator and equating the numerators, we have 
x24 2= A (x—2)4 Ay (x41) (X9—2)+ Ag (x4 1)? (x2) + B(x 1)? (6) 
or 
x? 42=(Ag+B) x84 (A, +38) x* 
+(A— A,—3A,+ 3B) x-+(—2A—2A,—2A,+ 8B) 
Equating the coefficients of x3, x?, x1, x® (absolute term), we get a system 
of equations for determining the coefficients : 
0=A,+B 
1=A,+3B 
0=A—A,—3A,+3B 
=— 2A—2A,—2A,+8B 


Solving this system we find 


A=—1; A=4t; 4,=—-2; B=e 


It might also be possible to determine some of the coefficients of the equa- 
tions that result for some particular values of x from (6), which is an identity in x. 
Thus, setting x=—1 we have 3=—3A or A=—1; setting x=2, we 
have 6=27B, B=5. 
If to these two equations we add two equations that result from equating 
the coefficients of the same powers of x, we get four equations for determining 
the four unknown coefficients. As a result, we have the decomposition 


x2+2 _ 2 
FIRED) wy | SeFIF Tet) + TED 
10.9 INTEGRATION OF RATIONAL FRACTIONS 
Let it be required to evaluate the integral of a rational fraction 


¢ on that is, the integral 








Q (x) 
\Fare 


If the given fraction is improper, we represent it as the sum 
of a polynomial M(x) and the proper rational fraction EO) 


(see Sec. 10.7). This latter we represent, applying formula (5), 
Sec. 10.8, as a sum of partial fractions. Thus, the integration of 
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a rational fraction reduces to the integration of a polynomial and 
several partial fractions. 

From the results of Sec. 10.8 it follows that the form of partial 
fractions is determined by the roots of the denominator f(x). The 
following cases are possible. 

Case I. The roots of the denominator are real and distinct, that is 


f (x) = («—a) (x— 5b)... (x—d) 


Here, the fraction a is decomposable into partial fractions 


of type I: 
F A B 
(x) =a +t. tog 


f (x) x—a x— 





and then 
F(x) a, D 
(oedx= | Aart | part... 4+) Pyar 
Fini aj B inieblaes, Dine SaeNe 





Case II. The roots of the denominator are real, and some of them 
are multiple: 
f (x) = (x—a)*(x—b)? ... (x—d)® 


In this case the fraction a is decomposable into partial 


fractions of types I and II. 





Example I (see example in Sec. 10.8). 





x24+2 1 2 
a ae a hoa eae ey 
1 
2x—1 
—eayts! aH ec 


Case III. Among the roots of the denominator are complex non 
repeated (that is, distinct) roots: 


f(x) =(x?+ pxtq)... (t+ le+5)(x—a)"... (e—d)? 
In this case the fraction we is decomposable into partial frac- 


tions of types I, II, and III. 


Example 2. Evaluate the integral 


xdx 
\ eres 
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Deccmpose the fracticn under the integral sign into partial fractions [see (5), 
Sec. 10.8] 


ane MD pe, 
(2+ 1)(x—1)7 x?+1 1 xe] 
Consequently, 
x= (Ax-+B)(x—1)+C (2 +1) 
Setting x=1, we get 1=2C, C=4: setting x=0, we get O=— B+C, 
sgh 
=> 
Equating the coefficients of x*, we get 0:=A-+C, whence A=—t. Thus, 
x dx I x—l oe 
\eaness rms aa ete | 


soa} tele a sir 


=— Ff in|x?+ 1 +4 arctan ety In|x—t |+¢ 
Case IV. The roots of the denominator include complex multiple 


roots 


f(x) = (x2 + pet gy... (2+ Le-4+ sy (x—a)*... (e—d)? 


In this case, decomposition of the fraction ee 
partial fractions of type IV. 


Example 3. It is required to evaluate the integral 


will also contain 


(eT ae 
(x? + 2x + 3)? (x-+ 1) 
Solution. Decompose the fraction into partial fractions: 
x4t+4e34 11x? 12x4-8 = Axt-B a: Cx+D a E 
(x2 + 2x +3)? (x-+ 1) (2 fox 3p (x? + 2x+3) © x+1 


whence 
xh4-4x8-4 11x24. 12x48 
= (Ax+B) (x-+ 1) +(Cx-+-D) (x?+ 2x43) (+1) FE (x? 42x43)? 
Combining the above-indicated methods of determining coefficients, we find 
A=1, B=—1!, C=0, D=0, E=1 
Thus, we get ; 


xt 4x34 11x? + 12x+8 x—-1 act (oe 
(x? 2x-£3)8 (x1) alan +3) x+1 
x+2 V2 


=—sare a 7 arctan a 2 eine eee 


The first integral on the right was considered in Example 2, Sec. 10.7. The 
second integral is taken directly. 
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From the foregoing it follows that the integral of any rational 
function may be expressed in terms of elementary functions in 
closed form, namely, in terms of: 

(1) logarithms in the case of partial fractions of type I; 

(2) rational functions in the case of partial fractions of type II, 

(3) logarithms and arc tangents in the case of partial fractions 
of type III; 

(4) rational functions and arc tangents in the case of partial 
fractions of type IV. 


10.10 INTEGRALS OF IRRATIONAL FUNCTIONS 


It is impossible to express in terms of elementary functions the 
integral of every irrational function. In this and the following 
sections we shall consider irrational functions whose integrals are 
reduced (by means of substitution) to integrals of rational functions 


and, consequently, are integrated completely. 
m 


I. We consider the integral SR ae Laren se lds where R 
is a rational function of its arguments. * 
Let & be a common denominator of the fractions — rye ; 
We make the substitution 
x=tk, dx=kt*-1dt 
Then each fractional power of x will be expressed in terms of 


an integral power of ¢ and the integrand will thus be transformed 
into a rational function of ¢. 


Example 1. It is required to compute the integral 





is 
x? dx 
a 
xt tl 
sas Be 
* The notation R (. , ee ag eee that only rational operations 
r 
n $s 


are performed on the quantities x, x", ...,*°. 
his is precisely the way that the following notations are henceforward to 


m 
be understood: R («. (S) ee ) , R(x, Vax2bx-+c), R (sin x, cos x), 


etc. For instance, the notation R (sin x, cos x) indicates that rational opera- 
tions are to be performed on sin x and cos x. 
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Solution. The common denominator of the fractions > = is 4; and so we 
substitute x=14, dx=—4t3 dt; then 

















1 e 
x dx 13> fag gn 15 = rr) 
——=4 pri t=4\ apps (eat) # 
x? tl 
=1(ra—s{ Oh een eae 
B+ 7 3 
3 3 
at [tn x? ti J+e 





II. Now consider an integral of ithe form 


ax+ 6 = ax+b : 
Je[s(sba)* (288) 

This integral reduces to the integral of a rational function by 
means of the substitution 











wey 


where & is the common denominator of the fractions =, <, 


Example 2. It is required to compute the integral 


[HE 


Solution. We make the substitution *+4=72, x= ?2—4, dx—2¢ dt; then 


Vxt4 ye et 4 : dt 
[YF ane (a a=2| (1+p4;)a—2 {ats ay 


4 
VYxt4—2 
x+442 





=u+2In| Fs ]+0=2 Vey4+2In 








e 


10.11 INTEGRALS OF THE FORM [R(e, V ax*+ bx 4c) dx 
Let us consider the integral 
(R(x, Vax? bx-+c)dx (a0) (1) 
An integral of this kind reduces to the integral of a rational 
function of a new variable by means of the following Euler sub- 
stitutions. 
First Euler substitution. lf a>0, then we put 


Vax?t+oxto=+ Vax+t 
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For the sake of definiteness we take the plus sign in front of Va. 
Then 
ax?+bx+c=ax?+2Vaxt+t? 
whence x is determined as a rational function of ?¢: 
ga SO 
b—2 V at 
(thus, dx will also be expressed rationally in terms of ¢). Therefore, 


V ax? 4-bx +-0=Vax+t= Vaal 


Thus V ax? + bx 7-c is a rational function of f. 

Since V ax? + bx--c, x and dx are expressed rationally in terms 
of ¢, the given integral (1) is transformed into an integral of a 
rational function of ¢. 

Example 1. It is required to compute the integral 


( dx 
J V#+e 
Solution. Since here a=1 > 0, we put Vx?fo=—x+4t; 


then 
42 4-¢ = x2? — Qxt + f2 





whence 
4 f—c 
~ Ot 
Consequently, 
ft¢ 
a 2t? a 
2 Pte 


a epee _ Be = 
Ve8+e=—x+t= 5 i ee oe 





Returning to the original integral, we have 


B41¢ 
dx 2t? dt aoratots 
Yin \" tie > Saln[t|+C,=Injx+ Vat Fel +c, 
2t 
(see formula 14 in the Table of Integrals). « 


Second Euler substitution. lf c>0, we put 


V ax?+oxte=xt+Ve 
then 
axt+ bx+o=x?+2xtV ete 
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(For the sake of definiteness we took the plus sign in front of 
the radical.) Then x is determined as a rational function of ¢: 


2V ct—b 
x= te 
Since dx and Vax? bx-+c are also expressed rationally in terms 
of ¢, by substituting the values of x, Vax?+6x+c and dx into 
the integral { R(x, V ax*+bx-+c) dx, we reduce it to an integral 
of a rational function of ¢. 

Example 2. It is required to compute the integral 


(osynee a 


eV i+x4+x3 
Solution. We set Vi+-epxP=xt+1, then 
oI 2f—2f +2 
2 2/2 ee = 
Pex? = x2f2 +4 2xt +1, x=T—- » a= am dt 
2 
V ipepeaattin! =a 





————, —2/it 
1— V1 +408 =a 


Putting the expressions obtained into the original integral, we find 


(— Wi-+x-+x)? (—2#2 + t)? (1 — £2) (1 — #2) (22 — 2¢ + 2) 
eS gg dt 


YVigede  \) (—?P? Qt @—i+)0—A) 
12 


=+2 ap dt=—2t+In 
ae AGEL Tal) Par 











=e [+¢ 


xt rtzle | C 
x— Vitxfxit as 
oa Ue) cia Joct+2 Yipee? +1| +c 





Third Euler substitution. Let a and f be the real roots of the 
trinomial ax?+bx-+c. We put 


V ax? +bx+c=(x—a)t 
Since ax? + 6x+c=a(x—a) (x—f), we have 
V a(x—a) (x—f) =(x—a2) ¢ 
a(x—a) (x—B) = (x—a)? #8 
a(x—B) =(x—a) f? 
Whence we find x as a rational function of ¢: 


af —at? 
a aT 





24—2081 
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Since dx and V ax*?+ 6x-+c also rationally depend upon ¢, the given 
integral is transformed into an integral of a rational function of ¢. 
Note 1. The third Euler substitution is applicable not only for 
a<0, but also for a> 0, provided the polynomial ax®*-+6x-+c has 
two real roots. 
Example 3. It is required to compute the integral 
Pde 
| V 2+3x—4 
Solution. Since x?-+3x—4=(x-+ 4) (x—1), we put 
V +4) @—1I) = (+4) t 


then 
(x44) (x—1) = (444) 2, x—1l a(x +4) 
14-402 108 
=o =T— a" 


+40 











Vetde—h= bes: 


[Fie 
if 


Returning to the original integral, we have 











_f loed—#) 2 I+¢ 
eas oe (a deat t= =(i- it;|+¢ 
x—1 
wis 4VEA VEFI4 VII 46 
1 z=! Vit4—Va-1 
x+4 


Note 2. It will be noted that to reduce integral (1) to an integral 
of a rational function, the first and third Euler substitutions are 
sufficient. Let us consider the trinomial ax?+tobxtc. If b?—4ac> 0, 
then the roots of the trinomial are real, and, hence, the third 
Euler substitution is applicable. If b?—4ac<0, then in this case 


axt-+bxto=q [ 2ax+b)*+ (4ac—b?)] 


and therefore the trinomial has the same sign as that of a. For 
V ax?+bx-+c to be real it is necessary that the trinomial be posi- 
tive, and we must have a> 0. In this case, the first substitution 
is applicable. 


10.12 INTEGRATION OF CERTAIN CLASSES 
OF TRIGONOMETRIC FUNCTIONS 


Up to now our sole concern has been a systematic study of the 
integrals of algebraic functions (rational and irrational). In this 
section we shall consider integrals of certain classes of nonalgeb- 
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raic functions, primarily trigonometric. Let us consider an integral 
of the form 


| R(sinx, cos x) dx (1) 
We shall show that this integral, by the substitution 
tant =t (2) 


always reduces to an integral of a rational function. Let ws express 
: : x : 
sinx and cosx in terms of tan=, and hence, in terms of ?: 





2° 
Fe: x 2.= % x x 
Giga re 2sin -> Cos > 7 2 tan > ot 
~ 1 nen 2k 2x +28 
sin 7 1 cos? 1+ tan 5 
2* _ sine ~ 2* sin? 1 —tan? ~ 
sik 5 sin 5 ies 5 sin 7! tan 5) lz 
SF Se a ee ee ge Se ere ne ea Lupe eal 
L cos* = sin? + 1+ tan? = i! 
Furthermore, 
2Qdt 
x=2arctanf?, dx = A 


In this way, sinx, cosx and dx are expressed rationally in terms 
of ¢. Since a rational function of rational functions is a rational 
function, by substituting the expressions obtained into the integral 
(1) we get an integral of a rational function: 


: 2t 1—?7?\ 2dt 
{ Risin, cosx)dx=|R (se eahes, 
Example 1. Consider the integral 











dx 
sinx 


On the basis of the foregoing formulas we have 








2dt 
dx 1+? | dt ee x 
sinx 7 = FZ =injt]+C=ln |tan 5} |+e 
TA 


This substitution enables us to integrate any function of the 
form R(cosx, sinx). For this reason it is sometimes called 
a “universal trigonometric substitution”. However, in practice it 
frequently leads to extremely complex rational functions. It is 
therefore convenient to know some other substitutions (in addition 
to the “universal” one) that sometimes lead more quickly to the 
desired end. 


24* 
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(1) If an integral is of the form ( R (sin x) cos x dx, the substitu- 
tion sinx=t, cosxdx=dt reduces this integral to the form 
| R(t)dt. 

(2) If the integral has the form | R (cos x) sin x dx, it is reduced 


to an integral of a rational function by the substitution cosx =f, 
sinx dx = — dt. 
(3) If the integrand is dependent only on tan x, then the sub- 


stitution tan x=/, x= arctan/, dx => reduces this integral to 
an integral of a rational function: 


[ R (tan x) dx =lRO Sa +8 


(4) If the integrand has the form R(sinx, cosx), but sinx and 
cos x are involved only in even powers, then the same substitu- 
tion is applied: 

tanx=t (2’) 


because sin?x and cos?x can be expressed rationally in terms of 
tan x: 








1 1 
2 a = -—— 
COS" *= TH tanta THe 
Site tan?x sf? 
~~ 1+ tan?x 14-78 

dt 

dx= TT 


After ‘the substitution we obtain an integral of a rational 
function. 


in3 
Example 2. Compute the integral {= ~~ dx. 


+ cos x 


Solution. This integral is readily reduced to the. form { R (cos x) sin x dx, 
Indeed, 





sin? x sin? x sin xdx _ 1— cos? * inxdx 
Tacos ~2-+cosx 2+ cos x * 
We make the substitution cos x=z. Then sin x dx =— dz: 
sin’ x 1— z? z2— | 3 
Twa | oe CoO = fES heed (2-2 +235) # 
2 
eee a ae S0S'¥_ 20s x+31n (cos x+2)+C 


Example 3. Compute 5-5 oink 
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Make the substitution tan x=t: 


rae | GF yan |PRATY Va —= arctan rai +c 
2-- (1-42) 
1+¢? e 
H tan x 
rg arctan (2) +¢ 
(5) Now let us consider one more integral of the form 
R(sin x, cos x) dx, namely an integral with integrand sin” x cos” x dx 
(where m and n are integers). Here we consider three cases. 
(a) { sin” x cos" x dx, where m and n are such that at least one 


of them is odd. For definiteness let us assume that n is odd. Put 
n=2p+1 and transform the integral: 











{ sin” x cos??+! xdx = y sin” x cos?? x cos x dx 
— y sin” x (1 —sin? x)? cos x dx 
Change the variable: 
sinx=t, cosxdx =dt 
Putting the new variable into the given integral, we get 
\ sin” x cos” x dx = y t™ (1—??)P dt 


which is an integral of a rational function of ¢. 
Example 4. 


cos? x cos? x cos x dx (1 —sin? x) cos x dx —sin? x) cos x dx 
‘sin? x Pa ~~) sintx “sintx 


Denoting sinx=?, cosxdx=dt, we get 
cos? x Cane dt ae 1 
\ Sarg ah ra (Coe =\5- o= ~sat7zte 


oar ay a; sin anit 





(b) { sin” xcos" xdx, where m and n are nonnegative and even 
numbers. 
Put m=2p, n=2q. Write the familiar trigonometric formulas: 


sin? x =y—Fc0s 2x, cos*x =++ 4 cos 2x (3) 


Putting them into the integral we get 


sin?? x cos®47 x dx = td cos 2x \? 4+ | cos ox "ax 
2 9 ) 27? 
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Powering and opening brackets, we get terms containing cos 2x 
to odd and even powers. The terms with odd powers are integra- 
ted as indicated in Case (a). We again reduce the even exponents 
by formulas (3). Continuing in this manner we arrive at terms of 


the form y coskx dx, which can easily be integrated. 
Example 5. 
sine x de 55 { (1 —cos 2x) det 2 cos 2x + cos? 2x) dx 
22 4 


l 173... sin 4x 
=F [+—sin2e++ J (1-408 4x) de] =7 [p—sin 2+ 3 |+e 





(c) If both exponents are even, and at least one of them is 
negative, then the preceding technique does not give the desired 
result. Here, one should make the substitution tan x =¢ (or cotx=t?). 


Example 6. 
in? in? x (sin? 2 y)2 
sin x dx sin? x (sin? x-+ cos? x) de —{ tan? x (1-4 tan? x)® de 
cos® x cos§ x 





Put tanx=#; then x=arctan?, dx= <p and we get 


is = ax— | £314 22)2 dt =| 2 (1+77) #=f4fi¢ 





cos* x 1+? 
tan?x  tandx 
=3 +-+¢ 





(6) In conclusion let us consider integrals of the form 
y cos mx cos nx dx, y sin mx cos nx dx, y sin mx sin nx dx 
They are taken by means of the following formulas* (mn): 
COS Mx COS NX =+ [cos (m+n) x-+ cos (m—n) x] 
sin mx cos nx = +s [sin (m+n) x-+ sin (m—n) x] 


sin mx sin nn=> [— cos (m + n) x + cos (m—n) x] 





* These formulas are casily derived as follows: 


cos (m-+-n) x = cos mx cos nx— sin mx sin nx 
cos (m—n) x= cos mx cos nx- sin mx sin nx 


Combining these equations termwise and dividing them in half, we get the first 
of the thrce formulas. Subtracting termwise and dividing in half, we get the 
third formula. The second formula is similarly derived if we write analogous 
equations for sin (m-+-n)x and sin(m—n)x and then combine them termwise. 
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Substituting and integrating, we get 


{cos mx cosnx dx =3) [cos (m+n) x-+ cos (m—n) x] dx 
= sin (q-+-n) oie (m—n) 24.6 


2 (m+n) 2 (m—n) 
The other two integrals are evaluated similarly. 
Example 7. 
sin 5x sin 3x eas ‘ [—cos 8x-+ cos 2x] dx = — aimee aes cal 
2 16 4 








10.13 INTEGRATION OF CERTAIN IRRATIONAL FUNCTIONS 
BY MEANS OF TRIGONOMETRIC SUBSTITUTIONS 


Let us return to the integral considered in Sec. 10.11: 

{ R (x, Vax fbx Fe) dx (1) 
where a=£0 and c—2 40 (in the case a=0 the integral has 
form II, Sec. 10.10; for c—= =0, the expression ax?-+-bx+c= 
=a(x+z)) and we have to do with a rational function, if 


. 


a>0; for a<0 the function V ax?-+-bx-+c is not defined for any 
value of x). Here we shall give a method of transforming this in- 
tegral into one of the form 


y R(sinz, cos z) dz (2) 


which was considered in the preceding section. 
Transform the trinomial under the radical sign: 


ax?+bx+c=a (x+3)'+ (c—z) 
Change the variable, putting 
xtpe=t, de=dt 
Then 
V axt + bx+e= V at + (c—§ 
Let us consider all possible cases. 
1. Let a>0, c— _ > 0. We introduce the designations: a = m?, 


2 
pe cik In this case we have 


4a 
Vax?+bxto=V metn 
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2. Let a>O, c—2 <0. Then 


2 
a=m?, c—f=—n 


Thus, 
V ax? + bx+ce=V m2t?— n3 


3. Let a<0, c—F >0. Then 


a=—m c— ans 
: 4a 


Hence, 
V ax? bx tce=Vnt— me 


4. Let a<0, c—Z <0. In this case Vax?-+bx-+c is a com- 


plex number for every value of x. 
In this way, integral (1) is reduced to one of the following 
types of integrals: 


I. (R(t, V mt? + n?) dt (3a) 
I. | R(t, Vien?) dt (3b) 
IW. (R(t, Viae—me) at (3c) 


Obviously, integral (3a) is reduced to an integral of the form 
(2) by the substitution 


t= <. tanz 
Integral (3b) is reduced to the form (2) by the substitution 
t= sec z 
Integral (3c) is reduced to (2) by the substitution 
no. 
t= in t 
Example. Compute the integral 
f dx 
Vea 


. Solution. This is an integral of type III. Make the substitution x=<asin z, 
then 
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dx =a cosz dz 


=~ a cos z dz __ ( acoszdz* 
V Ge Y (@—a? sin? z)s a® cos z 
i dz 1 sinz a sin z 
~@ J costz a smear COS Zz a V 1—sin?z 
ae 





-3 Vas 


10.14 ON FUNCTIONS WHOSE INTEGRALS CANNOT 
BE EXPRESSED IN TERMS OF ELEMENTARY FUNCTIONS 


In Sec. 10.1 we pointed out (without proof) that any function 
f(x) continuous on an interval (a, 6) has an antiderivative on 
that interval; in other words, there exists a function F(x) such 
that F’ (x) =f (x). However, not every antiderivative, even when 
it exists, is expressible, in closed form, in terms of elementary 
functions. 


Such are the antiderivatives expressed by the integrals \ e-** dx, 


ane ae dx, Vi—ssin?xdx, (4% and many others. 
js Inx y 





In all such cases, the antiderivative is obviously some new function 
which does not reduce to a combination of a finite number of 
elementary functions. 

For example, that one of the antiderivatives 


Salon ae+e 


which vanishes for x=0O is called the Laplace function and is 
denoted by (x). Thus, 


® (x) =a lor ate, if ® (0) = 


This function has been studied in detail. Tables of its values 
for various values of x have been compiled. We shall see how 
this is done in Sec. 16.21 (Vol. II). Figs. 208 and 209 show the 
graph of the integrand y=e-* and the graph of the Laplace 
function y=@(x). That one of the antiderivatives 


y Vi—fsin?xdx+C (k< 1) 


* Yi—sin?z—|cosz]. For the sake of definiteness, we only examine the 
case | cos z | = cos z. 
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which vanishes tor x=0O is called an elliptic integral and is 
denoted by EF (x), 


E(x)=\V1—Psintxdx+C, if E(0)=0 


Tables of the values of this function have also been compiled 
for various values of x. 





Exercises on Chapter 10 
6 
I. Compute the integrals: 1. {ac Ans, 7 +6. 2. ie Vx) dx. 
a =a 
Ans. = pid Vic 3. ves Ve) ae Ans. 6Vr—a x2 VX+C. 




















x? dx 2 -— 1 
4. Vx . ie ise x2 V x+C, . j (= : v7 ) dx. 
1 acs 
Ans. SS + 2x+C. 6. ( ar ey aie} Aas. a B+, 
x Vx Vx 3 





7. (+ =) dx. Ans. #13 ears ere, 


Integration by substitution: 8. [ess dx. Ans. Feree, 9. arses 








Ans. _ Bre 10. sinaxdx. Ans. — cs a & 1 (2 be * dx. 
li dx cot 3x 
Ans. a In x+C. 12. \ oar . Ans. — 3 +C. 13. \ att cos? 7x" 





tan 7x dx 1 dx 
Ans. 7 +C. 14. Vat: Ans. yz in| 3x—7/+C. 15. {= 
Ans. —In|1—x|+C. 16. i Ans, — + In|5—2e|+C. 17. {tan 2x de. 
Ans. —F In| cos 2x] +€. 18, { cot (S2—7) de. Ans. Fn | sin (5x—7)] +C. 





dy 1 x 2 Oe 
satay: Ans — zl |.cos 3y|-+C. 20. {cot $ ax. Ans. 3in| sin = +6, 
21, Vian g-sec?~dp. Ans. + tant +C. 22. J (cotex)ex dr. Ans. In|sine*|-+-C. 
23. { (tan 4S —cot + )as. Ans. — In| cos 48 |—4 In| sin + +. 
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3y 
24. { sin? x cos xds. Ans, aif aay oo 25. { cos? x sin x dx. Ans. Sette. 
—_——— dx 
Vx®+F1 x dx. Ans. — V (x2?+1) +C. 27. ee, 
\V8F + Vert a as 
oa SY 2 
Ans. + VdeP3-+LC. 28. esi = Ans. = 2 VEFILC. 
cos x dx l sin x dx 1 
29. j nm Ans. Saat C. 30. fn (Bate oer Ans. RTE costg Te: 
tanx tants cot x cot? x 
31. tostx Ans. +C. 32. \ Br ax. Ans. _ 5 +C. 
: dx ——_—_— In (x + 1) 
33. ———_———.. Ans. 2 V tanx—I1-+C. 34. (=e dx. 
| coor V tanx—1 v ts x+1 
An eed C. 35. ROSH OR Ans. 2sinx+1+C. 
zt V2sinx+1 i ak 
sin 2x dx 1 sin 2x dx 
36. (IF cos 2x) . Ans. Tipcemy T° 37. \ 7a 7 
Ans. 2V1-+sin?x+C. 38. Vi ae Ans. - V (tanx+18+C. 
cos 2x dx 1 1 r sin 3x dx 
(2-F3 sin 2x) ~~ 72 (2-3 sin 2x ; : : 
39. T3 si 5: Ans. Taysin dD are 40 J georre 
1 In? x dx In3 x arcsin x dx 
Ans. —=—>=——-+C. 41. \==. Ans. acs Cc. 42. ——— 
Veag - an V1—x* ° 
2x 2 
Ane: ses aed C. 43. aa xdx : ane: ia arctan i C. 
b acgne arccost x arccot x ine 
44. \Vea* An; 2 ESE N+ o: ag, f pr de. Ans, — SOE, 
singe x+l Linc 
48. Pear Ans. Lin (x8+1)-4C. 47. latest Ans. In (842x+3)4C. 
48. es. Ans. +in (Qsinx+3)+C. 49. Soy Am. In|Inx|-+C. 
50. [2x (a+ 1) de. Ans. (x +f ————+C. 51. {tant x de. Ans. une Fn tans tx+C. 


dx 
a Wess arctan x * 
tan? x a x 


1 
Ans. 4 In|3tanx-+1|+C. 64. ( SOS ar, Ans 


dx 
Ans. In|arctanx|+C. 53. Sartieren 





C. 55. 
e | ree I—x*arcsin x 


Ans. In|arcsinx{+C. 56. ‘5 ees dx. Ans. & In[2-+3sin 2e|4C. 


+3sin 2x 
57. cos (In of . Aas. sin (In x)+C. 58. {cos (a+ bx) dx, Ans. tsin (a+-bx)-+C. 


x 


x 
59. fete ax. Ans. Sete. 60. f eFax. Ans. 3e° +C. 61. {tit * cos x dx, 





xt x &: 
+C. 63 Ve ae. Ans. ae® +-C, 


sin x 2 a 
Ans. e°"*-+-C. 62. [ax “dx. Ans. Tine 
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64. Vey dx. Ans. TeFHe, 65. [are ax. Ans. ind-ct ae mass 7 tC. 66. Verte ax. 











Ans. pete. 67. { (eo +08) de. Ans. (+i =+¢). 
68. [erteexss (x42) dx, Ans. Ferttters4c, 69. leet od 
a\* /b\* 
ww BT) msc 70. ee Ans. Fin B+4er)-+0. 
n. | oe. Ans. $in rue 72. \ a 5. Ans. ppatetan (VEC. 
|=: Ans. 75 arcsin (W3x)+C. 74. ant 
ane: Laresin £46, 75. (ws Ans. aresin 5 -+C, 76. Pee 


! 1 3x dx 
Ans, nee 77. Jats Ans. G arctan >+C. 78. Peso 


n| 2ct3* 
33x +C. 9. Peso Ans. In|x+ Vx*?+9|+C. 
7 dx 


1 gba 
80. fae Ans. > In| ox+ V Bx2—a? |+C. 81. l= 


Ans. 























| ax—c 
Ze gtx2 eae pede 
Ans. + Inlax+ Vo?+a%xt|+C. 82. Vapor . Ans. Jag (0 ape +C. 
aa i n|=* V 1 : 
ss. { ~o& Ans. C. 84. . Ans. -arcsin x?-+C. 
5G v ag zt Yel Vis = a ss 
x dx ex a F 
85. Van Ans. te 2 ee, 86. {=< Vine . Ans. arcsin e*+C, 
dx y &: cos x dx 
87. V3—50 . Ans, ye iresin azx+C. 88. Vases . 
! sin x dx . 

Ans. yaret (= ) C. 89. ———.. Ans. arcsin (Inx Cc. 
. PON ee x V1—In?x Ore 
90. jens? ~ dx. Ans. —4 (arccos x)*-+ V 1—x® ++. 

Vi-x 2 
x—arctan x di 2, | 2 Vi-+inx 
91, ar re ———,—_ dx, Ans. 5 In (1 +x?) 7 (arctan x)?+C. 92, { AR a. 





< ViFingF tC. 93. jE as Ans. AVF V x)? +C. 
Vx 


Ans. 4V1I-V x +C. 95. \ Sor. Ans. arctan e*-+C, 





dx 
u. | 
V Vit+Vx 
96. |=. Ans. 33/sinz+C. 97. ( VTS cose sin 2x ax, 
Y sin®x 


Ans. ae V (1+3 cos? x)8+C. 98. Se Ans. —2 V 1+ cos?x+C. 
9 V 1+ cos*x 
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99, (os ar. ‘es ang saat roo, (ian ay, Ans. = ay. tan®x-+C. 
101. \ sane aes Ans. ye iretn ( Vi tan ae 

Integrals of the form fe 102. \araers ai 8: Ans. saretan*t! 4 ¢, 
103. ee Ans. "an arctan > Vit lic. 104. Saye 
Ans. ye" ae 4C. 105, (ae Ans. + 1n|2=|4¢, 
106. ‘saat: Ans. arctan (22—1)+C. 107 ee 
Ans. re arctan a lie. 108. toe See Ans. In] 3x?—7x+11]+4C. 
109. oes: Ans. jpln Get —3e-+2)— = arctan ate: 
110. (Sa Ans. Sin (x? —x-+-1)+ 75 arctan wat +C. 
It. Jeaee dx. Ans. 2 In(3x—1)+-p1n(2xe+1)+C, 112, Va oe 


8 10x—1 
Ans. +! 5x? — 2) —-——== arctan ———-+-C. 
sa aaa vot 





4 2 = 
113. (Sr St Set tt ax. Ans. 8—* 41 inj oet—xt 14+ — arctan 2 4, 





2 —x+1 2V7 Vi 
dx 2 2tanx +1 
ue Press iecoeesios ant: Vr aa V7 Bt 


Integrals of the form ne SE dx: = 115. (=a . 
V aie ox+C V 2— 3x— 4x? 

















Ans, Laresin Sate. 116. i aESEeoe Ans. In|x-+-4-4+ Va-FeFl [+c. 
(l- Ans. In| Sta+ V 20S+S? |+C¢. 
118. \y==n . Ans. 5 arcsin ae +C. 119. pS 
Ans. pe inloets+ V 12x (x +5) |+C. 120. = 
Ans. aresin +e. 121. (7S 
Ans. ein [Oe 1 4+ VOGH—x—1H|+C. 122 | (lane 
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(x+3) dx 
; 2 Vaxt+ob Cc. 123. —_—_——_——-. 
Ans ax* + bx-+ce+ i oss 
Ans. = Vtep4x+3 +21n |2x-+ 1+ Va pae $s |+C. 
(x— 3) dx 1 ——— 
. ———========- A . bee ar i 3 66. — 1 2 . 
as V 3+66x— 11x? i I ee ea 
125. eae Ans. —+ eka att arcsin a +C. 


V3+4x— 4x3 | 
126, ( —22+5 de. Ans. 5 VR a+ 


V x(2x—1) Wi Z. 
II. Integration by parts: 
127. (sex dx. Ans. e¥ (x—1)+C. 128. 


129. { xsin xdx. Ans. sinx—xcosx+C. 130. { Inxdx. Ans. x(Inx—1)+C, 





In (4x-—1+ V8 (Qx?—x) ae 


( xin xe. Ans. oe (in xy) +6. 


e 


131. { aresin x de. Ans. xarcsinx-+V1I—x#-+C. 132. {in (l—x) dx. 














Ans. —x—(I—x)In(I—x)4C. 133. [ev inxds. Ans. a 5 (in a 1)+6. 
134.  xaretan xdx. Ans. F(t 1) arctan x—x]+C. 135. x arcsin + dx. 
Ans. Flee 1) arcsin x +x VI—x]+C. 136. Vin (x +1) de. 
Ans. x In (x?-++-1)—2x-+2 arctan x+C. 137. y arctan Vx dx. 
Ans. (x+1)arctan Vx —Vx +C. 138. arsine de. 

Ans. 2YVxaresin Vx +2 Vi—x-+C. 139. f arcsin V Ae. 

Ans. xaresin V- Vx +arctan Vx +C. 140. f- cos? x dx. 

Ans. X +f xsin 24-4 cos 2x-+C. 141. (SS dx 

Ans. x—V1—x*arcsinx +C. 142. (ease ae 

Ans mate 7 aretan ep te. 143. { xarctan V2 — ide. 
Ans. + arctan VF—i-4 Ve—I+c. 144, (ss dx. 
Ans. In es —Laresin x+C. 145. In (x+ Vi+ 2) dx. 
Ans. xin|x+VI+x# ‘ ViFe+4+¢. 146. j arcsin x Tar : 

Ans, 2°csine y 








Vizaty in Fa 
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Use trigonometric substitutions in the following examples: 
147. { aes dx. Ans. — YER # _ aresin ~+¢. 148. jx as 
Ans. 2arcsin + -5 Viet te V4—# +6. : 149, Wo 
Ans. a TIEe £ 150. i Al et dx. Ans. Vx®—a?—a arccos —+-C. 












































x 1 
\ yerear . Ans. 2 Vape +C. 
Integration of rational fractions: 
2x—1 (x — 2)8 x dx 
152. Sanaa nea An in| ame | |+¢. 153. Spe er 
(x+3) 54+ x4#—8 
Ans. _ = In Terery<ril + 154. iS hae tx 
ex 2 (x—2)8| 1G x dx 
Ans ane ial are +C, 155. rn 
x 1 x—l] dx 
Ans se In SSP tee Sinix+2(4+C. 156. Vessco 
Ans roman PL bo =| +¢. 157. se Ans, pti tc G: 
3x+2 X+3 dx 
158. xa@+13 ps Ans. Feet in ite. 159. \ [ae 
_ 5x12 x+4 dx |x| 
Ans erase (5) +C. 160. resent Ans. In Va Fl +C, 
3 
2x2— 3x —3 (92x45)? I x—1 
161. | ere Ans. In Of eeeen’s —_=_ + C. 
162. \ ate Ans. In aaa 3 arctan - 3 — py aetn se +c. 
1 x— 
163. Naar Ans. ein fet Soe lic 
3x—7 ay 
164. Speapix4 Ans. ne ty arctan =4C. 165. eae 
; S 
Ans. op net V arctan = xV¥2 Ye+0. 166. \ oye. 
Ans. 48 tin (8140. 167. te. 
1 
2— _ a 
Ans. Tat In (x? +2) 2 ~ ayy eta yEte 168. (eee 
3x?—x (x—1)? ; dx 
Ans. G—y)@phyt In eal + arctan x+C. 169. Vaca 


arctan —— 


3V5 Vi 3@—aeeyt © 





=|- 10 2x—1 2x —1 
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Integration of irrational functions: 


170. \ a Ans. slV¥e—mn(/e+i)] +0. 

















Yeti 
= I 
in, | Y@= VEB-Vs 4 ans mY xv caer +C. 172. { xt 
rae: Vain 
hit ee 2 4 9inx—2in (Vx +1)40. 
Vx Wx 
ie | 34 
VetV/x+Veti 
Dn ee 
43 in (Wx +1)+3arctan Vx4e. w (ies. 
Vi-x+Vitx|_ VI-# |, Oe i T—x dx 
Ans. In Viar=Vias ; +C. i earera 
V l+*—V1l—x Vx+ Vx 
Ans. 2 arctan Viti "trees +-C. 176. ravers 
Ans. ul x-5 Vato V8-5 V P+— peelie 
243% aes = 
177. j — dx. Ans. 3x? —7x —6-+ 5 v5 x 


7 7 
x In ($+ a—Ty-2) 40. 
Integrals of the form y R(x, Wax? bx+c) dx: 
x?—x+3— 























1 3 
178. Ans. — | 
\aSs 3 tive [re 
1 V 2+x—x?+ VY 2 
79. Se Snore . ————— +— 
1 === Ans n zi Ws +C. 
dx ¢ een V xt f2x 
180. [Ee ara roy ie Ans. 5 arcsin V3 Boe, 181. jee 
dx 
Ans. 2 ! l a4 2. Cc. 182. ——_=—_—_—_—— 
ns. = Vx®-2x+ Inf xti+ VxP+2x|+ J a 
Any =—tol ae 183. f Vix—a dr, 
2x — x? 


Ans. = le» V 2x — x? +Larcsin (x—1)] +. 184, ( & 


Jx—-Vx—1° 


2 
Ans ps eel Yroi—tia |x+ Vxe—1 [-eC: 185. i dx : 
ae : (4-2) Vi+a--e 
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‘Tox +x 
Ans. jn tv itera +C, 186. aye 
Q+x+ Vi+e+-x? (2x-+- x2) W2x-x3 
_ 3 
Ans. opel ee 187. {- Vite $8 gy 
V 2x2 x Vi-+x4+x 
—_— Le a 
Ags in| tea ere year! lie. ig, | Pee 
8 
Ans. | ————=———— + In|x+2 xe+t4x}+C, 
FEV Ee inlet et Ve raelt 
Integration of trigonometric functions: 

189, { sina x ax. Ans. ome —em ete. 190. { sins x dx, 
Ans. —cos x- + cos’ x— cos z +C. 191. cos* x sin’ x dx. 
eer 1 7 cos* x 1 
Ans. —F cos tt cos ee 192. {a5 dx. Ans. csc x—z esch x-+C. 
193. J cost x de, Ans. 40 sin 2x+C. 194. iy sin‘ x dx. 

3 sin 2x , sin 4x 7 
Ans. plana 30 +C, 195. J cos x dx. 
Ans. a 2x Si Pry 3 sin ix) 46. 196. { sint x cost x dx. 


sin \ a 


ae 197. [ tanteae, Ans. 








Ans. 198 5 ( 3 sin 4x-- *+1n| cos x|-+C. 


198. [ cot® x dx. Ans. ete dae 199. { cot? xdr. 























2 
Ans. 2 Sin | sin x|+-C. 200. i sec® x dx. 
7 
Ans, EE bas ~4 tan3 x+ tan x-+C, 201. [tant x sect x dx. 
tan? x , tandx dx 1 3 
Ans. 7 + 5 +C. 202. aps Ans. tan t+ tan? x +C. 
in3 
203. j <* dx, Ans. C—cse x. 204. eee . 
Bs + V cos! x 
3 — —_— 
Ans. =H cos 3443cos 3 x+C. 205. \ sinxsin3xdx. Ans. — ath San +C. 


206. § cos 4x cos 7xdx. Ans. Sen Sn te. 207. e cos 2x sin 4x dx. 














Ans. — S05 Be _ sos Pee. 208. [sin x 008 x de. Ans SBE 4 cosa xtC. 
x 
tan--—2 
dx 1 2 dx 
\ acfaaz: A em | —|te, a, Pe 
2tan->—1 


25—2081 
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Ans. 


212. 


Ans. 


215. 


216. 


a arctan| 2 tan — +C.  2it. eee . Ans. peg +C. 
2 2 1+ sinx l-Ltan x 
a +tan 5 
cosx x sin 2x 
Troe Am ecimgte. oma [ae 
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: dx 1 Xd x 
2 y— Pemecceianiee —tan—+— tan’ = 
arctan (2 sin? x—1)+C. 214. \q count Ans. > tan-> + tan’ + C. 


J 


f dx 
sin? x-+ tan? x | 


sin? x 


1+ cos? x 


dx. Ans. Y 2arctan ( 


Ans. -> cot x+ 


tan x 





V2 


1 
V2 


\a#+ Cc. 





arctan ( 


tan x 


V2 





Ie 


CHAPTER Il 


THE DEFINITE INTEGRAL 


11.1 STATEMENT OF THE PROBLEM. 
LOWER AND UPPER SUMS 


The definite integral is one of the basic concepts of mathematical 
analysis and is a powerful research tool in mathematics, physics, 
mechanics, and other disciplines. Calculation of areas bounded by 
curves, of arc lengths, volumes, work, velocity, path length, mo- 
ments of inertia, and so forth reduce to the evaluation of a de- 
finite integral. 









Fig. 211 





Let a continuous function y=f(x) be given on an interval 
[2 b] (Figs. 210 and 211). Denote by m and M its smallest and 
argest values on this interval. Divide the interval [a, 6] into n 
subintervals: 


A=Xo, Xy, Xq, 20) Xpayy xX,=6 
so that 
Xy yg oy 
and put 
Xy—Xq = AX, Xp —%, = AXg, 000) Xyp—Xqiy = AX, 


Then denote the smallest and greatest values of the function f (x) 


on the subinterval [x,, x,] by m, and M, 
on the subinterval [x,, x,] by m, and M, 


a ry 


on the subinterval [x,_,, x,] by m, and M, 
25* 
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Form the sums 


S, =m, Ax, +m,Ax,+... +m, Mt, = 3 m,; Ax; (1) 
5, = M,Ax,+M,Ax,+.. +M, At, = 3 M; Ax; (2) 


The sum s, is called the lower (integral) sum, and the sum s, 
is called the upper (integral) sum. 

If f(x)=0, then the lower sum is numerically equal to the area 
of an “inscribed step-like figure” AC,N,C,N,...C,_,N,BA bounded 
by an “inscribed” broken line, the 
upper sum is equal numerically 
to the area of a “circumscribed 
step-like figure” AK,C,K,... 
...C,_,K,-,C,BA bounded by a 
“circumscribed” broken line. 

The following are some proper- 
ties of upper and lower sums. 

(a) Since m;<M; for any 
i(@i=1, 2, ..., n), by formulas (1) 
and (2) we have 





Sn <p (3) 
Fig. 212 = 
(The equal sign occurs only when f(x) =const.) 
(b) Since 
m2>m, m,>m, ..., m,>m, 


where m is the smallest value of f(x) on [a, 6], we have 
S, =m, Ax,+m,Ax,+...-+m,Ax, > mAx,+mAx,+...+_mAx, 
=m (Ax,+ Ax, +... + Ax,) =m (b—a) 


Sy = m (b—a) (4) 


M,<M, M,<M, ...,M,<M 
where M is the greatest value of f(x) on [a, 6], we have 
Sn = M, Ax, + M,Ax,+...+M,Ax, <MAx,+ MAx,+...+MAx, 
= M (Ax,+ Ax,+... + Ax,) = M (b—a) 
Thus, 
Sn <M (b—a) (5) 
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Combining the inequalities obtained, we get 
m(b—a) <s,<s, <M (b—a) 


If f(x) 0, then the last inequality’ has a simple geometric 
meaning (Fig. 212), because the products m(b—a) and M(b—a) 
are, respectively, numerically equal to the areas of the “inscribed” 
rectangle AL,L,B and the “circumscribed” rectangle AL,L,B. 


11.2 THE DEFINITE INTEGRAL. 
PROOF OF THE EXISTENCE OF A DEFINITE INTEGRAL 


We continue examining the question of the preceding section. 
In each of the subintervals [x, x], [%1, Xe], ---, [Xn-1» %n] take 


y ei 






aa 5, 4 f, t 


Fig. 213 


a point and denote the points by §&,, &, ..., &, (Fig. 213): 
Ky <br <p, XE. hg, oo os Mean SE SX, 


At each of these points find the value of the function f(&,), 
f(&), -- +» £(&,)- Form the sum 


Sa =F (Es) Me + FE) Ate +--+ FG) At =D FE) AE (1) 


This sum is called the integral sum of the function f(x) on the 
interval [a, 6]. Since for an arbitrary &; belonging to the interval 
[x;-,, ¥;] we will have 
m,<f(E) <M; 
and all Ax; > 0, it follows that 
m; Ax; <f (;) Ax; <M; Ax; 
and consequently 


Pa m; Ax; <2 F(E,) Ax; < 2} M, Ax; 
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or a 
Sn Sn & Sy, (2) 


The geometric meaning of the latter inequality for f(x)2>0 con- 
sists in the fact that the figure whose area is equal to s, is bounded 
by a broken line lying between the “inscribed” broken line and 
the “circumscribed” broken line. 

The sum s, depends upon the way in which the interval [a, 5] 
is divided into the subintervals [x;_,, x;] and also upon the choice 
of points &; inside the resulting subintervals. 

Let us now denote by max [x;_,, x;] the largest of the subintervals 
[Xo. 1], [41 Xa], -- ++ [%,-1) Xp]. Let us consider different partitions 
of the interval [a, 6] into subintervals [x,_,, x,] such that 
max [x;-,, x;] 0. Obviously, the number of subintervals n then 
approaches infinity. Choosing the appropriate values of &, it is 
possible, for each partition, to form the integral sum 


Sp = 2 f(§;) Ax; (3) 


We consider a certain sequence of partitions for which max Ax; 0 
as n-—»oo. We choose the values &; for each partition. Let us 
suppose that this sequence of integral sums* s,; tends to a certain 
limit 

n 
lim sf= lim F(;) Ax; =s (4) 
max Axj>0 max Axj>0 i=1 

We are now able to state the following. 

Definition 1. If for arbitrary partitions of the interval [a, 6} 
such that max Ax;—-0 and for any choice of the points &; on the 
subintervals [x;.,, x;] the integral sum 


5, = SFG) bn 6) 
tends to one and the same limit s, then this limit is termed the 
definite integral of the function f(x) on the interval [a, 6] and is 
denoted by ; 

\ F(x) dx 
a 
Thus, by definition, 


“ 6 
lim | yh) Axi= VF) de (6) 


max Axj 370 f= a 


* In this case the sum is an ordered variable quantity. 
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The number a is termed the lower limit of the integral, b, the 
upper limit of the integral. The interval [a, b] is called the in- 
terval of integration and x is the variable of integration. 

Definition 2. If for a function f(x) thelimit (6) exists, then we 
say the function is integrable on the interval [a, 6]. 

Note that the lower sum s, and the upper sum s, are particular 
cases of the sum (5) and so if f(x) is integrable, then the lower 
and upper sums tend to the same limit s and therefore, by (6), 
we can write 


" b 

lim = m; Ax; = F(x) dx (7) 
max Ax; > 6 i=1 a 

li ) M; Ax; = d. ’ 

wel g 3 miasr= [Tle a 

If we construct the graph of the integrand y=f (x), then in the 

case of f(x) 0 the integral 

b 

| F (x) dx 

a 
will be numerically equal to the area of a so-called curvilinear 
trapezoid bounded by the given curve, the straight lines x =a and 
x=b, and the x-axis (Fig. 214). 

For this reason, if it is required to compute the area of a 
curvilinear trapezoid bounded by the curve y=/f(x), the straight 
lines x=a and x=), and the x-axis, this 
area Q is computed by means of the in- 3) 
tegral yd 

b 
Q= J f(x)dx (8) 
a 

We will prove the following theorem. a ear 

Theorem 1. /f a function f(x) is conti- ‘ 
nuous on an interval [a, 6], then it is in- Fig. 214 
tegrable on that interval. 

Proof. Again partition the interval [a, 6] (a< 6) into subinter- 
vals [Xo, %,], [%1, %2], -- +> [%;-1 %], ~~ +s [Xn-1 %,]. Form the lower 
and upper sums: 


na ~ m; Ax; (9) 


5, = DM, Ax; (10) 
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For what follows we will need certain properties of upper and 
lower sums. 

Property 1. /f the number of subintervals into which [a, 6] is 
partitioned by adding points of division is increased, the lower sum 
can only increase and the upper sum can only decrease. 

Proof. Let the interval [a, b] be partitioned into n’ subintervals 
by adding new points of division (n’ >n). If some subinterval 
[Xp-1, Xe] is split up into several parts, say p, parts, then in the 
new lower sum s, the subinterval [x,_,, x,] will be associated 
with p, summands, which we denote by s>. In the sum s,, this 
subinterval will correspond to one term m,(x,—x,-,). But then 
an inequality, similar to the inequality (4) of Sec. 11.1, holds 
true for the sum s> and the quantity m, (x,—x,_,). We can write 


Si. Zz mM, (Xe—%p-1) 


Writing down the appropriate inequalities for each subinterval 
and summing the left and right members, we get 


Sn 2 Sn (n' > n) (11) 


This completes the proof of Property 1. 

Property 2. Jn the case of an unlimited increase in the number of 
subintervals accomplished by adding new division points, the lower 
sum (9) and the upper sum (10) tend to certain limits s and ‘s. 

Proof. By inequality (6) of Sec. 11.1 we can write 


5, <M (b—a) 
That is, s, is bounded for all n. By Property 1, s, increases 


monotonically with increasing n. Hence, by Theorem 7 on limits 
(see Sec. 2.5), this variable has a limit, which we denote by s: 


lim s,=s (12) 


n>o~ 


Similarly, we find that os is bounded below and decreases mono- 
tonically. Consequently, s, has a limit, which we denote by s: 


lim s,=s 
Rare 
Property 3. /f a function f(x) is continuous on a closed interval 


[a, b], then the limits s and Ss, defined by Property 2 on the condi- 
tion that max Ax;—-0, are equal. 
We denote this common limit by s: 


S=s=s (13) 
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Proof. Let us consider the difference between the upper and 
lower sums: 


Sa—Sp =(M,—m,) Ax, +(M,—m,) Ax,.+... 
+(M;—m,) Ax; +...+(M,—m,) Ax,= 2 (M;—m,) Ax, (14) 


Denote by e, the maximum difference (M;—m,) for a given 
partition: 
€, = max (M;—™m,) 


It may be proved (though we will not do so) that if a function 
f(x) is continuous on a closed interval, then for any mode of 
partition of the interval [a, b], ¢,—+0 provided max Ax; — 0: 
lim e,=0 (15) 
max Axj > 0 

The property of a continuous function on a closed interval as 
expressed by equation (15) is called uniform continuity of the 
function. 

We will thus make use of the theorem that a function conti- 
nuous on a closed interval is uniformly continuous on that interval. 

Reverting to (14), we replace each difference (M;—™m,) on the 
right by ¢,, which is at least equal to the difference. This yields 
the inequality 


Sn—Sn Kl, AX, +e, AX,+..- +8, AX, = 
=e, (Ax, +Ax,+...+Ax,) =e, (b—a) 
Passing to the limit as max Ax; +0 (n— oo), we get 


lim (s,—s,)< lim e,(b—a)=(b—a) lim e,=0 (16) 
maxAxj>0 = max Ax; > 0 max Ax; > 0 
That is, 

lims, =lims, =s (17), 


or s=s=:s, which completes the proof. 

Property 4. Let sn, and Sn, be the lower and upper sums corre- 
sponding to partitions of the interval [a,b] into n, and n, subin- 
tervals, respectively. We then have the inequality 

Sry Sn, (18) 


for arbitrary n, and n,. 

Proof. Consider a partition of [a, b] inton, =n,-+n, subintervals, 
where the division points are those of the first and second parti- 
tions. 
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By inequality (3) of Sec. 11.1, we have 


Sm, XSp, (19) 
On the basis of Property 1, we have 

Sn, S Sn, (20) 

Sn, Sn, (21) 


Using relations (20) and (21), we can extend inequality (19) 
Sm Sn, KS ny K Sp 
or 
Sn, SSn, 
which completes the proof. 

Property 5. /f a function f(x) is continuous on an interval [a, 6], 
then for any sequence of partitions of [a, 6] into subintervals 
[x;-1, %;], not necessarily by means of adjoining new points of 
division, provided max Ax;—+0, the lower (integral) sum s,, and’ the 


upper (integral) sum s*, tend to the limit s defined by Property 3. 
Proof. Let us consider a sequence of partitions of the sequence 


of upper sums s, defined by Property 2. For arbitrary values of n 
and m [by inequality (18)], we can write 
Sin <Sp 


Passing to the limit as n—+oo we can write, by (15), 
Sm Ss 


Similarly we can prove that s<s¥. 
Thus, _ 
Sm SS Sin 
or 7 
s—s, 30, 5-520 (22) 
Consider the limit of the difference: 
lim — (st, —s%,) 
max Ax; + 0 = 
Since the function f(x) is continuous on the closed interval [a, 5] 
we will prove [in the same way as for Property 3, see equation 
(16)] that 
lim  (s,—s%,) =0 
max Ax; > 0 
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We rewrite this relation as 
lim — [(st, —s) + (s—s*,)] =0 
F 2 


max Axj > 
By (22), each of the differences in the square brackets is nonne- 
gative. Hence, 
lim (s,—s)=0, lim (s—s,)=0 


max Ax; > 0 max Axj +0 


and we finally get 


lim s,=s, lim s,=s (23) 
max Ax; > 0 — max Ax; > 0 


This completes the proof. 

Now we can prove the foregoing theorem. Let a function f (x) 
be continuous on an interval [a, 6]. We consider an arbitrary 
sequence of (integral) sums 


= DI (&,) Ax, 


such that max Ax;—+0 and &; is an arbitrary point in the subin- 
terval [x;_,, x;]. 

We consider the appropriate sequences of upper and lower sums 
s, and s, for the given sequence of partitions. The relations (2) 
hold true for each partition: 


Sp < Sn < Sq 


Passing to the limit as max Ax,;—+0 and using equations (23) 
and Theorem 4, Sec. 2.5, we get 
lim s,=s 
max Axj +0 


where s is the limit defined by Property 3. 
As already stated, this limit is termed the definite integral 
b 


Waco dx. Thus, if f(x) is continuous on the interval (a, 6], then 
a 


lim jul (Ei) Ax; = [reas (24) 


max Ax; > 


It may be noted that there are both integrable and noninteg- 
rable functions in the class of discontinuous functions. 

Note 1. It will be noted that the definite integral depends only 
on the form of the function f(x) and the limits of integration, 
and not on the variable of integration, which may be denoted by 
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any letter. Thus, without changing the magnitude of a definite 
integral it is possible to replace the letter x by any other letter: 


5 b 5 
\F(xydx=J fa)dt=...=§ f(z)de 


Note 2. When introducing the concept of the definite integral 
6 


(FW) dx we assumed that a< b. In the case where b<a wewill, 


by definition, have , 
| f(x)de= =) f(x) dx (25) 


Thus, for instance, 
0 


5 
edxy= — y x? dx 
5 é 


Note 3. In the case of a=b we assume, by definition, that for 
any function f(x) we have 


| F(x)dx=0 (26) 


This is natural also from the geometric standpoint. Indeed, the 
base of a curvilinear trapezoid has length equal to zero; conse- 


quently, its area is zero too. 
b 


Example 1. Compute the integral { kx dx (b >a). 


a 

Solution. Geometrically, the problem is equivalent to computing the area Q 
of a trapezoid bounded by the lines y=kx, x=a, x=b, y=O (Fig. 215). 

The function y=&x under the integral sign 
is coritinuous. Therefore, in order to compute 
the definite integral we have the right, as was 
stated above, to divide the interval fa, 5] in 
any way and choose arbitrary intermediate po- 
ints fe The result of computing a definite in- 
tegral is independent of the way in which the 
integral sum is formed, provided that the subin- 
terval approaches zero. 

Divide the interval [a, 6] into n equal subin- 
tervals. 

The length Ax of each  subinterval is 


Kee b—a 
The division points have coordinates ; 


Xp =a, X;=a-+Ax, 
Xg=a+2Ax, ..., Xp=a+nax 


; this number is the partition unit. 
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For the points &% take the left end points of each subinterval : 
t:=a, F=a+tAx, &;=a+2Ax, ..., &,=a+(n—1) Ax 


Form the integral sum (1). Since f (E;)=&;, we haye 
Sp = RE, Ax hy Ax... L RE, Ax 
=ka Ax+[k (a+ Ax)] Ax+...+{& [a+(n—1) Ax]} Ax 
=k {a+(a+Ax)+(a+2Ax)+...+[a+(n—1) Ax]} Ax 
=k {na+[Ax+2Ax-+...-+(n—1) Ax]} Ax 
=hk {na+[I1+2+...+(n—1)] Ax} Ax 


—a 


where Ax= p . Taking into account that 





1424... 42-1 = 2G) 
(as the sum of an arithmetic progression), we get 


sackiR [no Se =" b—a_, [e+ as “| (pa) 











2 n n 


Since lim “=! 1, it follows that 
n>om Nn 
pone 2. 78 
lim s,=Q=k [+957] (o—a) =n 4 
norww 





Thus, 
6 


2. 72 
Verdr=e? a 
a 


2 





The area of ABba (Fig. 215) is readily computed by the methods of elemen- 
tary geometry. The result will be the same. 
2 Y  y=x? 

Example 2. Evaluate { 2 dx, 

0 

Solution. The given integral is equal to the area Q of a 

curvilinear trapezoid bounded by a parabola y=x?, the ordi- 


nate x=b, and the straight line y=O (Fig. 216). 
Divide the interval [a, 6] into n equal parts by the points 


Xo=0, x,=Ax, X%g=2Ax, ..., x,=b=nAx, Ae? 


For the &; points take the right extremities of each subin- 

terval. Form the integral sum 

Sy = x2 Ax+ xB Ax... x2 Ax olay oF 

= [(Ax)? Ax+(2Ax)? Ax+...+(nAx)? Ax] = (Ax)? [12+22+....+n2] Fig. 216 
As we know, 


124224364 .,, +nrniet henry) 
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therefore soe 
_ Fan n+l) (Qn+1)_ 6? i i 
1a tegen But) 244) 
b 
lim n= Q=( stde= 
anor Hi 3 
b 


Example 8. Evaluate y m dx (m=const). 


Solution. 
n n 


b 
{ max= lim = mAxj= lim mS Ay; 
a 


max Axj > 0 f=) max Ax;>0 j=) 


=m iim Ax;=m (b—a 
max Ax; > 0 >) ' ( ) 


n 
Here, = Ax; is the sum of the lengths of the subintervals into which the 


interval tae 6] was divided. No matter what the method of partition, the sum 
is equal to the length of faz segment b—a. 
Example 4. Evaluate (es dx. 
a 
Solution. Again divide the interval [a, 6] into n equal parts: 


X=, Xy=A+Ax, ..., Xp=a+ndx, Ax=2—2 





Take the left extremities as the points —£;. Then form the sum 
Sp =e? Ax-fett4* Ax... pest a—N Ax Ay 
oz ef (1+ eA¥4 era nat +e4-') Ax) Ax 


The expression in the brackets is a geometric progression with common 
ratio e“* and first term 1; therefore 





eft hx_y nAx Ax 

ey Ax =e? (e —1) ak] 
Then we have 
nAx=b—a, lim ay =1 
Ax >0 ek _ | 
diag sees tag z 1 

(By I’Hospital’s rule pa aa =n al. -) Thus, 

lim s,=Q =e? (eb-¢— 1). 1 =eb—ea 
na-r@ 


that is, 
b 


y ex dx =eb— ea 
a 
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Note 4. The foregoing examples show that the direct evaluation 
of definite integrals as the limits of integral sums involves great 
difficulties. Even when the integrands are very simple (kx, x?, e*), 
this method involves cumbersome computations. The finding of 
definite integrals of more complicated functions leads to still 
greater difficulties. The natural problem that arises is to find 
some practically convenient way of evaluating definite integrals. 
This method, which was discovered by Newton and Leibniz, 
utilizes the profound relationship that exists between integration 
and differentiation. The following sections of this chapter are 
devoted to the exposition and substantiation of this method. 


11.3 BASIC PROPERTIES OF THE DEFINITE INTEGRAL 


Property 1. A constant factor may be taken outside the sign of 
the definite integral: if A=const, then 


6 b 
{ Af (x) de= A | f (x) dx (1) 


Proof. 
b 


( Af (x)dx= lim s Af (§;) Ax; 
a 1 


li 
a max Ax; > 0 /= 


=A lim Se) Ay=Al fyde 


max Axj> 0 f=} a 


Property 2. The definite integral of an algebraic sum of several 
functions is equal to the algebraic sum of the integrals of the sum- 
mands. Thus, in the case of two terms 


6b b te) 
(hW+h lde=§ f, (det | fy (x) de (2) 
Proof. 


b n 
FAG)th(dr= tim | yh) +h Go] dx, 


es, With [3h Gaet 8 Gdn] 
t=1 


max Axj>0 


n 


= lm > AGI A+ | dim | Dh) Ax 


max Ax; > 0 j=} 


b b 
=JAedetS fae 
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The proof is similar for any number of terms. 

Properties 1 and 2, though proved only for the case a < 6, hold 
also for a> b. 

However, the following property holds only for a< b: 

Property 3. /f on an interval [a, 6] (a< 6), the functions f (x) 
and @(x) satisfy the condition f (x)<@(x), then 


b b 
(Fadr<§ p(x)ax (3) 
a a 

Proof. Let us consider the difference 


6 6 b 
f(x) dx—( f(x)dx = [ [of (@)] ae 


= lim z [p &)—F ED] Ax; 


max Ax; > 


Here, each difference g (&;)—/f (6) 0, Ax,;2>0. Thus, each term 
of the sum is nonnegative, the entire sum is nonnegative, and its 
limit is nonnegative; that is, 


b 
| [9 ()—f ()] dx>0 





b b 
| p(xydx—J fF (x)dx D0 
6 a 

Fig. 217 whence follows inequality (3). 

If f(x) >0 and p(x)>0, then this 
property is nicely illustrated geometrically (Fig. 217). Since 
gp (x) >f (x), the area of the curvilinear trapezoid a@A,B,b does not 
exceed the area of the curvilinear trapezoid aA,B,b. 

Property 4. Jf m and M are the smallest and greatest values of 
a function f(x) on an interval [a, b] and a<b, then 
b 


m(b—a) < § f (x) dx < M (b—a) (4) 


Proof. It is given that 
m<f(x)<M 
On the basis of Property (3) we have 


6 b b 
| mdx< | f(xyde<| Max 4’) 
@ a a 
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But 


5 b 

y mdx=m(b—a), y Mdx = M (b—a) 

a a ? 

(see Example 3, Sec. 11.2). Putting these expressions into inequa- 
lity (4’), we get inequality (4). 

If f(x)>0, this property can easily be illustrated geometrically 
(Fig 218). The area of the curvilinear trapezoid aABb lies bet- 
ween the areas of the rectangles 
aA,B,b and aA,B,b. 

Property 5 (Mean-value theorem). 
If a function f(x) is continuous on 
an interval [a, 6], then there isa 
point & on this interval such that the 
following equation holds: 


b 
{ f (x) dx = (b—a) f (E) (5) 





Proof. For definiteness let a<b. Fig. 218 
If m and M are, respectively, the 
smallest and greatest values of f(x) on [a, 5], then by virtue of (4) 


b 
1 
m<z~z\ f(x)de<M 
a 
whence 
6 
sag J F(x)dx=p, where m<p<M 
a 


Since f(x) is continuous on [a, 6], it takes on all intermediate 
values between m and M. Therefore, for some value §(a<§&< 5b) 
we will have p =f (&), or 


6 
{ f(x) de =F (6—a) 
Property 6. For any three numbers a, 6, c the equation 
6 c 6 
| F)de=J fleyde +f pleyae (6) 


is true, provided all these three integrals exist. 
Proof. First suppose that a<c< 6, and form the integral sum 
of the function f(x) on the interval [a, 6]. 
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Since the limit of the integral sum is independent of the way 
in which the interval [a, 6] is divided into subintervals, we di- 
vide [a, 6] into subintervals such that the point ¢ is the division 
point. Then we partition the sum >, which corresponds to the in- 

a 


c 


terval [a, 6], into two sums: }, which 
a 


b 

corresponds to {a, c], and >), which cor- 
e 

responds to [c, 6]. Then 





b & 6 
DPE) Ax = DE) Ans + SEE) Ax, 


Now, passing to the limit as max 
Ax,;—+0, we get relation (6). 
If a<b<c, then on the basis of what has been proved we 
can write 


c b c b c c 
| F(ydx=J P(x)dx-+S F(x)de or | f(x)dx=§ I(x) dx—| f(x) dx 


a 
but by formula (4), Sec. 11.2, we have 


c 6 
5 f(x)dx= —§ f(x) dx 


Therefore, 
b c 6 
I F(xydx=J p(yar+ | fae 
a a c 
This property is similarly proved for any other arrangement of 
points a, b, and c. 
Fig. 219 illustrates Property 6, geometrically, or the case where 
f(x) >0 and a<c<b: the area of the trapezoid aABb is equal 
to the sum of the areas of the trapezoids aACc and cCBb. 


11.4 EVALUATING A DEFINITE INTEGRAL. 
THE NEWTON-LEIBNIZ FORMULA 


In a definite integral 
6 
{ F(2)dx 
a 
let the lower limit a be fixed and let the upper limit 6 vary. 


Then the value of the integral will vary as well: that is, the 
integral is a function of the upper limit. 
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So as to retain customary notations, we shall denote the upper 
limit by x, and to avoid confusion we shall denote the variable 
of integration by ¢. (This change in notation does not change the 

x 


value of the integral.) We get the integral y f(t) dt. For constant a, 


a 
this integral will be a function of the upper limit x. We denote 
this function by ® (x): 
D(x) =S f(t) at (1) 
a 

If f(¢) is a nonnegative function, the quantity ®(x) is numeri- 
cally equal to the area of the curvilinear trapezoid aAXx (Fig. 220). 
It is obvious that this area varies 
with x. 

Let us find the derivative of D(x) 
with respect to x, i.e., the derivati- 
ve of the definite integral (1) with 
respect to the upper limit. 

Theorem 1. /f f(x) is a continuous 

x 


function and @ (x)= f(t)dt, then we 





have the equation 


®' (x) =f (x) 

In other words, the derivative of a definite integral with respect 
to the upper limit is equal to the integrand in which the value of 
the upper limit replaces the variable of integration (provided that 
the integrand is continuous). 

Proof. Let us give the argument x a positive or negative incre- 
ment Ax; then (taking into account Property 6 of a definite inte- 
gral) we get 

x+Ax x x+Ax 
O(xtary= J f(yat=l Fatt | fae 
a 


a x 


The increment of the function ®(x) is equal to 


x x+Ax x 
AD =O(x+Ax)—O(x) =f fF (Hat+ | fyar—S fiyat 
that is, 
x+Ax 


Ao= § f(t)de 


x 
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Apply to the latter integral the mean-value theorem (Property 5 
of a definite integral): 


AD = f (&) (x + Ax—x) =f (6) Ax 


where & lies between x and «+ Ax. 
Find the ratio of the increment of the function to the incre- 
ment of the argument: 
A® A 
a a ah) 
Hence, 


But since §—»-x as Ax +0, we have 
lim f (§) = lim f (8) 
Ax > 0 Box 
and due to the continuity of the function f(x), 


lim F)=F(2) 


Thus, @’ (x) =f (x), and the theorem is proved. 

The geometric illustration of this theorem (Fig. 220) is simple; 
the increment A® =f (&) Ax is equal to the area of a curvilinear 
trapezoid with base Ax, and the derivative ®’(x)=f(x) is equal 
to the length of the segment xX. 

Note. One consequence of the theorem that has been proved is 
that every continuous function has an antiderivative. Indeed, if the 
function f(t) is continuous on the interval [a, 4}. then, as was 
pointed out in Sec. 11.2, in this case the definite integral 


x 
WAG) dt exists, which is to say that the following function exists: 
a 


x 


@ (x) = f(t) dt 


But from what has already been proved, it is the antiderivative 
of f (x). 

Theorem 2. /f F(x) is some antiderivative of a continuous 
function f(x), then the formula 


b 
( f(x) de =F (6) —F (a) (2) 
holds. 
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This formula is known as the Newton-Leibniz formula.* 
Proof. Let F(x) be some antiderivative of the function f(x). By 


Theorem 1, the function \ Fd) dt is also an antiderivative of f(x). 


But any two antiderivatives of a given function differ by a con- 
stant C*. And so we can write 


\F(t)dt =F(x) +e (3) 


For an appropriate choice of C*, this equation holds for all va- 
lues of x, that is, it is an identity. To determine the constant C* 
put x=a in the identity; then 


JF) dt=F (a) +c 
or 
0=F(a)+C* 
whence 
C* = —F (a) 
Hence, 


Srdt=F Fea 
Putting x=b, we obtain the Newton-Leibniz formula: 
b 
F(t) dt =F ()—F (a) 
or, replacing the notation of the variable of integration by x, 
b 
SF) de = F (b)—F (a) 


It will be noted that the difference F(b)—F(a) is independent 
of the choice of antiderivative F, since all antiderivatives differ 
by a constant quantity, which disappears upon subtraction anyway. 


* It is necessary to point out that the name of formula (2) is not exact, 
since neither Newton nor Leibniz had any such formula in the exact meaning 
of the word. The important thing, however, is that namely Leibniz and New- 
ton were the first to establish a relationship between integration and differen- 
tiaton, thus making possible the rule for evaluating definite integrals. 
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If we introduce the notation * 
F (6) —F (a) =F (x)2 
then formula (2) may be rewritten as follows: 


b 
| f (x) de =F (x)[8 =F (0)—F (a) 


The Newton-Leibniz formula yields a practical and convenient 
method for computing definite integrals in cases where the anti- 
derivative of the integrand is known. Only when this formula was 
established did the definite integral acquire its present significance 
in mathematics. Although the ancients (Archimedes) were familiar 
with a process similar to the computation of a definite integral as 
the limit of an integral sum, the applications of this method were 
confined to the very simple cases where the limit of the sum could 
be computed directly. The Newton-Leibniz formula greatly expanded 
the field of application of the definite integral, because mathe- 
matics obtained a general method for solving various problems 
of a particular type and so could considerably extend the range 
of applications of the definite integral to technology, mechanics, 
astronomy, and so on. 




















Example 1. ‘ 
j _ x2 |b 68a? 
Ss es ae 
a 
Example 2. . 
x8 (6 63g 
2 =o — 
Se ean ham 
a 
Example 3. 
b 
xntl |b pntl__anti 
n => To eee — 
Vande mote te) 
a 
Example 4. 


5 
y e* dx = e*|? = eb—ea 
a 


* The expression lj is called the sign of double substitution. In the litera- 
ture we find two notations: 
F ()—F (a) =IF (Ng 
or 
F (6)—F (a)=F (x) 2 


We shall use both notations. 


11.5 Change of Variable in the Definite Integral 


Example 5. 
on 
y sin x dx = —cos x|o* = —(cos 2n—cos 0)=0 
0 
Example 6. 











f odd =V)V 14x t_ Y 3-1 
14x? 


11.5 CHANGE OF VARIABLE IN THE DEFINITE INTEGRAL 


Theorem. Given an integral 
6 


J F(x) de 


where the function f(x) is continuous on the interval [a, 6]. 
Introduce a new variable t using the formula 


i x= 9 (t) 
(1) p(a)=a, p(B) =, 


(2) p(t) and g’ (t) are continuous on [a, B], 
(3) f [@(d] is ee and is continuous on [a, B], then 


( f (x)dx = ( f (@(t)] ’ (#) dt 


407 


(1) 


Proof. If F(x) is an antiderivative of the function f(x), we can 


write the following equations: 
{ F(x) dx =F (x) +C 
\ Fle] o (dt =F [p(Q) +C 


(2) 
(3) 


The truth of the latter equation is checked by differentiation of 
both sides with respect to ¢. [It likewise follows from formula (2), 


Sec. 10.4]. From @) we have 


(7Q)de=F() B= FO)—F (a) 


From (3) we have 
B 


\ Fle] o dt =F [ob 


=F [9 (B)] —F [9 («)] 
= F (b)—F (a) 
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The right sides of these expressions are 
equal, and so the left sides are equa! as 
well, thus proving the theorem. 

Note. It will be noted that when compu- 
ting the definite integral from formula (1) 
we do not return to the old variable. 
If we compute the second of the definite 
integrals of (1), we get a certain number; 
ne first integral is also equal to this num- 

er. 


Example. Compute the integral 


( VAaF ae 
0 





Solution. Make a change of variable: 
x=rsint, dx=rcost dt 


Determine the new limits: 
x=0 for ¢=0 


1 
x=r for => 


Consequently, 


ae 4 
fa 2 za 
y AH dx = | V r—r? sin? ir cos t dt =? ( V 1—sin? ¢ cos ¢ df 
0 0 0 





au a 
- 7 Pa Le 
t , sin2¢] 2 ~~ mr3 
=p? 2 —p 24a mp2 |b _ ae 
=r | tdt nV (pty cosa!) a r [s+ ri |. =F 


Geometrically, the computed integral is ; the area of the circle bounded 


by the circumference x?-+-y?—=r? (Fig. 221). 
11.6 INTEGRATION BY PARTS 
Let uw and v be differentiable functions of x. Then 
(uv)’ =u'v + uv’ 
Integrating both sides of the identity from a to 6, we have 


6 6 5 


{ (uv)’ dx = § w'vdx+§ wo’ de (1) 


@ @ a 
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6 
Since { (uv)’ dx = uv +C, we have { (uv)’ dex = uv |$; for this reason, 


the equation can be written in the form , 
6 6 
uv t= \vdu+ | ude 
a a 
or, finally, 


b b 
{ udv=wo B—S vdu 
a a 


ols 


Example. Evaluate the integral /, =: \ sin” x dx. 
x uk 
> -y 2 
ey eae sin’—1 x sin x dx =— sin"-!xdcosx 
: i S = 


td 


= : 
==—sin?-1 x cos x | +(n—1) \ sin"? x cos x cos x dx 


ouwy xa 


== (n—1) \ sin"-? x cos® x dx 


=(n—1) \ sin?-? x(1—sin? x) dx 
pid 


= (n—1) 


oe la Can] C9 wa 


2 
sin"~2 x dx—(n— 1) sin” x dx 


In the notation chosen we can write the latter equation as 
Ln=(R—1) Iy-a—(n—1) Ty 
whence we find 





n—1 
= n In-9 (2) 


Using the same technique, we find 





n—3 
In-a= 75! nna 
and so 
] _n—In—3 
nn n—2 "74 
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Continuing in the same way, we arriveat /g or /, depending on whether 
the number n is even or odd. 

Let us consider two cases: 

(1) 2 is even, n=2m: 
2n—1 . 2n—3 3 


liaete Ly 
Im %m—2'''4 Q °° 


Tom = 


(2) n is odd, n=2m-+1: 
2m 2m—2 4 2 


lett 5p Oe Ge 
dut since 
x x x 
2 2 2 
lo= J sine xax—{ dx=>, n=l sin xdx=1 
0 0 0 
ve have 
nm 
- 2n—1 2m—-3 5 3 1 
_ in2n ent el ae a SO a on aU 
lan= § BN oa Ome Oe 8 
0 
a 
A 2m mM—-2 6 4 2 
m m— 
_— in24+1 =————_ .- ——_— ae ee ets 
lem sim J sin eee a Imi 7 SS 


From these formulas there follows the Wallis formula, which expresses the 
number 5 in the form of an infinite product. 


Indeed from the latter two equations we find, by means of termwise di- 
vision, ‘ 
m__{ 2-4-6... 2m \* 1 lem 3 
2 \3-5...(Qm—l)) Im+1 Tomei (3) 
We shall now prove that 


lim !sm =/ 
mow 'eamt+1 





For all x of the interval (0. +). the inequalities 


sin24-1ly > sin?4 x > sin®m+1y 
hold. 
Integrating from 0 to oe 


7 we get 


I9m-1 => lem = lom+t 
whence 





I 2m—1 lem >] (4) 
Iym+1 I em+i 
From (2) it follows that 
Iem—1__2m+1 
lam+1 2m 
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Hence 
lime: EIS Gi, 


m—>otemt+. m>o 





From inequality (4) we have 





Passing to the limit in formula (3), we get Wallis’ formula (Wallis’ product) for 
7 _ him ( 2-4-6... Im \? 1 | 
2 in ve LASS «e. (2M—1)) In+1 


This formula may be written in the form 
a _ lim (+ 2 4 4 6 2n—2 2m 1) 
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1. Integrals with infinite limits. Let a function f(x) be defined 
and continuous for all values of x such that ax x < +00. Consi- 
der the integral 

b 
1 (6) =\ f (x)dx 
This integral is meaningful for any b> a. The integral varies with 
b and is a continuous function of b (see Sec. 11.4). Let us con- 
sider the behaviour of this integ- y 
ral when b—+-+ 00 (Fig. 222). 
Definition. If there exists a finite 


limit 
b 
Nagi Sf (es O| a b z 
then this limit is called the impro- Fig. 222 


per integral of the function f (x) 
on the interval [a, -+-0o) and is denoted by the symbol 


+0 


Sy f (x) dx 


a 


Thus, by definition, we have 
+o b 


J fede lim | f(ae 
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+0 
In this case it is said that the improper integral y f(x) dx exists 
a 


b 
or converges. If Wits) dx as b—+-+ 00 does not have a finite limit, 
a 
+0 


one says that y f (x) dx does not exist or diverges. 


It 1s easy to see the geometric meaning of an improper integral 


5 
for the case where f(x) 20: if the integral iy f (x) dx expresses the 


area of a region bounded by the curve y= f(x), the x-axis and 
the ordinates x==a, x=b, it is natural to consider that the im- 
+@ 


proper integral y f (x) dx expresses the area of an unbounded (in- 


a 
finite) region lying between the lines y=f (x), x =a, and the axis 
of abscissas. 
We similarly define the improper integrals of other infinite in- 
tervals: 
a a 


\ F(x)dx = lim | F@de 


J feode= J faydet § feac 


The latter equation should be understood as follows: if each of 
the improper integrals on the right exists, then, by definition, 
the integral on the left also exists (converges). 





Y) Y= Tar 


 — 






fax Paz 
toe diez? 

~~ 
Fig. 223 Fig. 224 


+o 
dx 
Example 1. Evaluate the integral § Tx (see Figs. 223 and 224). 
0 
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Solution. By the definition of an improper integral we find 





dx dx ; 6 . nm 
a=. lim f = lim arctan = ii tan b= — 
) 1+ Pe tere 1+? eee: 7 xf" eee 2 


This inerral eres the area of an infinite curvilinear trapezoid cross- 
hatched in Fig. 2 


Example 2. Baa out at which values of a 
(Fig. 208) the integral 


+0 
dx 
xt 
1 


converges and at which it diverges. 
Solution. Since (when a # 1) 














dx P| ee | es 
aia bed a) 
1 
we have 
+@ 
(Hem oon 
' is , im is 


Consequently, with respect to this integral we conclude that 


+@ 
dx — 
ifa>1, then ‘ GT and the integral converges; 
1 


ae 
x 


ifa<1, then i z= 00, and the integral diverges 
+ 





t-) 
. =? and the integral diverges. 














+0 Pa 
Example 3. Evaluate Ta" 
-@ 
Solution. 
+@ 0 +@ 
dx § dx + dx 
1-x2 J 1+x2 128 
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The second integral is equal to > (see Example 1). Compute the first integral: 
, dx ° dx 0 
i real | re Rss arctanx os 


>-@ 
-—-oO 
= lim (arctanO—arctan a)= = 
a>—o 2 


Therefore, 





In many cases it is sufficient to determine whether the given 
integral converges or diverges, and to estimate its value. The fol- 
lowing theorems, which we give without proof, may be useful in 
this respect. We shall illustrate their application in a few cases. 

Theorem 1. /f for all x(x 2a) the inequality 

0<f(x*) <r) 
+a +@ 
is fulfilled and if y gp (x) dx converges, then y f(x)dx also 
a a 
converges, and 


{ Fde< | pax 


Example 4. Investigate the integral 
+0 
f dx 
, x? (1 --e*) 
for convergence. 
Solution. It will be noted that when | <x, 
1 1 
pe) Sat 
And 





Consequently, 


converges, and its value is less than 1. 
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(Theorem 2. /f for all x(x2>a) the inequality 0<@ (x) <f (x) 


+a 


+o 
holds true and y @ (x) dx diverges, then the integral \ F(x) dx 
a ? a 


also diverges. 


Example 5. Find out whether the following integral converges or diverges: 











+0 44 
x 
dx 
\ 7s 
1 
We notice that 
el x 1 
Ve” Ve Vx 
But ‘. 
+0 : 
j dae lim 2V x =+o 
! x b>+0 1 


Consequently, the given integral also diverges. 


In the last two theorems we considered improper integrals of 
nonnegative functions. For the case of a function f(x) which 
changes its sign over an infinite interval we have the following 
theorem. 

+0 


Theorem 3. /f the integral y | f (x) |dx converges, then the in- 


a 
+@ 


tegral y f (x) dx also converges. 
In this case, the latter integral is called an absolutely conver- 
gent integral. 


Example 6. Investigate the convergence of the integral 
+0 








sin x 
ee 
Solution. Here, the integrand is an alternating function. We note that 
+a 
sin x I dx 1 [+2 1 
= [<|ae|- Bt \ So— ar 1 =F 
sin x 








| ae converges. Whence it follows that the 


+0 
Therefore, the integral 7) 
1 


given integral also converges. 
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2. The integral of a discontinuous function. A function f(x) is 
defined and continuous when ax<x<c, and either not defined or 


discontinuous when x =c. In this case, one cannot speak of 
¢ 


the integral y f (x) dx as the limit of integral sums, because f (x) 


is not continuous on the interval fa, c], and for this reason the 


limit may not exist. 


The integral y } (x) dx of the function f (x) discontinuous at the 


point c is defined as follows: 
e b 


Sf (x)dx— lim ) f(x) dx 


If the limit on the right exists, the integral is called an impro- 
per convergent integral, otherwise it is divergent. 

If the function f(x) is discontinuous at the left extremity of the 
interval [a, c] (that is, for x=), then by definition 


\Fixjde = lim Sf inax 
a bh>a+0% 


If the function f(x) is discontinuous at some point x= x, inside 
the interval (a, c], we put 


c Xo ec 

J Fxndx =) p(xydx +( f(ade 

a a Xo 

if both improper integrals on the right side of the equation exist. 
Example 7. Evaluate 





1 
j dx 
, V |-—x 
Solution. 
dx 








dx P b 
= lim =— lim 2Vl—x 
j V i—*x , tim || V |—x b+1-0 I 
0 


0 
=— lim 2(V¥1—b—1)=2 
b>1-0 


1 
Example 8. Evaluate the integral \ = 


-1 
Solution. Since inside the interval of integration there exists a point x=0 
where the integrand is discontinuous, the integral must be represented as the 
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sum of two terms: 





lim ne im Lf tim (2-4)=« 
e, 7-0 x e,2-0 * |-1 e,2-0\& —! 
Thus, the integral diverges on the interval |—1, 0}: 
* de 1 
tim (S—— tim (1-2)=« 
tee t0¥ x fy +0 2) 
2 


And this means that the integral also diverges on the interval [0, 1]. 

Hence, the given integral diverges on the entire interval [—1, 1]. 

It should be noted that if we had begun to evaluate the given integral © 
without paying attention to the discontinuity of the integrand at the point 
pu the result would have been wrong. 
Indeed, 


1 
#1 (11) 
x x |-1 
-1 
which is impossible (Fig. 226). 


Note. If the function f(x), defined 
on the interval [a, 6], has, within this 
interval, a finite number of points of 
discontinuity a,, a, ..., a,, then the 
integral of the function f(x) on the Fig. 226 
interval [a, 6] is defined as follows: 





bh a as b 
| F(xydx =) f(xy d+ § f(xydx+te.. + | fydx 


an 


if each of the improper integrals on the right side of the equation 
converges. But if even one of these integrals diverges, then 
6 


 f (x) dx too is called divergent. 


a 

For determining the convergence of improper integrals of dis- 
continuous functions and for estimating their values, one can 
frequently make use of theorems similar to those used to estimate 
integrals with infinite limits. 

Theorem 1’. [f on the interval [a, c] the functions f(x) and @ (x) 
are discontinuous at the point c, and at all points of this interval 
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c 


the inequalities p(x) >f(x)20 hold and few) dx converges, then 
a 


c 
J f(x ax also converges. 


Theorem 2’. /f on the interval [a, c] the functions f(x) and (x) 
are discontinuous at the point c, and at Bue points of this interval 


the inequalities f (x)= q(x) 20 hold and ( @ (x) dx diverges, then 
a 
c 


{ f (x) dx also diverges. 


° Theorem 3’. [f f(x) is an alternating function on the interval 
{a, c] and discontinuous only at the point c, and the improper inte- 
c 


gral Wi (x)|dx of the absolute value of this function converges, 
a 


then the integral | Fx) dx of the function itself also converges. 
a 


Use is frequently made of jax 3S functions with which it is 


convenient to compare the functions under the sign of the improper 
integral. It is easy to verify that lam _dx converges fora <1, 
and diverges for a> 1. 


c 
The same applies also to the integrals ep. 
1 a 
eeoeote 
Vi x48 
Solution. The integrand is discontinuous at the left extremity of the inter- 
1 
Vx" 
eee ne eae 
Veta Vx 


Example 9. Does the integral dx converge? 





val |0, 1]. Comparing it with the function we have 


17, exists. Consequently, the improper integral of 


1 
The improper integral [ fi 
0 


1 
a lesser function, that ere) dx, also exists. 
0 


Vx rere 
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11.8 APPROXIMATING DEFINITE INTEGRALS 


At the end of Chapter 10 it was pointed out that not for every 
continuous function is its antiderivative, expressible in terms of 
elementary functions. In these cases, computation of definite inte- 
grals by the Newton-Leibniz formula is involved, and various 
methods of approximation are used to evaluate the definite inte- 
grals. The following are several methods of approximate integration 
based on the concept of a definite integral as the limit of a sum. 

]. Rectangular formula. Let a continuous function y =f (x) be 
given on an interval [a, 6]. It is required to evaluate the definite 
integral 


6 
| f(xdx 


Divide the interval [a, 6] by the points a=x,, x,, X,, ...,%, =D 
into n equal parts of length Ax: 


Ae et 





Then denote by y,, 41, Yo: +++» Yn-1» Yn the values of the func- 
tion f(x) at the points x,, x,, %,, ..., x,; that is, 


Y =F (x), y, =f (x,), eons Yn =F (Xn) 
Form the sums: 
YoAx + YAx + ... +Yn-1Ax 
y,Ax+y,Ax+...+y,Ax 


Each of these sums is an integral sum of f(x) on the interval 
{a, 6] and for this reason approximately expresses the integral 





6 
V Fede 2 tu tYat + +Yn) (1) 


b—a 


b 
VF (x) dx mS" (yy tanto +n): (1) 





This is the rectangular formula. From Fig. 227 it is evident 
that if f(x) is a positive and increasing function, then formula (1) 
expresses the area of the step-like figure composed of “inside” 
rectangles, while formula (1’) yields the area of the step-like figure 
composed of “outside” rectangles. 

The error made when calculating integrals by the rectangular 


formula diminishes with increasing n (that is, the smaller the di- 





visions Ax =°=*) d 


ore 
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Il. The trapezoidal rule. It is natural to expect that we will 
obtain a more exact value of the definite integral if we replace 
the curve y=/(x) not by a step-like line, as in the rectangular 
formula, but by an inscribed broken line (Fig. 228). Then the 
area of the curvilinear trapezoid aABb will be replaced by the 
sum of the areas of the rectilinear trapezoids bounded from above 





| IgA XZ, ae 





O| @o2@ ly Zz Ay Td = 


Fig. 227 Fig. 228 


by the chords AA,, A,A,, ..., A,-,B. Since the area of the first 
of these trapezoids is OTH Ay, the area of the second is wis Ax, 
and so forth, so 


b 
Vi (nar (SH avy Bee ary ee + fetes ax) 
or 
° 6 
VF dew OS8 (ME ty tye tee + Yas) (2) 


This is the trapezoidal formula (trapezoidal rule). Note that the 
number on the right of (2) is the arithmetic mean of the numbers 
in the right members of (1) and (1’). 

The choice of n is arbitrary. The greater this number, the smaller 


will be the division (subinterval) Ax=°—4 and the greater will 


be the accuracy with which the sum, written on the right side of 
the approximate equation (2), yields the value of the integral. 

Il. Parabolic formula (Simpson’s rule). Divide the interval 
{a, b] into an even number of parts n=2m. Replace the area of 
the curvilinear trapezoid, corresponding to the first two subinter- 
vals [x,, x,] and [x,, x,] and bounded by the given curve y=f (x), 
by the area of a curvilinear trapezoid such that is bounded by a 
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quadratic parabola passing through three points: 
M (Xo, Yo), Mi (Xs 91), Ma (Xa, Ya) 


and with an axis parallel to the y-axis (Fig. 229). We shall call 
this kind of curvilinear trapezoid a parabolic trapezoid. 
The equation of a parabola with axis parallel to the y-axis is 
of the form 
y= Ax?+ Bx+C 


The coefficients A, B and C are uniquely determined from the 
condition that the parabola passes through three specified points. 
Analogous parabolas are constructed for other pairs of intervals as 
well. The sum of the areas of the parabolic trapezoids will yield 
the approximate value of the integral. 

Let us first compute the area of one parabolic trapezoid. 

Lemma. /f a curvilinear trapezoid is bounded by the parabola 


y= Ax?+ Bx+C 


the x-axis and two ordinates separated by a distance 2h, then its 
area is 


=F (yy +4y. +4) (3) 


where y, and y, are the extreme ordinates and y, is the ordinate 
of the curve at the midpoint of the interval. 


y 


5 y=Axe+Bx+l 


ea ct & dy 


Fig. 229 Fig. 230 





Boe Arrange an auxiliary coordinate system as shown in 
ig. : 
The coefficients in the equation of the parabola y= Ax?+ Bx+C 
are determined from the following equations: 

if x,=—A, then y, = Ah?—Bh+C 

if x,=0, then y,= C 

if x,=—h, then y,= Ah*+ BhA+C 


(4) 
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Considering the coefficients A, B, C known, we determine the 
area of the parabolic trapezoid with the aid of a definite integral: 


h 
Se \ (Ax?-+ Bx-+C)dx= [A+ 4+ Cx]" = 3 Ant + 6C) 
ah 


But from equalities (4) it follows that 


y+4y,+%= 2 Ah? + 6C 
Hence, 
h 
S= F (Yo +44. + Ya) 


which is what had to be proved. 

Let us come back to our basic problem (see Fig. 229). Using 
formula (3) we can write the following approximate equations 
(Ah = Ax): 


| Fear Fy +4n+y) 


VF (x) dx = Fe + Aye +40) 


Xom~2 


Adding the left and right sides, we get (on the left) the sought- 
for integral and (on the right) its approximate value: 


b 
VF ade = Fy +4 +2 +40, 


tee + 2Yam—2 + 4Yem-1 + Yom) (5) 
or 


6 
(Fx) de PSF [y+ Yom +2 Ye + Yet os Fens) 
a 

FAY +t Yst +++ FYem-1)) 
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This is Simpson’s formula (rule). 
Here, the number of division points 
2m is arbitrary; but the more of 
them there are, the more accura- 
tely the sum on the right side 
of (5) yields the value of the in- 
tegral.* 


Example. Evaluate approximately 





2 
In2 =| si 
x 
1 
Solution. Divide the interval [1, 2] into 10 equal parts (Fig. 231). Assuming 
2—1 
Ac=—5-=0.1 


we make a table of the values of the integrand: 


Yo= 1.00000 © Yq = 0.62500 
y¥, = 0.90909 Y_ = 0.58824 


Y, = 0.83333 Y, = 0.55556 
Y3 = 0.76923 Yq = 0.52632 
Y¥,= 0.71429 Y19 = 0.50000 
yy = 0.66667 





I. By the first rectangular formula (1) we get 


2 
(= 0.1 (Yat ¥it--. +9) =0.1-7.18773 = 0.71877 
1 


By the second rectangular formula (1’) we get 
2 
(¢ = O.1 (yp+¥a-+ --- +419) = 0-1-6.68773 = 0.86877 
1 


It follows directly from Fig. 231 that in this case the first formula yields 
the value of the integral with an excess, the second, with a defect. 


* To find out how many division points are needed to compute an integral 
to the desired number of decimal places: one can make use of formulas for 
estimating the error resulting from approximating the integral. We do not give 
these estimates here. The reader will find them in more advanced courses of 
analysis: see, for example, Fikhtengolts, Course of Differential and Integral 
Calculus, 1962, Vol. 1], Ch. IX, Sec. 5. (in Russian). 


424 Ch. 11. The Definite Integral 


II. By the trapezoidal rule (2), we have 





2 
(¢ ~ 0.1 ( ! +e + 6.18773 ) = 0.69377 
1 


Ill. By Simpson’s rule (5), we have 
; dx 0.1 
x ; 
(Fe OF lot ot 2U e+ Yet Yet Ys) +4 (Yt Yat Yet vst od] 
1 
=o (1 + 0.54 2-2.72818 + 4 -3.45955) = 0.69315 


2 
Actually, In 2= % —0.6931472 (to seven decimal places). 


1 : 
Thus, when dividing the interval [0, 1] into 10 parts by Simpson’s rule, 
we get five significant decimals; by the trapezoidal rule, only three; and by 
the rectangular formula, we are sure only of the first decimal. 


11.9 CHEBYSHEV’S FORMULA 


In engineering computations, use is frequently made of Cheby- 
shev’s formula of approximate integration. 
b 


Once again, let it be required to compute | F(x) de. 
Replace the integrand by the Lagrange interpolation polyno- 
mial P(x) (Sec. 7.9) and take certain n values of the function 


on the interval [a, 6]: f(x,), f(%2), ---, F(x,), where x,, %, ..-, Xp 
are any points of the interval [a, 6]: 


_ (4 — Xp) (X— X35)... (¥— Xn) 
od GHA) (%4 =rap + +(%1— Xn) F(x) 
| ee f (x) 


Xp — X1) (Xp— Xg). . .(X2— Xp) 


a ry 


oy (%— Xj) (¥— Xp). . -(X¥—Xn-1) f (%n) (1) 


X%n— X1) (Xn — Xe). . (Xn —Xn-1) 


We get the following approximate formula of integration: 
6 6 
y f(x) dx = y P (x) dx (2) 
a a 
After some computation it takes the form 


b 
Fx) dc = Cyf (a) + Caf (2) + 6 + Caf (Xp) (3) 
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where the coefficients C; are calculated by the formulas 


b 
— (4 my). (4 Xj -1) (4X41). -(¥—4n) 
C, : NX (4) 


a Y Xp —X1). 6 .(X~— Xj 1) (Xi — Xi +1 )0- (xj;—Xn) 





Formula (3) is cumbersome and inconvenient for computation 
because the coefficients C,; are expressed by complex fractions. 

Chebyshev posed the inverse problem: epecily not the abscissas 
X14, Xp, ..., x, but the coefficients C,, C,, ..., C, and determine 
the abscissas x,, x, ..., X,. 

The coefficients C; are specified so that formula (3) should be 
as simple as possible for computation. This will obviously occur 
when all the coefficients C; are equal: 


(REY oe ERE On 


If we denote the total value of the coefficients C,, C,, ..., C, 
by C,, formula (3) will take the form 
b 


| F(x) de = C, [fF (ea) +E (ea) Ee FF mn] (5) 


Formula (5) is, generally speaking, an approximate equation, but 
if f(x) is a polynomial of degree not higher than n—1, then the 
equation. will be exact. This circumstance is what permits deter- 
mining the quantities C,, x,, %, --+5 Xn: 

To obtain a formula that is convenient for any interval of in- 
tegration, let us transform the interval of integration [a, 6] into 
the interval [—1, 1]. To do this, put 


__a+b 
~ 2 











2 


then for £=—1 we will have x =a, for t=1, x=b. 
Hence, 


{reyds=! st) (2gt4 +250) dt=" af owar 


where p(t) denotes the function of ¢ under the integral sign. Thus, 
the problem of integrating the given function f(x) on the inter- 
val [a, b] can always be cue to integrating some other func- 
tion p(x) on the interval (—1, 

To summarize, then, the stapled has reduced to choosing in: 
the formula 














1 
Jf (x) dx=Cy [f (x1) +f (%a) ++ +F (en) (6) 
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the numbers C,, x,, x,, ..-, x, So that this formula will be exact 
for any function f(x) of the form 
f(x) = ay + yx + gx? +... fay yx"? (7) 


It will be noted that 


1 1 
{ f (x)dx = ) (a, +a,x+a,x?+...+a,_,x"—)dx 
-1 rae 


2(a,+% +BE%4, .. +1) if n is odd 
= (8) 


2 (a, +4 +. es, ct) if n is even 


On the other hand, the sum on the right side of (6) will, on the 
basis of (7), be equal to 


Cy [May + Ay (X%y + Xq to FX n) + Og (EXE + ~~ +h) 
+... +4,2, (xP t+ apt... 4+x87))) (9) 


Equating expressions (8) and (9), we get an equation that should 
hold for any a, @,, Gg, .--, Qy-4: 
2(at+Btht+H+...)=C, [nay tay (+t +49) 
$a, (E+E EAN tage (Pat a] 
Equate the coefficients of a,, a,, Q,, as, -.., @,-, on the left 
and right sides of the equation: 
2=C,n or C,== 
xX, +4,+...+x,=0 
xe xi+ eee $ XZ = =F 
etx8+...+x8=0 
Mt. tet == Fs 


oe © © © © © 2# © e© 28 8 6 


(10) 


From these n—1 equations we find the abscissas x,, %,, ..., X,- 
These solutions were found by Chebyshev for various values of n. 
The following solutions are those that he found for cases when 
the number of intermediate points n is equal to 3, 4, 5, 6, 7, 9: 


Number of 
ordinates n 





Thus, on the interval [—1, 


11.9 Chebyshev’s Formula 


make nl 





Values of abscissas 
Pat Xq, sve Xn 


X= —X3 = 0.707107 
X_=0 


xy = —x4 = 0.794654 
Xy = —X3 = 0.187592 


x, = —Xx, = 0.832498 
Xq = —X, = 0.374541 
X3=0 


X= —Xg = 0.866247 
Xq = —X, = 0.422519 
X_ = —X, = 0.266635 


X= —X, = 0.883862 

X_ = —X_ = 0.529657 

X3 = —%, = 0.323912 
x,=0 


a 


X, = —X, = 0.911589 

Xq = —X, = 0.601019 

Xg= —X, = 0.528762 

X4 = —Xe = 0. 167906 
x,=0 


ted by the following Chebyshev formula: 


1 
(Fae=s (f(x) +f (4%) +--- +f (x,)] 
-!1 


where n is one of the numbers 3, 4, 5, 6, 7 or 9, and x,, . 
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1], an integral can be approxima: 


eS 


are the numbers given in the table. Here, n cannot be 8 or any 
number exceeding 9, for ‘then the system of equations (10) yields 


imaginary roots. 
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When the given integral has limits of integration a and b, the 
Chebyshev formula takes on the form 





6 
Vp (x) de = FX) EXD + +E] 


where X,=7te 4 at x, (i=1, 2, ..., m) and x; have the values 


given in the table. 


The following example illustrates the use of Chebyshev’s approx- 
imation formula for calculating an integral. 


2 
Example. Evaluate {Siam 2). 
1 


Solution. First, by a change of variable, transform this integral into a new 
one with limits of integration —1 and 1: 


142, 2=—1, 3, ¢ 342 
ae a ee aaa es aa 


drat 


2 1 
dx dt 
x  ) 3+¢ 
“1 


Compute the latter integral by Chebyshev’s formula, taking n=3: 


Then 


1 
§ f(t) dt== [f (0.707107) +f (0) +f (—0.707107)] 
-1 


Since 
1 1 
1 
1 1 
f (0.707107) = 3 psa g7 =F papRgG= 0 436130 
we have 
a8 
J FET =F (0-269752-+0.333333-+ 0.436130) 
=+ » 1.039215 = 0.692810 = 0.693 


Comparing this result with the results of computation using the rectangular 
formulas, the trapezoidal rule, and Simpson’s rule (see the example in the 
preceding section), we note that the result given by Chebyshev’s formula (with 
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three intermediate points) is in better agreement with the true value of the 
integral than the result obtained by the trapezoidal rule (with nine interme- 
diate points). 


The theory of approximation of integrals was further developed 
in the works of Academician A. N. Krylov (1863-1945). 


11.10 INTEGRALS DEPENDENT ON A PARAMETER. 
THE GAMMA FUNCTION 


Differentiating integrals dependent on a parameter. Suppose we‘ 
have an integral 
b 
1(a) =\ f(x, aax (1) 
a 
in which the integrand is dependent upon some parameter a. If 
the parameter a varies, then the value of the definite integral 
will also vary. Thus the definite integral is a function of a; we 
can therefore denote it by / (a). 
1. Suppose that f(x, a) and f,(x, a) are continuous functions 
when 
cx<a<d andaxx<b (2) 


Find the derivative of the integral with respect to the parame- 


ter a: 
lim =I, (a) 
Aa-—>0 


In finding this derivative we note that 


I (a-t Aa) ~1 (a) 

aie can 

I(a-+Aa)—I fe 

et ani—tied LL (ye a+ Aa) dx— | Fx, oa 
-a . 


f(x, a-+-Aa)—f (x, a) dx 
Aa 


R835 


Applying the Lagrange theorem to the integrand we have 
[eb Ae)— 1G. 2). f(x, a +0 Aa) 


where 0<0<1. Since fa(x, «) is continuous in the closed do- 
main (2), we have 
fa (x, &+0Aa) =fa(x, a)-+e 


where the quantity e, which depends on x, a, Aa, approaches 
zero as Aa — 0. 
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Thus, 


b b 2 
Hat AN—1A) | Uf (x, a) +e) de=Q fale, a)de+ [edx 


a 
Passing to the limit as Aa—+0, we have * 


lin 1 (a-+- aa) t (a) 
4a>0 7 


6 
=I,(a) =) fal ade 
or 


6 u b 
[S10 ods =§ falx, a) dx 


This formula is called the Leibniz formula. 
2. Now suppose that in the integral (1) the limits of integra- 
tion a and b are functions of a: 
6 (a) 
I (a) = [a, a(a), b(a)] = § F(x, ade (V’) 


a (a) 


®@ [a, a(a), b(a)] is a composite function of a, and a and 6 are 
intermediate arguments. To find the derivative of /(a), apply the 
rule for differentiating a composite function of several variables 
(see Sec. 8.10): 


’ Od Om da d® db 
YQ) =3a 1 ta da! op da (3) 


By the theorem on the differentiation of a definite integral 
with respect to a variable upper limit (see Sec. 11.4) we get 


b 

T= eh Fle a)dx=f [b(a), a] 
b a 

Ge =e | Fes ade — ae I (x, a)dxr=—F [a(a), a] 
a é 


6 
* The integrand in the integral /= iy eda approaches zero as Aa —> 0. From 
a 
the fact that the integrand approaches zero at each point it does not always 


follow that the integral also approaches zero. However, in the given case, 
I approaches zero as Aa —> 0. We accept this fact without proof. 
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Finally, to evaluate se use the above-derived Leibniz formula: 
om ° 
r= fa(x, a) dxe 
a 


Substituting into (3) the expressions obtained for the derivatives, 
we have 
5 (a) db da 
In(a)= | falx, adx+f[0(@), @] flat), a A) 
a (a) 
Using the Leibniz formula it is possible to compute certain 
definite integrals. 
Example. Evaluate the integral 


@ 


1 (a) a ex SIN AX 
x 
Solution. First note that it is impossible to compute the integral directly, 
because the antiderivative of the function exe is not expressible in 


terms of elementary functions. To compute this integral we shall consider it 
as a function of the parameter a. Then its derivative with respect to a is 
found from the above-derived Leibniz formula *: 


a 


eo is : o 
' (a= e- x SHOX) aye \ e-* cos axdx 
x 
0 


But the latter integral is readily evaluated by means of elementary functions; 
ar 1 
it is equal to laa 





. Therefore, 
I' (a) eae 
1+a? 
Integrating the identity obtained, we find / (a): 
7 (a) =arctana+C 
We have C to determine now. To do this, we note that 


i r. @ 
F=f ens Fae= (0dx=0 
0 0 


* Leibniz’ formula was derived on the assumption that the limits of integra- 
tion a and 6 are finite. However, in this case Leibniz’ formula also holds, 
even though one of the limits of integration is equal to infinity. For the condi- 
tions under which differentiation of improper integrals with respect to a para- 
meter is permissible: See G. M. Fikhtengolts, Course of Differential and Integ- 
ral Calculus, Fizmatgiz, 1962, Vol. II, Ch. XIV, Sec. 3 (in Russian). 
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Besides, arctan 0=0. Substituting into (5) a=0, we get 
7 (0) = arctan 04-C 


whence C=0. Hence, for any value of @ we have /(a)=<arctana, that is, 
wo 
(e-* ast dx=arctan a 


0 


Example 2. The gamma function. 

We consider an integral dependent on a parameter a, 
wo 
{ xt-Le-* dx (6) 
0 


and we will show that this improper integral exists (converges) for a >0. We 
represent it in the form of a sum 


© 1 o 
y xt~le- x dx = y xt-le-* dx + y xt~le-* dx 
0 0 1 


The first integral on the right converges, since 
1 1 
0< [exten de < (etdea 
3 . 


The second integral likewise converges. Indeed, let n be an integer such that 
n>a—l. Then clearly 


wo oO 


0< (en te-* de < { xne~* dx < @ 
1 


Integrate the latter integral by parts noting that 
lm —=0 (7) 


x> +0 
for an arbitrary positive integer k. Thus, integral (6) defines a certain function @. 
This function is denoted by [' (a) and is called the gamma function: 


T (a)= | xe—le~* dx (8) 
0 


It is widely used in applied mathematics. Let us find the values of I' (e) for 
integral a. For a=1 we have 


D 
P(l) =f e-*de=I (9) 
0 
Let the integer a > 1. We integrate by parts: 


@ @ 
T(a)= { wml ¥ dx = — xe te-* | * 4 (a1) ( xt 2e-¥ de 
0 0 
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or, taking into account (7), 
[' (2) =(a—1)T (a—1) (10) 
By (10) and (9), we find that for a=n és 
I (n)=(n—1)! (11) 


11.11 INTEGRATION OF A COMPLEX FUNCTION OF A REAL VARIABLE 


In Sec. 7.4 we defined a complex function f (x) =u (x) + iv (x) 
of a real variable x and also its derivative /’ (x) =w' (x) + iv’ (x). 
Definition. A function F (x) =U (x)+iV(x) is called an antide- 
rivative of a complex function of a real variable f(x) if 
F’ (x) = F(x) (1) 
that is, if 
U' (x) iV! (x) =u (x) + iv (x) (2) 
From (2) it follows that U’(x)=u(x), V’ (x)=ov(x), that is, 
U (x) is an antiderivative of u(x) and V(x) is an antiderivative 
of v(x). 
It follows, from this definition and from the remark, that if 
F (x) =U (x) + iV (x) is an antiderivative of the function f(x), then 
any antiderivative of f(x) is of the form F(x)+C, where C isan 


arbitrary complex constant. We will call the expression F(x)+C 
the indefinite integral of a complex function of a real variable and 
we will write 


| Fx)dx =f u(x) detil o(eyde=F (x) +C (3) 


The definite integral of a complex function of a real variable, 
f(x) =u(x)+iv(x), is defined as follows: 


b b b 
| F(x) dx =f u(x) dx+il v(x) dx (4) 


a a a 


This definition does not contradict and is in full agreement 
with the definition of the definite integral as the limit of a sum. 


Exercises on Chapter 11 


1. Form the integral sum s, and pass to the limit to compute the follow- 


ing definite integrals {2 dx. Hint. Divide the interval [a, 6] into n parts by 
a 
6%—a? 
77° 





the points xj; ag! (i=0, 1, 2, ..., a), where g= =. Ang, 


28—2081 
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b 
2. (=, where 0 <a < 0. Ans. Ine, Hint. Divide the interval [a, 6) in 


a 
the same way as in the preceding exercise. 


3. Vx dx. Ans. = (0888), Hint. See Exercise 2. 
a 


6 
4. { sin x dx. Ans. cosa—cos b. 
a 
Hint. First establish the following identity: 
sin a-+ sin (a+A)-+sin (a+ 2h)+...-+sin [a+(n—1) A] 


__cos (a—h)—cos (a+ nh) 
=. 2sinh 


To do this, multiply and divide all the terms of the left side by sinA and 
Teplace the product of sines by the difference of cosines. 


5. y cos x dx. Ans. sin b—sin a. 
a 
Using the Newton-Leibniz formula, compute the following definite integrals: 


_ 
2 
e—I. 8. {sin ede. Ans. 1. 
0 
gi 
3 





x 


V2 

2 

E i ae . Ans. >. i. ae Ans. In 2. 
0 

a 14, Nes Ans. 2sin?=., 
x 2 





= 
2 

ce. ie: (a. Ans. In(2z—1). 17. § cos? x dx. 
0 


x 
- 
1 cag c 
Z: 18. { sin x dx. Ans. 7: 
0 
Evaluate the following integrals applying the indicated substitutions: 


au 
I dx x 
i 2 $sx= — —_——_ _—_= 
19. \ sinxcos?xdx, cosx=ft. Ans. Zz: 20. Vso so tan 5 t. 
0 


Sa 0/4 
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= 3 V2 _ ae 
2+4x= 13, Ans. = Seer 


5 
| 93. (Pw, x—l=23, Ans. 2(2—arctan 2). 
1 





x=tan?t. Ans. < 


as x 
- d 1 Fa d 
ae _ ti _ cospdp 
24. \ ——, z=—. Ans. 2. (5 é—Ssin ppsin*g’ sing=t. 
3 0 
7 


1 1 
Prove that 26. {= (1—x)" dx= y x" (1—x)™ dx (m>0, a> 0). 
0 0 


b b a a 
1 
27. \ f(x) dx = \ f (a+o—x) dx. 28. \ f (x?) dx=— f (x?) dx. 


Evaluate the following improper integrals: 








1 © o 
"x dx £ dx nm 

29. | Vio Ans. 1. 30. fe *dx, Ans. 1. 31. \ape . Ans. 5g @ > 0). 
0 0 0 


ry ! 
eae 5, Ans. =. 33. (3 Ans. ! . 34. {inva Ans. —Il, 

1 0 

Ricade 


1 
0 
@ 

35. f+sin xdx. Ans. The integral diverges. 36. | va Ans. The integral 
0 


+0 1 2 
: dx dx 3 dx 
diverges. 37. (wears: Ans. 1. 98. | 3 . Ans. 7: 0 (: Ans. The 
-o 0 
@ 1 
integral diverges. 40. leat Ans. =. 41. \e Ans. The integral di- 
x Vx?—1 2 x 
@o b is eo 
verges. 42. Ve-ax sin bx dx (a > 0). Ans. ayo 43. [eres cos bx dx (a > 0). 
0 0 
a 
Ans. a 68" 


Evaluate the following integrals approximately: 


44 ins=(% by the trapezoidal rule and by Simpson's rule (n= 12). 


1 
Ans. 1.6182 (by the trapezoidal rule); 1.6098 (by Simpson’s rule). 
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i 
45. { x8dx by the trapezoidal rule and by Simpson’s rule (n=10). 
i 
1 


Ans. 3690, 3660. 46. | V 1— x3 dx by the trapezoidal rule (n=6). Ans. 0.8109. 
10 

47. Vsti 7 by Simpson's rule (n= 4). Ans. 0.8111. 48. ) logigxdx by the 

feancearaal rule and by Simpson’s ue (n=10). Ans, 6.0656, 6.0896. 49. Eva- 


luate a from the relation $-\ applying Simpson’s rule (n= 10). 
0 


pie 
2 


Ans. 3.14159. 50. (SF ae, by Simpson’s rule (n=10). Ans. 1.371. 51. Eva- 


0 


oe 
luate { e-#x" de for integral n>0O by proceeding from the equation 
0 


en 3x x= where @>0. Ans. nl! 652. Proceeding from equation 


dx rrr & 13-5. ..(2n —l) 
(x24 1atl’ “2 2n! 








Cl 38 OC—58 


@Q 
dx x P 
Wa 5 Va’ evaluate the integral ) 
53. Evaluate the integral eee Ans. In(1--@) (a >—1). 54. Utilizing 
1 1 
the equation ae dr, compute the _ integral ete x)F dx, 


CHAPTER 12 


GEOMETRIC AND MECHANICAL APPLICATIONS 
OF THE DEFINITE INTEGRAL 


12.1 COMPUTING AREAS IN RECTANGULAR COORDINATES 


If on the interval [a, 6] the function f(x) >0, then, as we know 
from Sec. 11.2, the area of a curvilinear trapezoid bounded by the 
curve y=f(x), the x-axis, and the straight lines =a and x-=-b 
(Fig. 214) is 

b 
Q=J F(x)dx () 


b 
If f(x) <0 [a, b], then the definite integral { f (x) dx is also <0. 


a 
It is equal, in absolute value, to the area Q corresponding to the 
curvilinear trapezoid: 


If f(x) changes sign on the interval [a, 6] a finite number of 
times, then we break up the integral throughout [a, 6] into the 
sum of integrals over the subintervals. 
The integral will be positive on those 
subintervals where f(x) >>0, and nega- 
tive where f(x) <0. The integral over 
the entire interval will yield the differ- 
ence of the areas above and below the 
x-axis (Fig. 232). To find the sum of 
the areas in the ordinary sense, one has Fig. 232 
to find the sum of the absolute values 
of the integrals over the above-indicated subintervals or compute 
the integral 





Q=J |F(x)|ax 


Example 1. Compute the area Q bounded by the sine curve y=sinx and 
the x-axis, for O< x << 2m (Fig. 233). 
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Solution. Since sinx>0 when O<x<n and sinx<0O when n<x<2Qn, 
we have 
9 2n Qn 
q= (sin xdx+| ( sin x dx| = | | sin x | dx 
0 1 0 
a 


( sin x dx = — cos x |* = — (cos nm— cos 0) =— (—1— 1) =2 
0 
on 


‘ 2 
y sin x dx = — cos x|?" = — (cos 2nu— cos 1) =— 2 


Consequently, Q=2+|—2|=4. 


=f,(t) 





y=sing 





Fig. 233 Fig. 234 


If one needs to compute the area bounded by the curves y =f, (x), 
y=f,(x) and the ordinates x =a, x =b, then provided f, (x) >f, (x) 
we will obviously have (Fig. 234) 


b b 


b 
Q=§ f(x) dx—J f(x) de = J [fF (Fa (0)] ae (2) 


a a a 
Example 2. Compute the area bounded by the curves (Fig. 235) 
y= Vx and y=x? 


Solution. Find the points of intersection of the curves: V x=x2, x=x!, 
whence x1=0, x,=1. 


Therefore, 
: : 2 1 xttr 2 1 1 
a —( @de— Lutys) gy ey) |r en 
Q Vee sae Siw x?) dx zx 7|=3 7373 





Now let us compute the area of the curvilinear trapezoid bounded 
by a curve represented by parametric equations (Fig. 236): 


x=9(t), y= (2) (3) 


where axct<f and p(a)=a, p(fp)=b. Let equations (3) define 
some function y=f(x) on the interval [a, 6] and, consequently, 
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the area of the curvilinear trapezoid may be computed from the 
formula 
b 6 


Q= Si @dx=J yax 


98(8) 





Fig. 235 Fig. 236 


Change the variable in this integral: 
x=(t), dx=@g’ (t)dt 


From (3) we have 
y=f)=fled)=9 
Consequently, 
B 
Q=§ wit) g’ (t)dt (4) 


a 


This is the formula for computing the area of a curvilinear tra- 
pezoid bounded by a curve represented parametrically. 
Example 3. Compute the area of a region bounded by the ellipse 


x=acost, y=bsint 


Solution. Compute the area of the upper half of the ellipse and double it. 
Here, x varies from —a to +a, and so ¢ varies between x and 0, 


“0 0 n 
q=2) (6 sin t) (— asin ¢ dt) = — 2ab ( sin? ¢ df = 2ab ( sin? ¢ df 
n n ry 





a 
1— cos 2¢ t= sin 2¢]2 
0 


Example 4. Compute the area bounded by the x-axis and an arch of the 
cycloi 
x=a(t—sint), y=a(1—cosf) 


Solution. The variation of x from 0 to 2na corresponds to the variation of ¢ 
from 0 to 2x. 


440 Ch. 12. Applications of the Definite Integral 


From (4) we have 


Qn 2n 
Q--[ a(l—cos ¢t) a (1—cos ¢) dt =a? | (1 —cos ¢)? dt 
0 0 


Qn an Qn 
mal di—2{ cos f dt + ( cota | 


0 0 0 
2n an Qn 


Qn 
{at—2n, § cos t df =0, S cost fat = (AE OS yn 
0 0 0 


We finally get 
Q =a? (2n + 2) = 3na? 


12.2 THE AREA OF A CURVILINEAR SECTOR IN POLAR COORDINATES 


Suppose in a polar coordinate system we have a curve given 
by the equation 
p=f (8) 


where { (8) is a continuous function for ex O<B. 

Let us determine the area of the sector OAB bounded by the 
curve p=/(0) and by the radius vectors 8=a and 0=6. 

Divide the given area by radius vectors 0, =a, 0=96,, ...,9,=6 
into n parts. Denote by A@,, A@,, ..., AO, the angles between 
the radius vectors that we have drawn (Fig. 237). 





Fig. 237 Fig. 238 


Denote by p; the length of a radius vector corresponding to some 
angle 0, between 0,;_, and 0;. 

Let us consider the circular sector with radius p; and central angle 
A@;. Its area will be 
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The sum 


3 


Qn= 7 LA => Do IF Gd]? 6, 


will yield the area of the “step-like” sector. 

Since this sum is an integral sum of the function p? = [f (6)]? 
on the interval e<6<f, its limit, as max A@,—+0, is the defi- 
nite integral 


1 Coao 
2J 


It is not dependent on which radius vector p; we take inside the 
angle A@;. It is natural to consider this limit the sought-for area 
of the figure *. 

Thus, the area of the sector OAB is 


6 
' Q=+ J prado (1) 
or ° 
' B 
Q=55 [FO] 40 a’) 


Example. Compute the area bounded by the lemniscate p=a Y cos 20 
(Fig. 238). 
Solution. The radius vector will describe one fourth of the sought-for area 


if @ varies between 0 and +: 
nx 


ie 7 
1 iC 1 - 2sin20|4 a3 
| 2740 —_' 92 ae sin peed 
g=- Je dae da {00s 26 d0=$ |, = 
0 





Hence 


12.3 THE ARC LENGTH OF A CURVE 


1. The arc length of a curve in rectangular coordinates. Let a 
curve be given by the equation y=f(x) in rectangular coordinates 
in a plane. 

Let us find the length of the arc AB of this curve between the 
vertical straight lines x=a and x=b (Fig. 239). 


* We could show that this determination of the area does not contradict that 
given earlier. In other words, if one computes the area of a curvilinear sector 
by means of curvilinear trapezoids, the result will be the same. 
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The definition of arc length was given in Sec. 6.1. Let us recall 
that definition. On an arc AB take points a Mi, My. so, 
M,, ..., B with abscissas x,»=a, X,, X%, ..., ..2) %,=05 and 
draw chords AM,, MM, fois, My ye 
whose lengths we shall denote by As,, 
As,, ..., As,, respectively. This gives 
-the broken line AM,M,:..M,-,B ins- 
cribed in the arc AB. The length of the 
broken line is 


S, = > As; 


Fig. 239 The length s of the arc AB is the 

limit which the length of the inscribed 

broken line approaches when the length of its greatest segment 
approaches zero: 





s= lim DAs, (1) 


max Asj>0 i=1 


We shall now prove that if on the interval ax x<b the func- 
tion f(x) and its derivative f’ (x) are continuous, then this limit 
exists. At the same time we shall specify a technique for computing 
the arc length. 

We introduce the notation 


Ay; =f (*;)—f (%-1) 
Then 
As, =V Oxy t u= V1 +(e) dx, 


By Lagrange’s theorem we have 
Agi _ Fd—fxi-w) _ pe) 
t 


Ax; Xj—Xj1 
where 
Kina <8 SX 


As;=V 1+ [f’ ())]? Ax; 
Thus, the length of an inscribed broken line is 
n 
= DVIFTP GP Ax: 


It is given that f’ (x) iscontinuous; hence, the function V 1+ [f’ (x)]? 
is also continuous. Therefore, this integral sum has a limit that 


Hence, 
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is equal to a definite integral: 
s=__ lim >» Viti Gor Ax; =| Or (x)]? dx 
max Axj > 


We thus have a formula for pa the arc length: 


s= (VIFF OR VIFF Or aml /is(eye (2) 


Note 1. Using this formula, it is possible to obtain the derivative 
of the arc length with respect to the abscissa. If we consider the 
upper limit of integration as variable and denote it by x (we 
shall not change the variable of integration), then the arc length 
s will be a function of x: 


eet V1 +()*ax 


Differentiating this integral with respect to the upper limit, we 


obtain 
=- Vive o 


This formula was derived in Sec. 6.1 on certain other assump- 
tions. 
Example 1. Determine the circumference of the circle 
x2 y? = r? 


Solution. First compute the length of a fourth part of the circumference 
lying in the first quadrant. Then the equation of the arc AB will be 


y= Vri—x2 
whence 


Consequently, 


r r 
1 V x? r x |r rt 
Ft =| LA w= (te dx =r aresin — oo 8 
0 


The length of the circumference is s=2nr. 





Let us now find the arc length of a curve when the equation 
of the curve is represented in parametric form: 


x=(t), y= p(t) (@xt<f) (4) 
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where g(t) and w(t) are continuous functions with continuous de- 
rivatives, and g’(t) does not vanish in the given interval. In this 
case, equations (4) define a function y=f(x) which is continuous 
and has a continuous derivative: 


dy _ ¥ (t) 
dx g(t) 
Let a=qg(a), b= (fp). Then substituting in the integral (2) 
= 9 (¢) 
dx =q’ (t) dt 


we ae 


B 
c= | V 1+([28) 1+ [EA] at, ot s=|\VIPOr+ Ww Ord 6) 


Note 2. It may be proved that formula (5) holds also for curves 
that are crossed by vertical lines in more than one point (in 
particular, for closed curves), provided that both derivatives g’ (t) 
and w’(¢) are continuous at all points of the curve. 


Example 2. Compute the length of the astroid: 
x=acos't, y=asin't 


Solution. Since the curve is symmetric about both coordinate axes, we shall 
a ope the length of a fourth part of it located in the first quadrant. 
We find 


poe ee 2 
a 3a cos? ¢ sint 
fat 


dy __ ig 
di ==3a sin’? cos t¢ 


The parameter ¢ will vary from 0 to +: Hence 


mid n 
; 2 2 
7 es i V 9a? cos? ¢ sin? ¢ + 9a? sin’ ¢ cos? ¢ dt = 3a V cos? ¢ sin? ¢ dt 
0 0 


ae 
2 


1 
=a [ sin ¢ cos ¢ dt 34 ? =" , s=6a 
0 
Note 3. If a space curve is represented by the parametric equations 
x= p(t), y=p(t), z=x(t) (6) 
where ax<t<f (see Sec. 9.1), then the length of its arc is 


defined (in the same way as for a plane arc) as the limit which 
the length of an inscribed broken line approaches when the length 
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of the greatest segment approaches zero. If the functions p(t), 
p(t), and y(¢) are continuous and have continuous derivatives on 
an interval [a, BJ], then the curve has a definite length (that is, 
it a the above-mentioned limit) which*is computed from the 
formula 


B 
s=\V Te Ol + Ol x Olede (7) 


This result we accept without proof. 
Example 3. Compute the arc length of the helix 
x=acost, y=asint, z=amt 
as t varies from 0 to 2z. 
Solution. From the given equations we have 
dx=—asinitdt, dy=acostdt, dz=amdt 
Substituting into formula (7), we have 
Qn Qn 
s=( V a? sin? ¢ +a? cos? ¢ -- a?m? dt =a y V 1-+m? dt =2na VI? 
0 0 


2. The arc length of a curve in polar coordinates. Given (in 
polar coordinates) the equation of the curve 


p =f (8) (8) 
where p is the radius vector and 0 is the vectorial (polar) angle. 


Let us write the formulas for passing from polar coordinates 
to Cartesian coordinates: 


x=pcos8é, y=psiné 
If in place of p we put its expression (8) in terms of 0, we get 
the equations 
x=f(6)cos®, y=f(6)sin®@ 
These equations may be regarded as the parametric equations 
of the curve and we can apply formula (5) for computing the arc 


length. To do this, find the derivatives of x and y with respect 
to the parameter 0: 


eal (0) cos 6—f (8) sin 8 
4 fl (8) sin 6 + f (8) cos 
Then 
(HY 4 (4) =F P+ FOP =o +6" 
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t! Hence, 2 
s=§ Vp? + pao 
85 





ZZ} 





p =a(l-+cos 6) 


p=a(t+cos 8) (Fig. 240). 





we get half the sought-for length. 
Fig. 240 p’=—asin 8. Hence, 


V a? (1+ cos 8)?-+ a? sin? 640 


2 


an 
I 


V2+2 cos 6 d0 


4a 


l 


ll 
y 
art! Seay Seng 


6 . 8 |x 
cos yz 40=8a sin |= 


Example 5. Compute the length of the ellipse 


x=acost 
: Ox<t<2n 
y=bsint 


assuming that a > 6. 


Example 4. Find the length of the cardioid 


Varying the vectorial angle 6 from 0 to x, 


Here, 


Solution. We take advantage of formula (5), first computing + the are 
length; that is, the length of the arc that corresponds to a variation of the 


parameter from ¢=0 to t=: 


V a® (1— cos? ¢) +6? cos? ¢ dt = 


ee via 


BL 
2 
={ V a? sin? ¢ +6? cos? ¢ dt 
6 
bi 4 
z 
) 


V 1—R? cos? ¢ dt 





o> 0]8 


LU 
2 a a ce 
2 p2 
=a| V 1-3 cos? dt =a 
0 


V a®— (a?— 6?) cos? f dt 
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Var—o 
where k -te= < 1. Hence, 


mL 

2 e 
s=4a ( V 1—k? cos? ¢ dt 

0 


The only thing that remains is to compute the last integral. But we know that 
it is not expressible in elementary functions (see Sec. 10.14). This integral can 
be computed only by approximate methods (by Simpson’s rule, for example). 

For instance, if the semi-major axis of an ellipse is equal to 5 and the 


semi-minor axis is 4, then k== , and the circumference of the ellipse is 


P14 
2 
3\3 
s=4.5 \-(+) cos? ¢ dt 
0 


Computing this integral by Simpson’s rule (by dividing the interval [o, $| 


into four parts) we get an approximate value of the integral: 
au 


2 


j V 1-2 costs at w~ 1.298 


0 


and so the length of the arc of the entire ellipse is approximately equal to 
s = 25.96 units of length. 


12.4 COMPUTING THE VOLUME OF A SOLID FROM THE AREAS 
OF PARALLEL SECTIONS (VOLUMES BY SLICING) 


Suppose we have some solid 7. Let us assume that we know 
the area of any section of this solid made by a plane perpendic- 
ular to the x-axis (Fig. 241). This area 
will depend on the position of the cut- 
ting plane; that is, it will be a function 
of x: 


Q=Q (x) 


We assume that Q(x) is a continuous _[_} 
function of x and calculate the volume 
of the body. 

Draw the planes x=x,=a, x=X,, 
X=Xq, ..., X=X,=O. 

These planes will cut the solid up into layers (slices). 

In each subinterval x;_,<x<x; we choose an arbitrary point 
§, and for each value i=1, 2, ..., m we construct a cylindrical 
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body, the generatrix of which is parallel to the x-axis, while the 
directrix is the boundary of the slice of the solid T made by the 
plane x =§,. 

The volume of such an elementary cylinder, the area of the 
base of which is 


QE) (%i-1 S 8; <4) 
and the altitude Ax,, i 
Q (E;) Ax; 


The volume of all the cylinders will be 
vu, = e2 Q (§;) AX; 


The limit of this sum as max Ax;—0 (if it exists) is the 
volume of the given solid: 


v= lim D Qe) Ax, 


max Ax; > 0 (=1 


Since v, is obviously the integral sum of the continuous function 
Q(x) on the interval ax<x<b, the indicated limit exists and is 
expressed by the definite integral 

b 


=| Q(x) dx (1) 


a 


Example. Compute the ee of triaxial ellipsoid (Fig. 242). 
S+$4+521 


Solution. In a section of the ellipsoid made by a plane parallel to the 
yz-plane and at a distance x from it, we have the ellipse 


or 
2 


PYaT hy SsT 
with semi-axes 
x8 x 
b,=6 Imo ’ q=c I~ 


But the area of such an ellipse is mb,c,. (See example 3, Sec. 12.1), 
Therefore, 











Q («)=abe (1-4 ) 
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Z 4 2 z2 
wea 





Fig. 242 


The volume of the ellipsoid will be 


a 
2 3 
v=mnbe f (1-4) dx =mnbc (*- =) 
-a 


In the particular case, a=b=c, the ellipsoid turns into a sphere, and we have 





4 
v=— nas 


3 


12.5 THE VOLUME OF A SOLID OF REVOLUTION 


Let us consider a solid generated by the revolution, about the 
x-axis, of a curvilinear trapezoid aABb bounded by the curve 
y=f (x), the x-axis, and the li- 
nes x=a, x=). 

In this case, an arbitrary sec- 
tion of the solid made by a pla- 
ne perpendicular to the x-axis 
is a circle of area 

Q=ny =n [Ff (x)}? 

Applying the general formula 
for computing a volume [(1), 
Sec. 12.4], we get a formula 
for calculating the volume of a 
solid of revolution: 

b b 

v=n\ydx=n x)]?dx 

Sy J fF) her 
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Example. Find the volume of a solid generated by the revolution of the 


catenary 


about the x-axis bet 
Solution. 


aM, 
a a a 
y=> (. +e ) 


ween x=0 and x=6 (Fig. 243). 


‘ bf x -<\" 6 2x’ 
e*+e ° ) ante? ( (8 +2+¢ a 
0 * 0 


12.6 THE SURFACE OF A SOLID OF REVOLUTION 


Suppose we have a surface generated by the revolution of a 


curve y=f (x) ab 


Fig. 244 


But 
As; 


| 

4 
Ae 

¥ 





out the x-axis. Let us determine the area of this 
surface on the interval axx<cb. 
We take the function f(x) to be con- 
tinuous and to have a continuous 
derivative at all points of the inter- 
val [a, 5]. 

As in Sec. 12.3, draw the chords 
AM,, M,M,, ..., M,-,B, whose 
lengths are denoted by As, AS3). ber 
As, (Fig. 244). 

Each chord of length As, ((=1, 
2, ..., m) describes (in the process 
of revolution) a truncated cone whose 
surface AP, is 


AP; = 2n¥i=1 TH As, 


=V Ott bgt = 14+ (RLY ax 


Applying Lagrange’s theorem, we get 


where 


hence, 


Ayi __ F(e)—flx- 1) =f’ (E; ) 


Ax; Xj—Xj-1 
Kina < g; ~ x; 


As; =V 1+f? &) Ax; 
AP, = 2n VATU TEP?) Ax, 
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The surface described by the broken line will be equal to the sum 





P,=2n UY TPES be, 
or the sum 
P= aD [Pts + Fed] VIFF) AX, (1) 


extended over all segments of the broken line. The limit of this 
sum, when the largest segment As, approaches zero, is called the 
area of the surface of revolution under consideration. The sum (1) 
is not the integral sum of the function 


Qnf (x)VIFF (xp (2) 


because the term corresponding to the interval [x;_,, x;] involves 
several points of this interval x;_,, x;, §;. But it is possible to 
prove that the limit of the sum (1) is equal to the limit of the 
integral sum of function (2); that is, 

n 


P= limn & [f(ti-1)+ F(x) VIFF Ed]? Ax; 


max Ax; > 0 f= 


2 iia 2 F(t.) V TF IF Gn) Ax; 


max Axj>0 t= 


or 


6 
P=2n§ f (x) VIFF) ax (3) 


Example. Determine the surface of a paraboloid generated by revolution 
about the x-axis of an arc of the parabola y2=2px, which corresponds to the 
variation of x from x=0 to x=a: 

Solution. 


a Von yes Ty — 2p 2x-+P 
y= 2px, y OV x ’ Vi-ty Be, a Pa Ox 





By (3) we have 


a 
p=2n( Vpn AEP ae = 20 Vo | Veta 
0 0 


0 
_ 2 P 3 a 
=2nV p> xt pt 5 | = 22VP ((20-+ py" ph] 
29* 
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12.7 COMPUTING WORK BY THE DEFINITE INTEGRAL 


Suppose a material point M is moving in a straight line Os 
under a force F, and the direction of the force coincides with 
the direction of motion. It is required to find the work performed 
by the force F as the point M is moved from s=a to s=b. 

(1) If the force F is constant, then the work A is expressed 
by the product of the force F by the path length: 


A=F (b—a) 


(2) Let us assume that the force F is constantly varying, de- 
pending on the position of the material point; that is to say, it 
is a function F(s) continuous on the interval ax<s<b. 

Divide the interval [a, 6] into n arbitrary parts of length 


As,, As,, ..., As, 


Then in each subinterval [s;_,, s;] choose an arbitrary point &, 
and replace the work of the force F(s) along the path 
As; (i=1, 2, ..., n) by the product 


E (E;) As; 


This means that within the limits of each subinterval we take 
the force F to be constant: we assume F=F(E&;). Here, the ex- 
pression F(§,) As; will yield an approximate value of the work 
done by the force F over the path As; (for a sufficiently small 
As;), and the sum 


=e F (&,) As; 


will be an approximate expression of the work of the force F over 
the interval [a, 5]. 

Obviously, A, is an integral sum of the function F=F(s) on 
the interval [a, 6]. The limit of this sum as max (As;) +0 exists 
and expresses the work of the force F(s) over the path from s=a 
to s=b: 


6 
= F(s)ds (1) 


Example 1. The compression S of a helical spring is proportional to the 
applied force F. Compute the work of the force F when the spring is compres- 
sed 5 cm, if a force of one kilogram is required to compress it 1 cm (Fig. 245). 

Solution. It is given that the force F and the distance covered S are con- 
nected by the relation F=&S, where & is a constant. 

Let us express S in metres and F in kilograms. When S=0.01, F=1, that 
is, 1=k-0.01, whence k= 100, F=100S. 
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By (1) we have 


0.06 


(> 210.05 
A= \ 1008 ds = 100 = 


0 


Example 2. The ferce F with which an electric charge e, repulses another 
charge e, (of the same sign) at a distance of r is expressed by the formula 


F == k £102 a 


=0.125 kilogram-metre 


where & is a constant. 

Determine the work done by a force F in moving 
the charge e, from the point A, (at a distance of 
r, from e,) to A, (at a distance of r. from e,) as- 
suming that e, is located at the point Ay as the ori- 


Length of spring in free 


gin. 
Solution. From formula (1) we have 





t, 
* = kevey (x-z) Fig. 245 
1 


ls 
A=\ eft dr= — kee, a 
r r 1 fe 





1 
When r,= 00, we have 


oo 
heye, Reye, 
— Smarr es dr =e 
r iat 
nm" 


When e,=1, A=k <L. This quantity is called the potential of the field gene- 
rated by the charge e,. 


12.8 COORDINATES OF THE CENTRE OF GRAVITY 


Suppose on an xy-plane we have a system of material points 
Pi(X1, Yi)s Pa(Xer Yo)s -+ ++ Pa (Kas Yn) 


with masses m,, m,, ..., mM, 

The products x,m; and y,m; are called the static moments of 
the mass m,; relative to the y- and x-axes, 

We denote by x, and y, the coordinates of the centre of gravity 
of the given system. Then, as we know from mechanics, the 
coordinates of the centre of gravity of this material system will 
be defined by the formulas 


— 41 + Xie + apts +%nMn _ i=) (1) 


Me m+mg+...+m, 


Yui + Yetta t+. -+YynMy i 


Ye iF tig oF My @) 
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We shall use these formulas in finding the centres of gravity of 
various figures and solids. 

1. The centre of gravity of a plane line. Let there be a curve 
AB given by the equation y=f(x), a<x<b6, and let this curve 
be a materia! line. 

Let the linear density* of such a material curve be y. Divide 
the line into n parts of length As,, As,, ..., As,. The masses of 
these parts will be equal to the product of their lengths by the 
(constant) density: Am;=yAs;. On each part of the arc As, take 
an arbitrary point with abscissa §,. Now representing each part 
of the arc As; by the material point P;[E;, f(§)] with mass yAs, 
and substituting into (1) and (2) & in place of x;, f(&;) in place 
of y;, and the value of yAs, (the masses of the parts As;) in place 
of m;, we obtain approximate formulas for determining the centre 
of gravity of the arc: 


cw Sees yw DIG) vA 
‘Se D vs; : £ > vs; 


If the function y=f(x) is continuous and has a continuous deri- 
vative, the sums in the numerator and denominator of each frac- 
tion have, as max As;—-0, limits equal to the limits of the cor- 
responding integral sums. Thus, the coordinates of the centre of 
gravity of the arc are expressed by definite integrals: 


b b 
( eds \* V 1+ f’? (x) dx 

a , 

Ge (1’) 

ds { VI+F? (x) dx 

a 


a 





Re ag 


6 


Feds Sf (x) VIFFF Rae 


Reais 





y= = > (2’) 
{ ds y VIFF te) de 
a a 


Example 1. Find the coordinates of the centre of gravity of the semi-circle 
x2-++ y2=a? situated above the x-axis. 


* Linear density is the mass of unit length of a given line. We assume that 
the linear density is the same in all portions of the curve. 
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Solution. Determine the ordinate of the centre of gravity: 








dy x V dy \2 a 
= 2. 2 —_—_—= — = —_— Ie 
¥ SSO nde ex’ as 1+(34) dx, ds Vana” 
a a 
a 
Vae—x Vana dx a f dx 
__ <a _ _-a  _ 2a 2a 
Yo= ma - wa na 


X¢=0 (since the semi-circle is symmetric about the y-axis). 


2. The centre of gravity of a plane figure. Given a figure bounded 
by the lines y=/f,(x), y=f,(x), x =a, x=b, which is a material 
plane figure. We consider con- 
stant the surface density, which 4% 
is the mass of unit area of the 
surface. It is equal to 6 for all 
parts of the figure. 

Divide the given figure by 
straight lines x=a, x=x,,..., 
x=x,=6 into strips of width 
Ax,, Ax,, ..., Ax,. The mass 
of each strip will be equal to 
the product of its area by the 
density 5. If each strip is rep- 
laced by a rectangle (Fig. 246) Fig. 246 
with base Ax; and altitude 


f. (6) —f, (;), where g, = St , then the mass of a strip will 
be approximately equal to 
Am; =8 [fa GJ—h EG) Ax G@=1, 2 25 2) 


The centre of gravity of this strip will be situated approxi- 
mately in the centre of the appropriate rectangle: 


(Xie = Ei (y;)- = Goth G) 





Now replacing each strip by a material point, whose mass is 
equal to the mass of the corresponding strip and is concentrated 
at the centre of gravity of this strip, we find the approximate 
value of the coordinates of the centre of gravity of the entire 
figure [by formulas (1) and (2)]: 

ae D Sl fe EIA Ei) Ax; 
oo DS lhe GA Ei) Ax; 


= Yl G) +h G16 fe G—A Gol Ax 
oem Dots Gh Eda 
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Passing to the limit as Ax,;—+0, we obtain 


b 6 

| ¥k@)—h@)lde FJ ath Wa hi (oa 
x= ~———— » I= . b 

{ th Of @)dx | OA @l ae 


These formulas hold for any homo- 
geneous (that is, having constant 
density at all points) plane figure. 
We see that the coordinates of the 
centre of gravity are independent of 
the density 6 of the figure (6 was 
cancelled out in the process of com- 
putation). 





Example 2. Determine the coordinates of 
the centre ot gravity of a segment of the 
Fig. 247 parabola y?=ax cut off by the straight line 
x=a (Fig. 247). _ 
Solution. In this case f, (x)= Vax, f, (x)= — Vax, therefore 


Y,=0 (since the segment is symmetric about the x-axis). 


12.9 COMPUTING THE MOMENT OF INERTIA OF A LINE, 
A CIRCLE, AND A CYLINDER BY MEANS 
OF A DEFINITE INTEGRAL 


Suppose, in an xy-plane, we have a system of material points 
Pi (X1, Y1)> Pe (Xe, Ye), «++» Pa(X_, Y¥,) With masses m,, m,,..., My. 
Then, as we know from mechanics, the moment of inertia of the 
system of points with respect to the point O is defined as 


Io= B (x? + y?) m; or Io= B r?m; (1) 


where r,=VxF+y?. 

As in Sec. 12.8, let the curve AB be given by an equation 
y=f (x), axx<b, where f(x) is a continuous function. Let this 
curve be a material line. Let the linear density of the line be y. 
Again, partition the line into n parts of length As,, As,, ..., As,, 
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where As; = V Ax?+ Ay? and the masses of these parts, Am, =yAs,, 
Am, = As,, ..-, Am, ==yAs,. Take an arbitrary point with abs- 
cissa §; on each part of the arc (on each subam). The ordinate 
of this point will be n,=f(&;). The moment of inertia of the arc 
about the point O will, in accord with (1), be approximately 
equal to 


Io = DB (B+ nf) vs; (2) 


If the function y=f(x) and its derivative f’ (x) are continuous, 
then the sum (2) has a limit as As;—+0. This limit, which is 
expressed by a definite integral, defines the moment of inertia of 
the material line: 

b 
Io=vS (PQ +P) V 14 UF Wy? ax (3) 


a 


1. The moment of inertia of a thin homogeneous rod of length / 
about its end point. Make the rod coincide with part of the x-axis: 


Fig. 248 


O<x</ (Fig. 248). In this case, As; =Ax;, Am;=yAx;, r7 =17 
and formula (3) takes the form 
l 

logy \ td == 9p (4) 
0 


If the mass M of the rod is given, then y= M/I and (4) assu- 
mes the form 
I ; 
log = ME (5) 
2. The moment of inertia of a circle of radius r about the 
centre. Since all points of the circumference are distant r from 
the centre, and the mass m --2nr-y, the moment of inertia of the 
circle is 


Tocemr.. ylar r= yar? (6) 
3. The moment of inertia of a homogeneous circle of radius 


R about the centre. Let 6 be the mass of unit area of the circle. 
Partition the circle into 2 annuli. 
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We consider one annulus (Fig. 249) with inner radius r; and 
outer radius r;+Ar;. The mass Am, of this annulus, to within 
higher-order infinitesimals with respect to Ar,, is Am; =62mr,Ar;. 
By formula (6), the moment of inertia of 
this mass about the centre is roughly 


(AI); = 52ar Ar; «r} = 62nr3- Ar; 


The moment of inertia of the entire circle, 
as a system of annuli, will be given by the 
approximate formula 





n 
Fig. 249 lo = p» d2nr7Ar; (7) 


_ Passing to the limit as max Ar;—+0, we get the moment of 
inertia of the area of the circle with respect to the centre: 


R 
Iq = 82n |r dr =n (8) 
0 


If the mass M of the circle is given, then the surface density 6 
is defined as 


M 
b= om 
Substituting this value, we finally get 
Io = MR?/2 (9) 


4. It is obvious that if we have a circular cylinder with base 
radius R and mass M, its moment of inertia about the axis will 
be given by formula (9). 


Exercises on Chapter 12 
Computing Areas 
1. Find the area of a figure bounded by the lines y2=9x, y=3x. Ans. +: 


2. Find the area of a figure bounded by the equilateral hyperbola xy=a?, 
the x-axis, and the lines x =a, x=2a. Ans. a? In 2. 
3. Find the area of a figure lying between the curve y=-4—x? and the 


x-axis. Ans. ioe 


3 
ake + fee 522 
4. Find the area of a figure bounded by the astroid x® +y* =a®. 
Ans. 3 nat. 


5. Find the area of a figure bounded by the catenary y=a cosh =, the 
x-axis, the y-axis, and the straight line x=a. Ans. a? sinhe. 
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6. Find the area of a figure bounded by the curve y=x', the line y=8, 
and the y-axis. Ans. 12. 

7. Find the area of a region bounded by one 4rch of a sine wave and the 
x-axis. Ans. 2. 

8. Find the area of a region lying between the parabolas y? = 2px, x? = 2py. 


Ans. oP. 
9. Find the total area of a figure bounded by the lines y= x3, y=2x, y=x. 
3 
Ans. =. 


10. Find the area of a region bounded by one arch of the cycloid 
x=a(t—sint), y=a(l—cos?) and the x-axis. Ans. 3na?. 
11. Find the area of a figure bounded by the astroid x=acos*?, 


y=asin3t. Ans. + na’. 


12. Find the area of the entire region bounded by the lemniscate 
p? =a? cos 2g. Ans. a. 
13. Compute the area of a region bounded by one loop of the curve 


p=asin 29. Ans. era. 
14. Compute the total area of a region bounded by the cardioid 
p=a(l—cosg). Ans. 3 nat, 


CJ 


15. Find the area of the region bounded by the curve p=acos@g. Ans. 
16. Find the area of the region bounded by the curve p =a cos 29. Ans. 
17. Find the area of the region bounded by the curve p=cos 39. Ans. 


18. Find the area of the region bounded by the curve p=a cos 4q. Ans. 


ajao[x [Role 


Computing Volumes 


2 2 
19. The ellipse S+H$1 revolves about the x-axis. Find the volume of 


the solid of revolution. Ans. 4 nab. 


20. The segment of a line connecting the origin with the point (a, 6) re- 
volves about the y-axis. Find the volume of the resulting cone. Ans. =z 710%. 


21. Find the volume of a torus generated by revolution of the circle 
x*?-+(y—b)? =a? about the x-axis (it is assumed that b==a). Ans. 2n2a2b. 
22. The area bounded by the lines y2=2px and x=a revolves about the 
x-axis. Find the volume of the solid of revolution. Ans. mpa?. 
2 2 2 


23. A figure bounded by the astroid x3 4+y% a3 is revolved about the 


j ; , : 32na% 
x-axis. Find the volume of the solid of revolution. Ans. 105 


24. A figure bounded by one arch of the sine wave y=sinx and the x-axis 
is revolved about the x-axis. Find the volume of the solid of revolution. 


Ans. 5 y 
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25. A figure bounded by the parabola y2= 4x and the straight line x=4 is 
revolved about the x-axis. Find the volume of the solid of revolution. Ans. 32x. 
26. A figure bounded by the curve y==xe* and the straight lines y=O, 
x=1 is revolved about the x-axis. Find the volume of the solid of revolution. 


2 (2 
Ans. q (e 1). 


27. A figure bounded by one arch of a cycloid x =a (t —sin t), y=a(1—cos ?) 
and the x-axis is revolved about the x-axis. Find the volume of the solid of 
revolution. Ans. 5x?a%. 

28. The same figure as in Problem 27 is revolved about the y-axis. Find 
the volume of the solid of revolution. Ans. 622a%, 

29. The same figure as in Problem 27 is revolved about a straight line that 
is parallel to the y-axis and passes through the vertex of a cycloid. Find the 


3 
volume of the solid of revolution. Ans. 7 (9x? — 16). 


30. The same figure as in Problem 27 is revolved about a straight line pa- 
rallel to the x-axis and passing through the vertex of a cycloid. Find the 
volume of the solid of revolution. Ans. 7n?a3. 

31. A cylinder of radius R is cut by a plane that passes through the dia- 
meter of the base at an angle @ to the plane of the base. Find the volume of 
the cut-off part. Ans. 2 R3 tan @. 

32. Find a volume that is common to the two cylinders: x?-+ y?= R?, 
y?+22=R?. Ans. * Re. 


33. The point of intersection of the diagonals of a square is in motion along 
the diameter of a circle of radius a; the plane in which the square lies remains 
perpendicular to the plane of the circle, while the two opposite vertices of the 
Square move along the circle (as a result of this motion, the size of the square 
obviously varies). Find the volume of the solid generated by this moving 


square. Ans, =a, 

34. Compute the volume of a segment cut off from the elliptical paraboloid 
ee by the plane x=a. Ans. na? V pq. 

35. Compute the volume of a solid bounded by the planes z--0, y=O, the 


a? V 2a 


aa 
(in first octant). Vp 
36. A straight line is in motion parallel to the yz-plane, and cuts two el- 


cylindrical surfaces x?=2py and 2*=2px and the plane x==a. Ans. 


: xy? x? 2? : ; 
lipses at pra!: ata! lying in the xy- and xz-planes. Compute the 


volume of the solid thus obtained. ‘Ans. S abe. 


Computing Arc Lengths 2 2 2 


37. Find the entire length of the hypocycloid xe ty) =a? . Ans. 6a. 
38. Compute the arc length of the semicubical parabola ay?=.x* between 


the origin and a point with abscissa x=5a. Ans. SP a. 


39. Find the arc length of the catenary y=a cosh = from the origin to the 


point (x, y). Ans. asinh == V y?—a?. 
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F a the length of one arch of the cycloid x =a (¢—sin ¢), y=a(l—cos?). 
ns. 8a. 


Al. Find the length of an arc of the curve ygInx between x= Y3 and 
x= VB. Ans. 14¢-4nd. 

42. Find the arc length of the curve y=!—Incosx between x=0 and 
rat. Ans. \n tan 2 ay 

43. Find the length of the spiral of Archimedes » =a from the pole to the 
end of the first loop. Ans. na VIF te+S in (Qn -+- V1-+4n?). 

44. Find the length of the spiral p =e? from the pole to the point (p, 9). 
Ans. Ee gat V i+a?. 





45. Find the entire length of the curve p=asin’ = . Ans. Bota, 


3 2 
2 2 
46. Find the length of the evolute of the ellipse ra cos} f, y=E sin’ ¢, 
3 __ 93 
Ans. 4 (a? — 6?) , 
ab - 


47. Find the length of the cardioid Peo oe g). Ans. 8a. 
48. Find the arc length of the involute of the circle x--a(cos p-+-q sin g), 


y=a(sin p—@ cos g) between p=0 and p=q,. Ans. + ag?. 


Computing Surface Areas of Solids of Revolution 
49. Find the area of a surface obtained by revolving the parabola y?=4ax 
about the x-axis, from the origin O to a point with abscissa x=3a. Ans. * ma’, 


50. Find the area of the surface of a cone generated by the revolution of a 
line segment y=2x from x=0 to x=2: (a) About the x-axis. Ans. 8nY 5. 
(b) About the y-axis. Ans. 4n V5. 

51. Find the area of the surface of a torus obtained by revolving the circle 
x?-+-(y—b)? =a? about the x-axis. (b > a). Ans. 4n2ab. 

52. Find the surface area of a solid generated by revolving a cardioid about 
the x-axis. The cardioid is represented by the parametric equations x =a(2cos » — 


—cos 2g), y=a(2sin p—sin 29). Ans. “ na’. 


53. Find the area of the surface of a solid obtained by revolving one arch 
64na? 





of a cycloid x=a(¢—sin t), y==a(1—cost) about the x-axis. Ans. 
54. The arch of a cycloid (see Problem 53) is revolved about the y-axis. 
Find the surface area of the solid of revolution. Ans. I6nta +. 4 na®, 


55. The arch of a cycloid (see Problem 53) is revolved about a tangent line 
parallel to the x-axis and passing through the vertex. Find the surface area of 
32na' 
3 
56. The astroid x=asin??, y-=acos?t aocived about the x-axis. Find 
12na' 


5 





the solid of revolution. Ans. 


the surface of the solid of revolution. Ans. 
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57. An arch of the sine wave y=sinx from x=0 to x=2n is revolved 
about the x-axis. Find the surface of the solid of revolution. Ans. an{W2+ 
+in(V¥2+1)]. 


58. The ellipse Ste! (a > b) revolves about the x-axis. Find the surface 


arcsin e a*— 5? 
» where PD les F 


of the solid of revolution. Ans. 2nb*-+ 2nab * = 





Various Applications of the Definite Integral 


59. Find the centre of eravily of the area of one-fourth of the ellipse 
x2 yr 4a Ab 
ateo! (x0, y0). Ans. an’ 3a: 
60. Find the centre of gravity of the area of a figure bounded by the para- 
bola x?-+4y—16=0 and the x-axis. Ans. (0. $) 
61. Find the centre of gravity of the volume of a hemisphere. Ans. On the 
: : 3 
axis of symmetry at a distance gk from the base. 
62. Find the centre of gravity of the surface of a hemisphere. Ans. On the 
axis of symmetry at a distance zg from the base. 


63. Find the centre of gravity of the surface of a right circular cone, the 
radius of the base of which is R and the altitude &. Ans. On the axis of 


symmetry at a distance & from the base. 


64. The figure is bounded by the lines y=sinx(O<—x< x), y=O. Find the 
un 
2° 8 

65. Find the centre of gravity of the area of a figure bounded by the para- 
bolas y2=20x, x?=20y. Ans. (9, 9). 

66. Find the centre of gravity of the area of a circular sector with centra 


angle 2a and radius R. Ans. On the axis of symmetry at a distance + R= 


centre of gravity of the area of this figure. Ans. 


from the vertex of the sector. 


67. Find the pressure of water on a rectangle vertically submerged in water 
at a depth of 5 metres if it is known that the base is 8 metres, the altitude, 
12 metres, and the upper base is parallel to the free surface of the water. Ans. 
1056 metres. 


68. The upper edge of a canal lock has the shape of a square with a side 
of 8m lying on the surface of the water. Determine the pressure on each part 
of the lock formed by dividing the square by one of its diagonals. Ans. 
85,333.33 kg, 170,666.67 kg. 

69. Compute the work needed to pump the water out of a hemispherical 
vessel of diameter 20 metres. Ans. 2.5 108x kg-m. 

70. A body is in rectilinear motion according to the law x==ct3, where x is 
the path length traversed in time ¢, c=const. The resistance of the medium is 
prope ene to the square of the velocity, and & is the constant of proporti- 
onality. Find the work done by the resistance when the body moves from the 


point x=0 to the point x=a. Ans. = 3/ cia’, 
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71. Compute the work that has to be done in order to pump a liquid of 
density p from a reservoir having the shape of a cone with vertex pointing 
down, altitude H and radius of base R. Ans. mR. 

72. A wooden float of cylindrical shape whose basal area S= 4,000 cm? and 
altitude H =50 cm is floating on the surface of the water. What work must be 
done to pull the float up to the surface? (Specific weight of the wood, 0.8). 


2H2 
Ans. * 2 =32 kg-m. 


73. Compute the force with which the water presses on a dam in the form 
of an equilateral trapezoid (upper base a=6.4 m, lower base b=4.2 m, altitude 
H=3m). Ans. 22.2 m. 

74. Find the axial component P kg of total pressure of steam on the sphe- 
rical bottom of a boiler. The diameter of the cylindrical part of the boiler is 
mpD? 

400 ° 

75. The end of a vertical shaft of radius r is supported by a flat thrust 
bearing. The weight of the shaft P is distributed equally over the entire surface 
of the support. Compute the total work of friction, in one rotation of the shaft. 





D mm, the pressure of the steam in the boiler is p kg/em?. Ans. P= 





Coefficient of friction is p. Ans. + mPr. 


76. A vertical shaft ends in a thrust pin having the shape of a truncated 
cone. The specific pressure of the pin on the thrust bearing is constant and 
equal to P. The upper diameter of the pin is D, the lower d, and the angle at 
the vertex of the cone is 2a. Coefficient Sa ae p. Find the work of fric- 
nm? Py 
6sinae Oe): 

77. A prismatic rod of length / is slowly extended by a force increasing 
from 0 to P so that at each moment the tensile force is balanced by the forces 
of elasticity of the rod. Compute the work A expended by the force on 
tension, assuming that the tension occurred within the limits of elasticity. 
F is the cross-sectional area of the rod, and E is the modulus of elasticity of 
the material. 

aint, If x is the elongation of the rod and f is the corresponding force, then 





tion for one rotation of the shaft. Ans. 


=7,* The elongation due to the force P is equal to Al= Fe . Ans. A= 
_ Pal Pl 
=O. 2EP 


78. A prismatic beam is suspended vertically and a tensile force P is ap- 
plied to its lower end. Compute the elongation of the beam due to its weight 
and to the force P if it is given that the original length of the beam is /, the 
cross-sectional area F, the weight Q and the modulus of elasticity of the ma- 


. _(G-+2P) 
terial E. Ans. Al =~SEF 


79. Determine the time during which a liquid will flow out ofa prismatic 
vessel filled to a height H. The cross-sectional area of the vessel is F, the area 


of the opening f, the exit velccity is computed from the formula v=p V 2gh, 
where p is the coefficient of viscosity, g is the acceleration of gravity, and A 


is the distance from the opening to the level of the liquid. Ans. T=———— = 
uf V 2g 


“VE 
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80. Determine the discharge Q (the quantity of water flowing in unit time) 
over a spillway of rectangular cross section. Height of spillway, 4, width, 0. 


Ans. Q=t bh V 2gh. 
81. Determine the discharge of water Q flowing from a side rectangular 
opening of height a and width 5, if the height of the open surface of the water 


above the lower side of the opening is H. Ans. qa Ve [H"/2—(H —a)'*] : 
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